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Abstract 


A  two  dimensional  geometrically  nonlinear  shell  theory 
applicable  to  arbitrary  geometries  that  can  be  described  by 
orthogonal  curvilinear  coordinates  and  encompassing  large 
displacements  and  rotations  for  small  strain  situations  has 
been  developed.  Additionally,  the  theory  includes  a 
parabolic  transverse  shear  stress  distribution  through  the 
shell  thickness.  Two  curved  28  and  36  degree  of  freedom 
finite  elements  are  defined  based  on  specialization  of  the 
theory  to  cylindrical  coordinates.  The  computer  program 
includes  algorithms  for  linear,  'fully  linearized'  linear 
bifurcation,  and  nonlinear  problems.  Post  collapse 
nonlinear  solutions  are  found  through  a  displacement 
incrementation  scheme.  The  code  provides  solutions  to  the 
intermediate  nonlinear  von  Karman  flat  plate  and  Donnell 
cylindrical  shell  equations  in  addition  to  the  large 
displacement  and  rotational  formulation. 

Flat  plate  and  cylindrical  shell  solutions  do  not  shear 
lock  based  upon  exact  elemental  integrations.  Transverse 
shear  deformation  was  found  to  be  significant  for  linear 
thick  pinched  cylinders  and  clamped  pressure  vessels. 
Orthotropic  pressure  vessels  where  the  longitudinal 
stiffness  is  greater  than  the  circumferential  experience 
much  more  transverse  shear  deformation  than  do  those  where 
the  circumferential  stiffness  is  greater  than  the 
longitudinal.  Middle  surface  inextensibility  is  often 
assumed  in  the  closed  form  solutions  used  for  comparison 
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with  the  present  approach.  The  consequences  of  this 
assumption  is  examined  for  both  linear  and  nonlinear 
problems.  The  present  formulation  is  applied  to  axially 
compressed  quasi -isotropic  cylindrical  panels.  Due  to  the 
high  degree  of  displacement  coupling  resulting  from  the 
large  displacement/rotation  assumptions,  collapse  loads  are 
predicted  without  including  numerical  geometric 
imperfections  that  some  formulations  require  to  ‘trigger* 
the  nonlinear  response.  Analytical  results  of  axially 
compressed  panels  that  have  large  OlOX  of  planform  area) 
centered  square  cutouts  were  compared  to  experimental  data. 
The  present  approach  very  accurately  predicts  both  global 
and  localized  panel  response. 


LABGE  D I SPL ACEMENT  AND  ROTATIONAL 
FORMULATION  FOR  LAMINATED  CYLINDRICAL 
SHELLS  INCLUDING  PARABOLIC 
TRANSVERSE  SHEAR 

I .  Introduction 

Advanced  composite  materials,  so  named  due  to  their 
high  strength  and  stiffness  to  weight  ratios,  are  seeing 
widespread  use  in  many  diverse  industries.  One  of  these  is 
the  aerospace  industry  where  complex  shell  configurations 
are  common  structural  elements.  Structural  elements 

consisting  of  composite  materials  offer  unique  advantages 
over  those  made  of  traditional  isotropic  materials  in  that 
properties  can  be  tailored  to  meet  specific  design  goals. 
Optimization  of  properties  through  tailoring  can  reduce  the 
overall  weight  of  a  structure  since  stiffness  and  strength 
are  designed  only  lAere  they  are  required.  A  lower  weight 
structure  translates  into  higher  performance. 

Caution  must  be  exercized,  however,  since  optimized 
structural  systems  are  often  more  susceptable  to 
instabilities.  Accurate  modelling  of  the  load-displacement 
behavior  or  equilibrium  paths  of  structural  elements  would 
greatly  aid  the  designer  in  predicting  a  structure's  load 
carrying  capacity  and  therefore,  preventing  instabilities. 

Many  situations  in  mechanics  allow  for  simplifying 
assumptions  to  help  the  analyst  in  getting  timely  and 
accurate  results.  For  many  structural  systems  considered. 


it  may  be  important  to  study  geometric  nonlinearity  only. 


For  these  cases,  the  elements  that  comprise  the  system 
experience  only  small  material  straining  under  load  but  may 
catastrophically  fail  due  to  their  geometric  configuration. 
It  turns  out  that  a  wide  class  of  structural  systems  can  be 
accurately  represented  based  on  nonlinear  geometrical,  small 
strain,  and  linear  elastic  material  behavior. 

Within  this  class  of  problems,  more  simplifications  to 
the  geometric  nonlinearity  may  or  may  not  be  warranted. 
Stability  solutions  for  some  situations  within  this  class 
can  be  based  solely  on  a  simple  linear  bifurcation  buckling 
analysis.  Beams  and  flat  plates  are  common  structural 
elements  that  can  be  accurately  analyzed  to  a  large  degree 
using  the  bifurcation  approach.  For  post-buckling  behavior, 
however,  solution  of  the  nonlinear  equations  that  result 
from  a  collapse  analysis  is  required.  The  equilibrium 
behavior  of  most  shell  structures  can  only  be  accurately 
represented  through  a  collapse  analysis. 

In  a  nonlinear  equilibrium  path  analysis,  many  of  the 
nonlinear  displacement  terms  may  be  considered  negligible 
depending,  of  course,  on  the  specific  situation.  An 
accurate  load-displacement  characterization  of  a  flat  plate 
is  based  on  the  von  Karman  equations  where  many  nonlinear 
rotational  terms  have  been  discarded  as  negligible.  This 
characterization  gives  an  accurate  representation  for  plate 
deflections  that  are  many  times  the  plate  thickness. 
Similar  assumptions  for  shell  elements  result  in  Donnell  and 
Sanders  type  equations.  These  formulations  are  typically 


valid  for  so  called  intermediate  nonlinearity  or  theories 
that  allow  only  moderate  rotations.  These  theories,  when 
used  in  a  finite  element  formulation,  have  been  shown  to  be 
inadequate  in  describing  the  collapse  behavior  of 
orthotropic  cylindrical  panels  with  large  cutouts  (1,2). 
The  intermediate  nonlinear  theory  as  applied  to  that 
specific  finite  element  formulation  of  those  references  can 
not  capture  the  large  local  rotations  near  the  cutout  edges. 

Laminated  plates  and  shells  also  have  an  additional 
compl ication  that  must  be  considered.  Because  of 
potentially  large  directional  variations  of  stiffness 
properties  in  these  structures  due  to  tailoring,  three 
dimensional  effects  can  become  very  important.  Whereas 
classical  two  dimensional  assumptions  may  be  valid  for  an 
identical  shell  structure  consisting  of  isotropic  materials, 
they  may  lead  to  gross  inaccuracies  for  an  orthotropic 
construction . 

The  general  class  of  problems  that  include  large 
displacements  and  rotations,  small  strains,  linearly  elastic 
material  behavior,  and  transverse  shear  deformation  is 
addressed  in  this  dissertation.  Unfortunately,  analytical 
closed  form  solutions,  especially  for  shell  geometries,  are 
very  limited  in  scope  and  cannot  include  all  of  the  desired 
features.  Hence,  the  finite  element  numerical  approach  is 
chosen  as  the  solution  technique  used  in  this  research. 

Cylindrical  shells  are  a  common  shell  configuration  in 
aerospace  structural  applications.  They  are  the  simplest 


shell  structure  to  analyze  yet  have  many  of  the 

characteristics  of  sore  generally  shaped  shell  geometries. 
Cylindrical  shells  with  circular  and  rectangular  cutouts  are 
also  important  structural  elements  in  the  aerospace 

industry.  As  already  alluded  to,  better  tools  are  required 
to  model  their  load-displacement  behavior. 

Based  on  the  above,  this  dissertation  addresses  the 
area  of  orthotropic  cylindrical  shells  including  the 

following : 

1.  geometric  nonlinearity  with  large  displacements  and 
rotations , 

2.  linear  elastic  behavior  of  laminated  anisotropic 
materials , 

3.  cylindrical  shells  and  panels  and  flat  plates, 

4.  parabolic  transverse  distribution  of  shear  stress, 

5.  the  finite  element  method. 

The  above  items  taken  together,  especially  the  parabolic 
transverse  shear  and  general  geometric  nonlinearity  have 
resulted  in  many  unique  contributions  to  this  field. 

Previous  related  work  is  first  briefly  reviewed  in 
Chapter  II.  In  this  chapter,  overviews  are  presented  first 
on  various  shell  theories  then  on  finite  element 
applications  of  these  theories.  Chapter  III  presents  the 
theoretical  aspects  of  this  research  applicable  to  arbitrary 
shell  geometries  that  can  be  described  by  orthogonal 
curvilinear  coordinates.  Following  that,  the  finite  element 
solution  technique  is  formulated  in  Chapter  IV  for 


i 


cylindrical  shell  structures  where  flat  plates  and  straight 


and  curved  beams  are  special  cases.  The  numerical  solution 


procedure  is  then  applied  to  many  problems. 


Unique 


contributions  resulting  from  linear,  bifurcation,  and 


collapse  analyses  are  presented  in  Chapter  V. 
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I I .  Literature  Review 

Previous  work  related  to  this  research  Is  presented 
from  two  broad  areas.  First,  both  linear  and  nonlinear 
approaches  to  analyzing  shell  structures  are  briefly 
discussed.  Theories  are  typically  first  applied  to  flat 
plates  since  they  can  be  considered  special  and  simplified 
shells.  Consequently,  many  references  are  cited  on  flat 
plate  analysis.  In  a  similar  vein,  theories  are  often  first 
developed  for  isotropic  constructions  before  extending  them 
such  that  more  general  material  laws  apply.  The  second  half 
of  the  literature  review  discusses  finite  element  numerical 
solutions  to  these  plate  and  shell  approaches.  Again, 
linear  and  nonlinear,  isotropic  and  laminated  anisotropic 
solutions  are  cited.  Numerical  collapse  analyses  based  on 
finite  element  discretizations  require  the  solution  of 
simultaneous  nonlinear  algebraic  equations.  Special 
techniques  are  required  such  that  desired  information  on  the 
structure's  equilibrium  path  is  properly  extracted  from 
these  equa*  one.  Therefore,  an  overview  is  also  given 
within  the  finite  element  area  on  Some  general  categories  of 
solution  algorithms  for  nonlinear  equations.  The  flow  of 
both  parts  loosely  follows  what  occurred  historically. 

Shell  Theories 

The  shell  structural  element  is  thin  by  definition. 
Simplifications  can  therefore  be  made  to  the  general 
equations  of  elasticity  exploiting  this  thinness. 
Alternatively,  an  oriented  continuum  approach  develops  a 


special  theory  of  thin  bodies  independent  of  the  classical 
equations  of  elasticity.  One  such  oriented  continuum 
approach  is  Cosserat  surface  theory  where  the  behavior  of 
the  shell  is  described  by  the  behavior  of  a  surface  made  up 
of  points,  each  assigned  a  triad  of  deformable  vectors 
called  directors.  The  directors  give  each  point 
displacement  as  well  as  rotational  degrees  of  freedom. 
Stress  and  strain  quantities  in  the  transverse,  i.e.,  in  the 
direction  of  the  thin  dimension,  are  taken  into  account. 
Discussions  of  the  Cosserat  surface  in  shell  theory  can  be 
found  in  (3,4,5). 

Many  shell  approaches  are  derived  from  the  equations  of 
elasticity.  In  reality,  the  behavior  under  load  of  the  top 
and  bottom  surfaces  of  a  shell  can  be  very  different. 
However,  since  the  shell  is  assumed  to  be  thin,  the  inplane 
stresses  become  dominant  and  we  can  describe,  in  an 
approximate  Banner ,  the  behavior  of  the  shell  based  solely 
on  the  behavior  of  a  datum  surface.  In  this  way,  a  two 
dimensional  (2-D)  theory  is  used  to  approxia»te  three 
dimensional  (3-D)  phenomena.  The  classical  linear  approach, 
known  as  Love  shell  theory  (0)  is  based  on  the  following 
assumptions:  1)  the  shell  is  thin,  2)  the  displacements 
and  rotations  are  small,  3)  normals  to  the  shell  datum 
surface  before  deforaiation  remain  normal  after  deformation, 
and  4)  transverse  normal  stress  is  negligible.  These 
a88usq»tlons  lead  to  a  thin  shell  theory  that  can  be  viewed 
as  an  extension  to  Kirchhoff  flat  plate  theory  and  is  often 


called  Kirchhof f -Low  shell  theory. 

The  third  assumption  prohibits  transverse  shear  strains 
from  being  written  in  terns  of  displacenents ,  effectively 
neglecting  them,  although  the  transverse  shear  stresses  must 
be  included  in  the  equilibrium  equations.  Since  the  shell 
is  thin,  it  is  assumed  to  be  in  an  approximate  state  of 
plane  stress,  i.e.,  the  transverse  normal  stress  is  assumed 
to  be  negligibly  small.  Additionally,  due  to  the  thinness 
of  the  shell,  the  effects  of  the  normal  transverse  strain 
are  often  neglected  in  the  kinematics  compared  to  the 
effects  of  the  inplane  strains,  i.e.,  the  length  of  a  normal 
to  the  datum  surface  is  often  assumed  to  remain  constant 
throughout  deformation.  The  normal  transverse  strain  can 
generally  be  included  in  the  analysis  through  the 
constitutive  relations.  In  deriving  the  equilibrium 
equations,  statically  equivalent  forces  and  moments  acting 
on  the  datum  surface  are  defined  by  integrating  stresses 
through  the  thickness.  In  this  way,  the  3-D  shell  behavior 
is  completely  described  using  a  2-D  approximation 
(6,7,8,0,10).  Elegant  representations  of  Love  shell  theory 
can  be  derived  stri'ctly  via  definitions  from  surface  theory 
without  reference  to  3-D  relationships  (7,8,10). 

The  strain  displacement  relations  that  include 
nonlinear  displacement  terms  are  used  to  represent  large 
displacements  and  rotations  of  differential  elements  of  the 
shell.  Veglecting  the  nonlinear  terms  that  represent 


inplane  rotations  is  an  example  of 


the 


intermediate 


nonlinear  theories  often  used  in  stability  analysis  (11-19). 
Weglecting  the  transverse  rotational  nonlinear  terns  as  well 
will  result  in  a  linear  Love  type  shell  theory.  These 
successive  approximations  to  the  shell  strain  displacement 
relations  are  discussed  in  the  papers  by  Librescu  (19)  and 
Sanders  (20) . 

An  inconsistency  in  the  original  Love  theory  exists 
since  nonzero  strains  result  from  rigid  body  sx>tion.  It  was 
this  inconsistency  that  perhaps  urged  many  Investigators  to 
develop  slightly  different  shell  theories.  Many  shell 
theories  based  more  or  less  on  Love's  assumptions  have  been 
developed,  each  different  since  each  neglects  or 
approximates  small  terms  differently.  Sanders  (21) 
redefined  the  force  and  moment  resultants  in  such  a  way  that 
the  rigid  body  strain  anomaly  disappeared.  Flugge,  Lure’, 
and  Byrne  (9)  suspended  the  thin  shell  assumption  resulting 
in  a  theory  with  a  less  restrictive  requirement  on  the 
thinness  of  the  shell.  That  theory  also  eliminated  the 
rigid  body  strain  anomaly.  Koiter  (22,23)  discusses  the 
significance  of  the  approximations  of  Love  theory  and  based 
on  an  order  magnitude  study,  states  that  refinements  cannot 
be  consistently  made  without  also  including  transverse 
deformation  effects.  Other  prominent  related  theories 
include  those  of  Vovozhilov  (24)  and  Vlasov  (25). 

Many  theories  simplify  the  Love  theory  by  applying  it 
to  specific  shell  geometries  using  both  nonlinear  and  linear 
strain  displacement  relations.  Donnell  (20)  applied  Love 


theory  to  shallow  cylindrical  shells.  Morley  (27)  extended 


the  limits  of  Donnell  theory.  Reissner 

(9) 

applied 

the 

Donnell 

assumptions  to  a  shallow 

spherical 

shell . 

The 

Donnell 

-Mushtari -Vlasov  equations 

(12) 

result 

when 

the 

Donnell 

assumptions  are  applied 

to  a 

shallow  shell 

of 

arbitrary  geometry. 

Cheng  (28,29)  has  developed  an  exact  linear  theory  for 
circular  cylindrical  shells  based  on  Love  assumptions .  By 
retaining  all  small  terms  that  other  theories  in  varying 
degrees  neglect,  the  usual  eighth  order  operator  in  the 
governing  equilibrium  equation  of  the  transverse 
displacement  can  be  separated  into  two  complex  conjugate 
operators  of  only  fourth  order  thereby  reducing  the  solution 
complexi ty . 

The  above  theories  all  apply  to  a  shell  so  thin  that 
all  transverse  deformation  effects,  i.e.,  transverse 
stresses  and  strains,  can  be  neglected.  As  the  shell 
becomes  thicker  relative  to  its  ihplane  dimensions,  these 
transverse  effects  become  more  pronounced,  especially  the 
transverse  shear  deformations  (22,23,30).  The  first 
theories  that  represented  the  transverse  shear  deformations 
relaxed  the  assumption  on  the  deformed  normals  of  the  shell 
datum  surface.  How  the  normal  is  permitted  to  rotate  such 
that  plane  sections  originally  perpendicular  to  the  datum 
surface  remain  planar  but  are  no  longer  perpendicular  as  a 
result  of  the  deformation.  The  shell  strain  displacement 
relations  are  derived  from  kinematics  and  the  3-D  strain 


displacement  relations  written  in  terms  of  arbitrary 
orthogonal  curvilinear  coordinates.  The  transverse  shear  is 
represented  by  including  independent  degrees  of  freedom  in 
the  kinematics.  The  shell  is  still  fully  described  by  the 
behavior  of  the  datum  surface  and  therefore  these  approaches 
represent  2 -D  theories  (31) . 

The  shell  kinematics  introduced  by  Bassett  as  discussed 
in  (32) ,  express  the  displacements  as  an  infinite  power 
series  in  the  thickness  parameter  or  coordinate.  However, 
as  seen  in  (32) ,  subsequent  approxismtions  by  Bassett 
resulted  in  neglecting  the  transverse  shear  and  normal 
stresses.  Hildebrand,  Beissner,  and  Thompson  (32) 
introduced  truncated  Bassett  kinematics  to  analyze  thin 
elastic  orthotropic  shells  and  the  importance  of  the 
transverse  stresses  and  strains.  Haghdi  (33)  applied 
similar  truncated  series  representations  for  general  thin 
isotropic  elastic  shells.  Hildebrand,  et  al ,  found  that  the 
effects  of  the  second  order  displacement  terms  on  the 
tran averse  shear  deformation  were  negligible.  Additionally, 
terms  in  the  transverse  displacement  that  resulted  in 
nonzero  transverse  normal  strains  were  found  to  be 


negligible . 

Beissner 

used  these 

kinematics 

to 

analyze 

plates  (34) 

and 

then 

sandwich 

shells 

(35)  . 

Hindi in 

similarly  included 

rotatory  inertia 

terms 

in 

the 

dynamic 

analysis  of  plates  (36) . 

The  above  first  order  shear  theories  result  from  the  so 
called  Beissner-Mindl in  (BM)  kinematics  and  do  not  satisfy 


the  transverse  shear  boundary  conditions  on  the  top  and 
bottom  surfaces  of  the  shell  or  plate  since  a  constant  shear 
angle  through  the  thickness  is  assumed,  i.e.,  plane  sections 
remain  plane.  Because  of  this,  the  theories  based  on  these 
kinematics  usually  require  shear  correction  factors  for 
equilibrium  considerations. 

Levinson  (37) ,  Mur thy  (38)  ,  and  Beddy  (31)  have 
developed  theories  that  include  cubic  terms  in  the  inplane 
displacement  kinematics.  Satisfying  zero  transverse  shear 
stress  on  the  top  and  bottom  surfaces  of  the  shell  results 
in  a  parabolic  shear  strain  distribution  through  the 
thickness,  thus  agreeing  more  closely  with  linear 
elasticity.  The  number  of  variables  in  the  kinematics  is 
equal  to  that  in  the  RM  theory,  but  shear  correction  factors 
are  not  required.  Bhimaraddi  (30)  has  applied  the  parabolic 
shear  strain  distribution  to  analyze  the  linear  vibrational 
behavior  of  isotropic  cylindrical  shells. 

The  preceding  discussion  applied  primarily  to  shells 
made  of  isotropic  materials.  Hildebrand,  et  al  (32)  were 
the  first  to  apply  shell  equations  to  an  orthotropic 
material.  Ambartsumyan  (40)  wrote  an  entire  text  on  the 
subject  based  on  Love  theory  with  some  discussion  of 
transverse  stresses.  Vlasov  devotes  a  chapter  of  his  text 
to  orthotropic  shell  theory  (25) .  Hew  texts  by  Beddy  (31) 
and  Vinson  and  Sierakowski  (41)  discuss  anisotropic 
laminated  shell  structures  including  various  transverse 
shear  deformation  treatments. 


The  simplifying  assumption  of  laminated  anisotropy  is 
often  used  in  applying  a  2-D  theory  to  plates  and  shells 
consisting  of  layers  of  composite  materials  (31).  In  this 
approach,  the  individual  properties  of  the  composite 
constituents,  the  fibers  and  the  matrix,  are  'smeared*  and 
thus  each  lamina  is  treated  as  an  orthotropic  material. 
Additionally,  laminated  anisotropy  assumes  perfect  bonding 
between  layers,  i.e.,  the  interply  adhesive  has 
infinitesimal  thickness  but  infinite  stiffness.  This 
approach  leads  to  classical  laminated  plate  theory  (CLPT) 
and  the  references  by  Jones  (42)  and  Ashton  and  Whitney 
(43)  are  thorough  presentations  thereof.  CLPT  relies  on  the 
Kirchhof f -Love  assumption  on  the  datum  surface  normals; 
however,  both  references  point  out  that  transverse  shear 
deformation  is  more  significant  in  laminated  anisotropic 
structures  over  similar  isotropic  constructions. 

Dong,  Pister,  and  Taylor  (44)  develop  small 
displacement  Love  theory  similar  to  that  of  Ambartsumyan  for 
the  bending  analysis  of  thin  anisotropic  plates  and  shells. 
These  are  specialized  to  give  linear  Donnell  equations  for 
anisotropic  cylindrical  shells.  Bert  (45)  used  Vlasov  shell 
theory  to  formulate  a  linear  laminated  shell  theory  similar 
to  CLPT. 

Tang,  Morris,  and  Stavsky  (46)  generalized  the 
Be issner -Hindi in  theory,  i.e.,  first  order  transverse  shear 
treatsmnts ,  to  laminated  anisotropic  plates.  Whitney  and 
Pagano  (47)  were  the  first  to  apply  it  to  composite  plate 


analysis.  Beddy  (48)  has  applied  Beissner-Mindl in  theory  to 
linear  anisotropic  shell  structures  of  constant  principal 
and  twist  curvatures.  Voor  (40)  applies  BM  theory  to 
examine  the  stability  of  laminated  plates.  The  buckling  of 
laminated  cylindrical  shells  was  studied  by  Hirano  (50), 
Stavsky  and  Friedland  (51) ,  and  Greenberg  and  Stavsky  (52) . 
Thick  composite  plate  closed  form  solutions  are  reported  by 
Beddy  and  Chao  (53) . 

Beddy  (31,54)  has  extended  the  cubic  kinematical 
approach  to  analyze  laminated  anisotropic  plates  and  he  and 
Soldatos  have  applied  them  to  solve  several  linear  static 
and  buckling  problems  (54-58).  Additionally,  Soldatos 
applies  the  parabolic  shear  theory  to  examine  the  stability 
of  unsymmetrical ly  laminated  cylindrical  panels  (50,60). 
The  parabolic  shear  theory  is  also  assumed  in  a  study  of  the 
linear  behavior  of  laminated  shells  by  Beddy  and  Liu  (61) . 

Pagano  (62-65)  and  Srinivaa  and  Bao  (66)  have  developed 
some  exact  solutions  of  3-D  elasticity  equations  governing 
composite  plates  that  have  been  used  to  validate  these 
theories.  They  conclude  that  CLPT  gives  fairly  good 
approximations  for  both  the  displacements  and  stresses  if 
the  plate  is  thin.  Thinness,  as  defined  for  layered 
composite  plates,  not  only  considers  length  to  thickness 
ratios  but  also  the  degree  of  anisotropy.  Transverse 
stresses  are  calculated  from  the  equilibrium  equations  and 
the  CLPT  inplane  stresses.  Higher  order  shear  theories  do 
not  give  much  better  transverse  stress  results  but 


displacements  show  a  marked  improvement  over  CLPT  for  the 
thicker  plates.  Transverse  stresses  are  calculated  best 
from  equilibrium  instead  of  from  the  constitutive  relations 
(42).  Ben  (67)  similarly  solves  3-D  elasticity  equations 
for  a  laminated  cylindrical  shell  in  cylindrical  bending. 

All  of  the  above  approaches  can  include  various  degrees 
of  nonlinearity  in  the  strain  displacement  relations  in 
representing  the  displacements  and  rotations.  For  example, 
Beddy  and  Chandrashekhara  (68)  solve  both  cylindrical  and 
spherical  laminated  shell  cases  assuming  RJM  transverse  shear 
and  an  intermediate  nonlinearity.  However,  there  are  few 
such  analytical  closed  form  solutions  for  shell  geometries, 
especially  those  that  govern  nonlinear  behavior. 
Consequently,  numerical  solutions  become  necessary  and 
specifically,  the  finite  element  method  application  to  shell 
and  plate  theories  is  discussed  next. 

Finite  Element  Shell  Applications 

General  3-D  elements  could  be  used  to  model  shell 
structures.  However,  since  a  shell  is  characterized  by  the 
dimension  in  the  thickness  direction  being  smaller  than  the 
inplane  dimensions,  numerical  ill  conditioning  results. 
Additionally,  use  of  3-D  elements  would  involve  many  degrees 
of  freedom  (dof)  that  stay  not  be  necessary.  Consequently, 
elements  that  are  specifically  designed  for  shell  structures 
are  developed  with  flat  plates  considered  a  special  case. 

There  are  three  approaches  to  applying  finite  element 
methods  to  shell  structures;  1)  the  shell  structure  is 
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facetted  with  flat  elements,  2)  2-D  shell  theory  or  Love 
theory  is  used  to  develop  a  curved  shell  element,  and  3) 
curved  shell  elements  are  formed  by  degenerating  the  3-D 
strain  displacement  relations  (69).  Method  1  was  first 
suggested  25  years  ago  and  new  developments  continue 
(69,70).  This  approach  must  contend  with  discontinuous 
bending  moments  between  elements  and  achieves  convergence 
only  for  fine  smshes . 

Method  2  has  generally  only  been  applied  to  solving 
linear  problesis;  indeed,  its  acceptance  has  been  hindered 
due  to  the  absence  of  a  general  nonlinear  shell  theory.  An 
early  development  of  a  linear  cylindrical  shell  element  is 
due  to  Bogner ,  Fox,  and  Schmit  (71).  Later,  Tang  (72) 
extended  this  work  to  shell  geometries  of  constant  principal 
and  twist  curvatures.  Both  elements  are  rectangular,  based 
on  linear  Love  shell  theory,  and  apply  only  to  isotropic 
suiterials.  A  more  recent  application  of  amthod  2  (and 
method  1)  is  found  in  the  paper  by  Idelson  (73)  where  the 
modelling  of  deep  shell  structures  with  flat,  shallow,  and 
deep  shell  elements  is  discussed.  He  found  that  flat 
elements  can  give  better  results  in  modelling  the  deep  shell 
structures  than  do  simple  shallow  shell  elements.  Indeed, 
the  shallow  shell  elements  can  give  totally  erroneous 
results  for  some  cases. 

Method  3  is  perhaps  the  soat  popular  approach  and  first 
appeared  in  the  form  of  the  Ahmad  element  (74) .  In  eleawnts 
of  this  type,  transverse  displacements  and  rotations  are 
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treated  independently  and  hence  are  well  suited  to 
Beissner-Mindl in  shear  deformation  theories.  These  elements 
can  resemble  3-D  elements  in  that  they  may  have  nodes  on  the 
top  and  bottom  surfaces  of  the  shell  element.  Other 
variations  have  nodes  only  on  a  datum  surface.  In  both 
cases.  however ,  normal  stress  is  assumed  to  be  zero 
consistent  with  most  shell  theories.  The  Ahmad  element,  at 
first,  seemed  to  be  ideal  due  to  its  simplicity  and 
generality.  However,  as  is  now  well  known,  it  develops 
serious  shear  ‘locking*  problems  as  the  shell  becomes 
thinner.  For  the  thin  shell,  the  mesh  of  Ahmad  elements  can 
lock  at  a  solution  much  stiffer  than  the  classical  result. 
This  is  a  direct  consequence  of  the  approximations  used  in 
representing  the  displacement  within  an  element. 
Consequently,  this  method  is  generally  used  with  some  means 
to  remedy  the  locking  phenomenon. 

Shear  locking  generally  occurs  in  plate  and  shell 
finite  elements  that  have  been  formulated  based  on 
degenerated  3-D  strain  displacement  relations  and  BM  shear 
theories.  Because  of  the  constant  transverse  shear  assumed 
through  the  shell  thickness,  these  type  of  elements  have 
independent  displacement  and  rotational  degrees  of  freedom. 
Consequently,  there  is  no  Kirchhof f -Love  assumption  placed 
on  the  rotations  of  the  normals  and  the  transverse  shear 
does  not  vanish  when  the  element  is  subjected  to  a  constant 
bending  moment.  Furthermore,  the  shear  stiffness  dominates 
as  the  element  thickness  gets  small  due  to  lower  order 


displacement  interpolations.  Zienkiewicz,  Taylor,  and  Too 
(75)  introduced  reduced  or  selective  integration  as  a  means 
to  alleviate  the  shear  locking  phenomenon  in  these  type  of 
elements.  If  nonexact,  i.e.  reduced,  numerical  integration 
is  used  to  evaluate  the  transverse  shear  stiffness 
integrals,  the  shear  deformation  is  actually  better 
represented  since  many  of  the  incorrect  shear  terms  present 
in  the  elemental  formulation  are  not  included  in  the 
integration  (76).  However,  as  the  element  gets  even 
thinner,  the  locking  problem  once  again  becomes  pronounced. 
Despite  that,  use  of  the  reduced  integration  technique  has 
become  almost  automatic  for  the  degenerated  type  elements. 

Reference  (69)  presents  some  alternative  elements 
successfully  applied  to  both  thick  and  thin  plates  and 


shells . 

Due 

to  a  higher  number  of 

dof 

per  element 

these 

elements 

do 

not  lock  as  easily 
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may  develop 

other 

problems  in  the  form  of  spurious  mechanisms.  Kui ,  Liu,  and 
Zienkiewicz  (77)  apply  a  displacement  finite  element  method 
to  analyze  thin  shells  using  an  Ahmad  type  element. 
Discrete  Kirchhof f -Love  constraints  are  imposed  within  the 
element  to  lessen  locking  effects.  This  concept  was  first 
proposed  by  Wempner  (7B)  who  noticed  that  only  the  simple 
polynomial  displacement  approximations  resulted  in  elements 
that  shear  locked.  irockman  (79)  also  uses  this  approach  in 
developing  a  shell  element  that  can  undergo  large 
displacements  and  rotations.  Park  and  Stanley  (80)  avoid 
shear  locking  by  redefining  the  shape  functions  present  in 


the  strain  displacement  relations  that  contain  generalized 
displacements  and  derivatives  of  displacements  such  that 
consistent  approximations  result. 

Application  of  material  anisotropy  in  finite  elements 
naturally  occurred  first  with  plates  before  shells.  Pryor 
and  Barker  (81)  developed  a  linear  flat  element  based  on 
laminated  anisotropic  plate  theory  including  RM  shear 
deformations .  The  transverse  shear  stresses  were  determined 
from  the  three  dimensional  equations  of  elasticity.  To 
better  model  the  deformed  normal  of  the  plate,  they  suggest 
a  more  general  approach  where  each  layer  of  the  laminate  has 
rotational  degrees  of  freedom.  In  this  way,  transverse 
stress  continuity  at  each  laminate  boundary  can  be 
satisf ied . 

This  idea  has  been  applied  using  linear  theory  and  the 
Ahmad  element  by  several  investigators  (82).  Recently, 
Palazotto  and  Witt  (83)  extended  the  approach  to  a 
geometrically  nonlinear  shell  formulation  and  applied  it  to 
flat  plates.  Hinrichsen  and  Palazotto  (82)  used  a  cubic 
spline  function  to  represent  the  transverse  displacements  of 
a  flat  plate  and  found  that  while  giving  a  higher  order 
approximation  to  displacements,  the  equations  were 
simplified  over  the  work  of  (83)  which  essentially  used  a 
quadratic  spline. 

Linear  static,  stability,  and  vibration  analyses  of 
laminated  plates  and  shells  with  transverse  shear 
deformation  were  performed  by  Moor  and  Mathers  (84) .  Two 


finite  element  formulations,  mixed  and  displacement,  are 
compared.  Beddy  (85)  analyzed  the  nonlinear  transient 
behavior  of  composite  plates  including  BM  transverse  shear. 

According  to  Beddy  (86) ,  very  little  work  has  been  done 
in  geometrically  nonlinear  anisotropic  shell  finite  element 
analysis,  at  least  before  1081.  An  early  work  by  Schmit  and 
Monforton  (87)  formulates  an  anisotropic  cylindrical  shell 
element  that  allows  intermediate  geometric  nonlinearities. 
More  recently,  Leissa  (88)  compiled  a  comprehensive  review 
of  composite  flat  plate  and  shell  panel  bifurcation  and  post 
buckling  analyses.  Stolarski  et  al  (88)  present  a  simple 
triangular  shell  element  formulation  that  includes 
intermediate  nonlinearity.  Some  other  recent  papers  by  Moor 
and  Peters  (90),  Meroueh  (01),  and  Surana  (92,03)  can  be 
cited.  Boor  and  Peters  analyzed  nonlinear  anisotropic 
cylindrical  panels  using  a  Hu-Washizu  mixed  shallow  shell 
finite  element  approach  that  includes  transverse  shear 
deformation  to  determine  global  approximation  nodes,  and 
then  applies  a  Bayleigh-Bi tz  technique  to  determine  the 
amplitudes  of  the  modes.  The  effect  of  the  degree  of 
anisotropy  was  studied.  Meroueh  develops  a  general 
nonlinear  plate  and  shell  element  based  on  a  displacement 
miodel  that  includes  third  order  terms  in  the  thickness 
parameter  thereby  including  transverse  shear  deformation. 
This  paper  deals  primarily  with  structural  systems  with 
loadings  and  materials  that  are  only  adequately  modelled 


considering  large  strains  and  nonlinear  stress 


strain 


relations.  Surana  has  developed,  in  a  series  of  papers-two 
of  which  are  referenced  here,  a  geometrically  nonlinear 
approach  that  allow  elements  to  undergo  both  large 
displacements  and  rotations  between  two  successive  load 
increments.  This  is  done  by  retaining  the  nonlinear 
trigonometric  terms  in  the  displacement  functions  that 
relate  the  nodes  on  the  top  and  bottom  surfaces  of  the 
element.  Typically,  these  terms  have  been  linearized  by 
other  investigators,  see  (70,74). 

Recently,  capabilities  have  been  added  to  the  family  of 
flat  elements  of  the  STAGS  finite  element  code  developed  by 
Lockheed  Corporation.  The  code's  purpose  is  to  solve 
buckling  and  collapse  problems  in  structural  mechanics.  The 
improvements  use  an  updated  Lagrangian  approach  that  allows 
large  rotations  for  small  strain  situations  (04) .  Analyses 
done  by  Tisler  (1)  and  Knight  and  Starnes  (2)  have  shown 
that  the  elements  with  intersrediate  geometric  nonlinear 
capability,  i.e.,  not  including  this  new  approach,  cannot 
adequately  describe  the  nonlinear  behavior  of  anisotropic 
cylindrical  panels  with  large  cutouts. 

Use  of  higher  order  kinematics  to  represent  the 
displacements  through  the  thickness  may  reduce  the  shear 
locking  in  finite  element  formulations  that  was  discussed 
earlier.  Putcha  and  Reddy  (05)  used  cubic  kinematics  in 
formulating  a  mixed  element  for  nonlinear  anisotropic  plate 
analysis.  For  many  of  the  cases  examined,  the  element  did 


not  lock  as  its  thickness 


s  decreased  even  using  exact 


integration . 

Resulting  from  the  finite  element  discretization  are 
simultaneous  nonlinear  equations  that  are  typically  solved 
via  a  direct  iteration  or  Vewton-Raphson  method.  Thorough 
overviews  of  solution  techniques  can  be  found  in  Stricklin 
and  Haisler  (06) ,  Bathe  and  Cimento  (07) ,  Riks  (08) ,  and 
Vfaszczszyn  (00).  Bergan  (100)  states  that  a  successful 
nonlinear  analysis  depends  on  the  solution  algorithm  being 
reliable  and  efficient.  The  direct  iteration  is  generally 
not  used  because  it  is  not  reliable  since  it  often  diverges, 
and  the  Vewton-Raphson ,  without  modifications,  is  not  used 
because  it  is  inefficient  and  sometimes  unreliable.  All  of 
the  solution  techniques  presented  here  use  the  Vewton- 
Raphson  approach  in  some  way.  The  original  Vewton-Raphson 
method  uses  linearized  incremental  equations  but  convergence 
is  not  guaranteed  for  all  cases  and  thus,  this  method  can 
become  unreliable.  A  form  of  the  Vewton-Raphson  smthod  that 
is  guaranteed  to  converge  increments  many  small  load  steps 
instead  of  only  a  single  increment  in  reaching  a  target 
load.  To  make  this  approach  more  efficient,  the  tangent 
stiffness  matrix  need  not  be  updated  with  each  iteration. 
This  form  is  called  the  modified  Vewton-Raphson  method.  In 
this  case,  more  equilibrium  iterations  per  increment  will 
usually  be  required  but  the  stiffness  or  coefficient  matrix 
will  not  be  refactorized  nearly  as  often. 

The  incremental/iterative  type  solution  schemes  as 
discussed  above  are  used  in  most  general  purpose  finite 


element  codes.  They  have  three  major  disadvantages:  1) 
the  load  step  size  must  somehow  be  predetermined  and  it 
usually  remains  fixed  throughout  the  total  solution 
procedure,  2)  the  above  solution  procedures  can  not  trace 
the  nonlinear  response  beyond  critical  or  limit  points, 
i.e.,  a  point  of  the  equilibrium  path  where  the  coefficient 
matrix  is  singular,  and  3)  the  updating  of  the  coefficient 
matrix  is  inefficient  (101).  A  general  description  of 
several  solution  techniques  that  improve  on  these  drawbacks 
follows . 


The  current  stiffness  parameter,  S^,  can  be  used  to 
address  the  first  two  disadvantages.  The  current  stiffness 
parameter,  due  to  Bergan  (100)  can  detect  an  imminent  limit 
point  since  it  approaches  zero  as  the  limit  point  is 


approached 


The  equilibrium  iterations  can  then  be 


suppressed  until  the  limit  point  is  passed.  Since  is  a 

measure  of  incremental  stiffness  or  curvature  it  can  also  be 


used  to  vary  the  load  increment.  Smaller  load  increments 

can  be  automatically  imposed  as  the  magnitude  of  S  gets 

P 

smaller.  The  stiffness  parameter  has  been  used  successfully 
in  this  context  in  (83,100). 


Another 

incremental/iterative  method 

that  can 

be 

used 

to  successfully  pass 

through 

a  limit 

point 

is 

the 

displacement 

control 

method 

(101 , 102, 

103)  . 

In 

the 

displacement  control  method,  one  component  of  displacement 
is  prescribed  and  the  corresponding  load  becomes  the 
unknown.  Bearranging  the  equations  to  reflect  the  changed 


dependent  and  independent  variables  results  in  an 
unsyuetric  and  unbanded  coefficient  matrix.  Techniques  are 
then  invoked  such  that  the  resulting  unbanded  unsymmetric 
system  is  solved  in  an  efficient  manner.  As  a  result  of  the 
variables  being  rearranged,  the  coefficient  matrix  is  no 
longer  singular  at  the  limit  point  and  hence,  solutions  are 
possible.  In  this  may,  the  displacement  control  method  can 
be  used  in  conjunction  with  the  stiffness  parameter.  Since 
the  impending  limit  point  can  be  detected,  the  displacement 
control  method  is  invoked  at  some  point  beforehand.  The 
displacement  control  method  can  be  used  for  the  total 
solution  process  also  but  may  fail  at  other  points  on  the 
equilibrium  path  (08). 

Generalizations  of  the  above  Mewton-Raphson  load  and 
displacement  control  techniques  are  the  arc  length  or 
continuation  approaches.  Instead  of  acting  along 
hyperplanes  of  constant  load  or  displacement,  iteration  acts 
along  arbitrarily  shaped  'constraint  surfaces*.  The 
Riks/Wempner  (104-106)  approach  uses  a  constraint  equation 
that  limits  the  load  step  thus  defining  an  arc  length.  The 
solutions  for  each  iteration  follow  a  path,  i.e.,  along  a 
constraint  surface,  that  is  normal  to  the  fixed  length 
tangent  defined  by  the  load  constraint.  Crisfield  (107-100) 
develops  a  circular  constraint  surface  solution  technique. 
Other  types  of  constraint  surfaces  have  been  developed  and 
are  discussed  by  Padovan  and  Moscarello  in  (110).  Reference 
(110)  also  discusses  an  approach  where  the  constraint 
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surface  can  change  with  each  iteration. 

Another  type  of  solution  Method  addresses  the  third 
drawback  of  the  standard  Methods  by  using  better  ways  to 
update  the  coefficient  Matrix  of  the  nonlinear  equations. 
These  algorithMS,  which  attewpt  to  minimize  a  functional, 
usually  the  potential  energy  for  the  static  case,  are  widely 
used  in  the  structural  optimization  field  (111). 

The  general  strategy  is  to  find  a  search  direction  and 
then  perform  a  unidimensional  minimization  along  that  search 
line.  Ways  to  determine  the  search  direction  vector  and 
perform  the  unidimensional  search  differentiate  the  various 
algorithms.  A  brief  overview  is  found  in  (108)  and  more 
detailed  accounts  in  (97,112).  Two  of  these  types  of 
algorithms  are  the  conjugate  direction  and  quasi-Hewton. 
The  conjugate  direction  search  algorithm  finds  a  new  search 
direction  partly  based  on  previous  search  directions.  This 
dramatically  improves  convergence  over  those  methods  that  do 
not  consider  information  from  previous  search  directions. 
Quasi-Hewton  or  variable  metric  methods  offer  improvements 
over  the  conjugate  direction  method  since  an  array  carries 
previous  search  information  instead  of  only  a  scalar  as  in 
the  latter.  This  array  is  an  approximation  to  the  inverse 
of  the  stiffness  matrix.  Examples  of  different  quasi-Hewton 
awthods  are  the  Davidon-Fletcber-Powell  (DFP)  and  the 
Broyden-Fletcher-Goldf arb-Shanno  (BFGS)  methods.  The  BFGS 
method  updates  the  coefficient  matrix  using  a  matrix  of  rank 
two.  For  this  reason,  the  BFGS  update  can  be  thought  of  as 


in  between  the  modified  Newton-Raphson  (no  update)  and  the 
traditional  Newton-Baphson  (full  rank  update)  and  explains 
why  these  approaches  are  termed  * quasi -Newton * .  Crisfield 
(100)  describes  how  to  combine  the  line  search  methods  with 
a  constraint  surface  technique. 

Based  on  the  preceding  discussions  of  over  one  hundred 
references,  much  work  has  been  accompl iflhed  in  the  analysis 
of  composite  shell  and  flat  plate  structures.  Not  nearly  as 
much  attention  has  been  placed  on  studying  their  nonlinear 
response,  however.  The  research  effort  to  be  described 
presently  will  focus  on  nonlinear  composite  shell  behavior. 
Although  the  theory  is  two  dimensional ,  the  very  important 
influence  of  transverse  shear  deformation  is  included  in  the 


approach . 


Ill . 


Theoretical  Approach 

Once  again,  the  purpose  of  this  research  effort  is  to 
develop  better  tools  to  predict  the  nonlinear 
load-displacement  or  equilibrium  response  of  shell 
structures.  Certain  simplifications  are  required  in  order 
to  reduce  the  scope  of  the  problem.  Only  geometrical 
nonlinearity  is  considered  and  for  most  engineering 
materials  this  mould  also  imply  a  small  strain  assusq>tion. 
Additionally,  only  cylindrical  shells  and  flat  plates  are 
analyzed,  although  the  assumptions  will  allow  for  arbitrary 
shell  geometries  described  by  orthogonal  coordinates.  Since 
we  will  limit  ourselves  to  orthogonal  systems,  the  notions 
of  covariance,  contravar iance ,  Christoff el  symbols,  etc. 
commonly  seen  in  the  study  of  curvilinear  coordinates,  are 
not  needed.  The  theory  presented  encompasses  large 

displacements  and  rotations,  elastic  laminated  anisotropic 
material  behavior,  and  parabolic  transverse  shear  stress 
distribution  through  the  thickness.  While  leading  into  the 
theory,  many  ideas  from  the  literature  review  are  recalled 
and  expanded  upon.  First  though,  some  general  relationships 
and  definitions  to  be  used  in  developing  the  theory  are 
introduced . 

General  Bel at ions hips 

In  describing  the  response  of  a  solid  body  under  load, 
nonlinearities  are  present  in  the  general  case.  The 


governing  equations  are  the  strain  displacement  relations 


the  equations  of  equilibrium,  and  the  constitutive  laws. 
Vonl inear i ties  due  solely  to  geometrical  considerations  are 
found  in  the  first  and  second  sets  of  governing  equations 
and  nonlinearities  due  solely  to  physical  or  material 
considerations  are  found  in  the  third  set  of  equations.  The 
geometrical  nonlinearities  can  be  a  result  of  large  strains, 
rotations,  and  displacements  of  the  fibers  of  a  differential 
volume  element  that  has  undergone  a  transformation  from  some 
original  configuration.  Material  nonlinearities  are  a 
result  of  straining  beyond  the  limit  of  proportionality 
usually  caused  by  large  strains.  Beyond  this  limit,  the 
stress  strain  relationship  is  nonlinear  and  a  special  case 
is  the  material  that  has  been  strained  beyond  its  yield 
point  and  plastic  flow  results.  It  therefore  appears  that 
nonlinearity  is  of  two  general  types,  geometrical  and 
material,  and  each  is  treated  independently.  In  this 

regard,  Novozhilov  (113)  categorizes  four  basic  problems  in 
the  theory  of  elasticity: 

1.  geometrically/materially  linear 

2.  materially  nonlinear 

3.  geometrically  nonlinear 

4.  geometrically/materially  nonlinear 

Of  course,  all  problems  can  be  treated  as  in  4  above, 
however;  usually  specific  situations  will  allow  som 
simplifying  assumptions.  The  most  drastic  simplification 
occurs  in  1  above.  The  governing  equations  are  the 


26 


classical  linear  equations  of  elasticity.  Strain, 
displacements,  rotations,  etc.,  are  all  assusked  to  be  small 
quantities.  If  the  rotations  and  displacements  of  the 
transformation  are  small  but  the  strains  of  the  body  are 
such  that  the  proportional  limit  of  the  material  is  exceeded 
and  a  nonlinear  stress  strain  relationship  is  required  then 
only  material  nonlinearity  is  considered.  If  the  rotations 
and  displacements  are  large  but  the  strains  are  small  such 
that  a  linear  material  law  can  apply,  then  only  geosietrical 
nonlinearity  is  considered.  A  wide  class  of  problems  can  be 
solved  considering  only  geometrical  nonlinearity,  and  it  is 
this  class  of  problems  that  are  considered  in  the  present 
research.  (113) 

A  convenient  way  to  represent  governing  relationships 
in  solid  mechanics  is  in  terms  of  the  original 
configuration,  i.e.,  prior  to  deformation.  These  types  of 
formulations  are  ters»d  Lagrangian  and  this  viewpoint  will 
be  adhered  to  in  the  following.  In  Lagrangian  formulations, 
the  Oreen's  strain  tensor  and  its  energy  conjugate,  the 
Second  Plola-Kirchhof f  stress  tensor  are  used  to  define  the 
internal  strain  energy  of  the  body  (113-115). 

In  what  follows,  the  general  expressions  of  the  three 
dimensional  strain  displacement  relations  are  derived, 
surface  quantities  are  defined,  and  the  total  potential 
energy  and  constitutive  laws  are  developed.  These 
relationships  represent  the  theoretical  foundation  from 
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which  the  nonlinear  shell  theory  of  the  present  work  is 
bui 1 t . 

Strain  Displacement  in  Curvi 1  inear  Coordinates 

Although  shell  theory  can  be  based  entirely  on  surface 
definitions,  transverse  effects,  i.e.,  in  the  direction  of 
the  surface  normal,  are  then  not  easily  included  (7,8,10). 
One  way  to  define  strain  displacement  relations  that  can 
easily  incorporate  three  dimensionality  (3-D)  is  to 
specialize  the  general  3-D  strain  displacement  relations 
expressed  in  arbitrary  orthogonal  curvilinear  coordinates. 
These  are  derived  in  several  elasticity  texts,  see  (6)  for 
example.  To  introduce  nomenclature  and  ideas  to  be  used 
later,  a  brief  description  of  the  derivation  follows. 

Consider  the  point  II  of  Figure  3.1  that  is  located  in 
3-D  space  by  the  position  vector,  r.  The  point  M  has 
Cartesian  coordinates,  x^,  as  shown  in  Eqn  (3.1). 

r  =  xA  i1  i=l , 2,3  (3.1) 

where , 

x .  =  Cartesian  coordinates 

i^  =  Cartesian  basis  vectors 

A  summation  convention  on  repeated  indices  applies 
unless  otherwise  stated,  and  barred  quantities  refer  to 
vectors . 

We  can  also  represent  point  M  with  curvilinear 
coordinates  y , .  The  Cartesian  coordinates  are  related  to 
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the  curvilinear  coordinates  through  transf ornations  of  the 
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FIQUHE  3.1.  Point  M  Located  in  3  Space  by  Position  Vector 
r.  Vector  dr  has  Length  ds . 


xi  =  xi(y1*y2*y3)  =  xi(yj) 


(3.2) 


yi  =  yi^xi,x2,x3^  =  yi^xj^ 


Basis  vectors,  a^,  of  the  curvilinear  system  are  found 


by  taking  the  differential  of  the  position  vector,  r.  From 
Eqn  (3.1), 


dr  =  dx^i^ 


(3.3) 


The  length,  ds ,  of  the  infinitesimal  line  segment  MM  (see 
vector  dr  of  Figure  3.1)  is  then  given  by. 


(ds)  =  dr  •  dr 


(3.4) 


The  length  ds  is  Independent  of  coordinate  system  and 
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therefore  from  Eqn  (3.2) , 


dr  =  ajdyj  ♦  a2dy2  ♦  a3dy3 


(3.5) 


irtiera , 

d  r 


A  curvilinear  basis  vector,  a^  ,  is  tangent  to  the  Y^ 
coordinate  line.  From  Eqns  (3.4)  and  (3.5)  we  can  write, 

(ds)2  =  (aA  ♦  aj)dyidyj  =  gij  dyidyJ  (3.0) 

where  , 

eu  *  *1  •  *j 


The  elements  of  g_  form  a  symmetric  tensor  called  the 

metric  that  links  the  two  coordinate  systems  and  Yi 

through  the  invariant  property  of  length.  The  Y^  coordinate 

system  is  called  orthogonal  if  its  metric  is  diagonal,  i.e., 

when  g^  =  0  for  i*j  .  This  is  assumed  from  this  point  on. 

Hext ,  consider  the  infinitesimal  line  segment,  UN,  of 

length  ds  now  embedded  in  a  differential  volume  element,  see 

Figure  3.2.  This  differential  volume  is  linearly 

transformed,  i.e.,  deformed,  to  a  new  configuration  where 

v 

the  line  segment  is  now  of  length  ds  ,  and  whose  transformed 
coordinate  system  has  a  metric  ^ .  As  a  result  of 

deformation,  the  line  segment  MV  of  Figure  3.2  moves  to  M*M* 
represented  by  the  displacement  vector,  u.  By  subtracting 


the  original  and  deformed  squared  lengths  of  the  line 


segment,  the  Green's  strain  tensor,  T'jj.  is  defined  as  shown 
in  Eqn  (3.7) . 

(ds*)2  -  (da)2  =  2rijdyidyj  (3.7) 

Previously  defined  quantities  then  give. 


2ru  =  '  ‘u  =  '  u-j  *  4j  '  u'i  *  u-i  ’  <3  8) 


The  physical  strains,  are  tb®1*  found  from. 


i  j 


ij 


hihJ 


(3.9) 


In  Eqn  (3.9),  the  h^  are  called  scale  factors  and  are 
2 

defined  by  =  hi  (no  sum)  and  the  y  are  shown  in  Eqn 
(3.10)  where  the  uA  are  the  coordinates  of  the  displacement 
vector,  u.  In  the  general  large  strain  case,  the  £^^  (no 
sum)  are  related  to  the  elongations  of  the  fibers  of  the 
differential  volume  element  and  the  £^^  (i*j)  are  related  to 
the  shears ,  i.e.,  the  difference  from  ninety  degrees 
originally  perpendicular  fibers  are  oriented  after 
deformation.  For  the  case  of  small  strains  (£  <  .04,  Bef 
(115)),  the  £^i  (no  sum)  are  the  elongations  and  the  £^j 
(i*j)  are  the  shears.  That  is  to  say,  for  large  strains, 
the  £^j  do  not  have  physical  meanings;  but  for  small 
strains,  the  £ have  the  engineering  definitions.  The 
elongations  and  shears  are  identically  zero  for  rigid  body 
displacements  and  rotations  of  the  body  under  loading  (115). 


*v^  v  v  v  ^ 


In  this  way,  there  are  no  theoretical  limitations  on  the 
magnitudes  of  displacement  and  rotation  elements  of  the 
body  can  undergo  (113). 

Stein  (116)  represents  geometric  nonlinearity 
alternatively  by  expanding  the  exact  large  strain 
expressions  into  Taylor  series.  The  manner  in  which  he 
truncates  these  series  gives  small  strain  representations 
that  are  slightly  different  than  those  shown  in  Eqn  (3.10). 


FIGURE  3.2.  Segment  MN  Deforms  to  M*M*  Through  Displacement 
Vector  u. 
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Surface/Shell  Geometrical  Definitions 


The  strain  displacement  relations  for  a  shell  can  not 


be  expressed  until  the  geometrical  scale  factor  quantities 


(the  h^’s)  of  Eqn  (3.10)  are  defined.  Ideas  from  surface 


theory  are  introduced  to  this  end.  In  Figure  3.3  consider  a 


point  on  a  smooth  surface  that  is  located  in  three 


dimensional  space  by  a  position  vector,  r,  directed  from  an 


arbitrarily  placed  origin  of  a  Cartesian  coordinate  system. 


As  before,  r  has  Cartesian  coordinates,  x^. 


r  =  Xi  ^ 


i=1.2. 3 


(3.11) 


Any  point  on  the  surface  can  also  be  represented  by 


curvilinear  coordinates,  and 


The  two  sets  of 


coordinates,  once  again,  are  related  through  transformations 


of  the  form  in  Eqn  (3.12). 


xi  =  Xi(^l’  =  xi(*'ot> 


(3.12) 


The  usual  convention  of  lower  case  Latin  subscripts  taking 


on  values  1,2,  and  3  and  Greek  subscripts  1  and  2  applies. 


Parametric  curves  or  coordinate  lines  are  formed  on  the 


surface  by  fixing  or  ^  an<*  allowing  the  other  to  vary. 


The  basis  vectors,  a^  and  a^ ,  of  the  surface  form  a  two 


dimensional  space  tangent  to  the  surface  at  every  point  and 


are  found  as  in  the  3-D  case  by  taking  the  differential  of 


the  position  vector,  r, 


dr  =  ♦  r • 2d* 2 


(3. 13) 


The  unit  surface  normal,  n,  is  defined  from  the  cross 


product  of  the  basis  vectors,  and  a  measure  of  the  curvature 
of  the  surface  is  given  by  the  second  fundamental  form, 

-dn  •  dr  =  b^d^)2  ♦  2b12d?1d^2  ♦  h22idK2)2  <3.16) 

The  b  n  are  elements  of  another  symmetric  tensor  called  the 


curvature  tensor  and  are  formed  from  the  dot  products  of  the 
surface  normal  and  the  second  derivatives  of  the  position 
vector , 


b  „  =  n  •  r ,  -  =  n .  x .  . 

exp  '<xp  i  i  ,op 


C3 . 17) 


where  n.  are  the  coordinates  of  the  surface  normal. 

1 

For  the  special  case  where  parametric  lines  are  lines 
of  curvature,  i.e.,  orthogonal  coordinates,  the  metric  and 
curvature  tensors  become  diagonal,  i.e.,  a12  =  a21  =  b12  = 
b21  =0.  As  in  the  3-D  relationships,  assume  orthogonality 
in  what  follows. 

The  curvature  of  a  normal  section  is  given  by  the  ratio 
of  the  two  fundamental  forms,  Eqns  (3.15)  and  (3.16),  and 
from  that  the  two  principal  curvatures  of  the  surface  at 
each  point  are  found.  That  is,  the  curvatures  of  the 
surface,  Cfll  in  the  direction  of  the  lines  of  curvature  are 
given  by. 


C1  "  bn/au  "  1/B1 


C2  =  b22/a22  =  1 /B2 


(3.18) 


where  B  are  the  radii  of  curvature  of  the  surface, 
a 


The  surface  just  described  will  represent  the  shell’s 
datum  or  reference  surface.  Next,  assume  that  a  description 
of  the  behavior  of  the  datum  surface  is  sufficient  to 
describe  the  behavior  of  the  entire  shell.  This  assumption 
is  a  consequence  of  the  inherent  ‘thinness*  of  the  shell  to 
reduce  its  dimensionality  and  will  be  examined  fully  in  a 
later  section.  Given  this  assumption,  the  behavior  of  the 
datum  surface  must  be  connected  to  points  of  the  shell  not 
on  the  datum  surface.  This  is  done  by  adding  to  the 
geometrical  description  a  third  parameter,  C.  that  varies 
along  the  surface  normal ,  See  Figure  3.4.  The  position 
vector,  R,  to  an  arbitrary  point  of  the  shell  can  now  be 
given  by 

=  *’C?1.?2)  ♦  Cn  (3.10) 

The  first  fundamental  form  for  shell  then  is  found  from 
(ds)2  =  di  •  di 

=  au(l-C/R1)2(d?1)2  ♦  a22(l-C/B2)2(d?2)2  ♦  dC2 

(3.20) 

and  the  scale  factors  for  the  shell  to  be  used  in  Kqn  (3.10) 
in  expressing  the  shell  strain  displacement  relations  are 
defined  from  Eqn  (3.20), 

hl  =  ai(1  "  C/Rl)  •  h2  =  a2a"  C/R2  )  ’  h3  =  1  (3.21) 

*  2 
where  a  = 


a  (no  sum) . 


Details  of  the  above  can  be  found  in  (6). 


FIGURE  3.4.  Surface  and  Shell  Coordinate  System. 


Virtual  Work ,  Generalized  Hooke  *  a  Lam,  Potential  Energy 
For  a  body  of  volume  V  in  equilibrium  with  prescribed 
forces  on  a  part  of  its  surface,  Sj,  and  prescribed 
geometric  boundary  conditions  on  the  remaining  surface,  S^, 
that  has  undergone  an  infinitesimal  virtual  displacement, 
<5u,  we  have. 


|  (cr  Se 

J  U  iJ 


Pk6uk  >  dV  ~  J  Fk6uk  dS  =  0 

S 


(3.22) 


where , 

o  ^  j  are  elements  of  the  2nd  Piola-Kirchhof  f  stress 
tensor,  i,j=l,2,3 

£ A j  are  defined  in  8qn  (3.0), 

Pfc  are  components  of  prescribed  body  forces, 

F.  are  components  of  prescribed  surface  tractions. 


Next,  assume  for  a  conservative  system,  there  exists  a 


strain  energy  density  function,  W  ,  such  that, 

* 


0  W 


=  a 


Q  £ 


ij 


(3.23) 


ij 


Furthermore,  assume  that  there  exists  a  relationship  between 
stress  and  strain  and  that  the  strains  are  small.  In  this 
case,  we  have  a  generalized  Hooke’s  law  as  shown  in  Eqn 

(3.24)  . 


ij 


ki jkl  £kl 


(3.24) 


where  a,  ..  ,  are  constants  of  the  elasticity  tensor, 
i  Jkl  ' 


Therefore  from  Eqns  (3.23)  and  (3.24),  the  strain  energy 
density  becomes, 


W  =  2  ai Jkl  £ti  £kl 


(3.25) 


Eqn  (3.25)  shows  that  the  strain  energy  density  is  a 
positive  definite  function  of  the  strains  (114).  Using  Eqn 

(3.25),  the  virtual  work  expression  of  Eqn  (3.22),  can  be 
rewritten  as  shown  below. 


SJ  dV  -  J  Ft  **1 


dS  =  0 


(3.26) 


where  the  body  forces  have  been  eliminated. 

Now,  assuming  that  the  applied  external  forces  are 
conservative,  we  have  the  principle  of  stationary  potential 
energy , 

(3.27a) 


<5n  =  o 

p 
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where,  if  the  forces  vary  neither  in  magnitude  nor  direction 
during  virtual  displacements , 


n  =  T  W*  (u, )  d»  -  |F,  u,  ds  (3. 27b) 

P  Jv  1  JSj  1  1 

In  Eqn  (3.27),  the  strain  energy  density  is  written  in  terms 
of  the  displacement  components  by  using  Eqns  (3.25)  and 
(3.9).  The  integrals  are  taken  over  the  original, 
undeformed  volume  and  surfaces  consistent  with  the 
Lagrangian  viewpoint.  Additionally,  the  array  of  elasticity 
constants  of  Eqn  (3.24)  are  defined  with  respect  to  the 
original  configuration. 

In  this  research,  materials  that  obey  certain 
constitutive  laws  are  considered.  Specifically,  these 
materials  consist  of  unidirectional  fibers  embedded  in  a 
matrix  as  shown  in  Figure  3.5,  where  the  small  element 
contains  a  single  fiber  parallel  to  the  1  axis.  We  can 
assume  that  this  material  is  transversely  isotropic  with 
respect  to  planes  parallel  to  the  2-3  plane  (117).  In  this 
case,  Eqn  (3.24)  becomes. 
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(3.28) 
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All  ol  the  necessary  tools  have  been  introduced  for  a 
Lagrangian  displacement  based  energy  approach  to  solve 
elastic  geometrically  nonlinear  shell  problems.  To  develop 
shell  strain  displacement  relations,  first  identify  the 
general  3-D  curvilinear  coordinates  y ^ ,  y2,  and  y3  of  Eqns 
(3.0)  and  (3.10)  with  the  shell  coordinates,  K 2 .  And  C. 
Then,  by  defining  kinematics  that  relate  the  middle  surface 
displacements  to  the  continuum  displacements  of  the  shell, 
strain  displacement  relations  are  written,  and  finally,  the 
total  potential  energy  expressed  in  terms  of  displacement 
using  Eqns  (3.9),  (3.10),  and  (3.28)  is  extremised  with 
respect  to  displacement  resulting  in  the  equilibrium 
equations.  The  definition  of  the  kinematics  for  these  types 
of  formulations  is  obviously  very  important.  The 
assumptions  that  will  eventually  lead  to  general  shell 
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kinematics  and  a  potential  energy  expression  are  next 


discussed . 

Basic  Assumptions  and  Approach 

A  shell,  by  definition,  is  characterised  by  one 
dimension,  the  thickness,  being  smaller  than  the  planform 
dimensions.  Consequently,  we  exploit  this  characteristic 
and  describe  generally  three  dimensional  phenomena  using  a 
two  dimensional  theory.  As  discussed  by  Koiter  (22,23)  and 
John  (30),  Love’s  shell  theory  is  a  consistently 
approximated  approach  where  all  transverse  stresses  are 
neglected  as  small.  Koiter  points  out,  based  on  an  order  of 
magnitude  study,  that  any  refinements  to  Love’s 
approximations  are  meaningless  unless  transverse  stresses 
are  considered  in  the  refined  theory. 

Transversely  loaded  thicker  shells  or  those  consisting 
of  orthotropic  layers  generally  deflect  more  than  that 
predicted  by  Love  theories.  This  increased  deflection  is 
due  primarily  to  transverse  shear  deformation  (30) .  A  goal 
in  the  present  research  then,  is  to  include  the  important 
3-D  effects  yet  at  the  same  time,  consider  them  from  a  2-D 
standpoint  for  simplicity.  In  a  generally  nonlinear  study 
this  reduction  in  dimension  is  crucial. 

A  2-D  shell  approach  can  begin  by  assuming 
displacements  as  power  series  in  the  thickness  or  transverse 
coordinate,  C-  In  this  way,  the  3-D  behavior  of  the  shell 


is  fully  described  by  the  2-D  behavior  of  the  middle  surface 


since  all  variables  are  functions  only  of  the  coordinates 
and  Bassett  (32)  first  described  a  shell's 

displacements  as  infinite  power  series  as  shown  in  Eqn 
(3.30)  . 


where , 


•  A  1  -2  • 
Ui  =  Ui  *  **ui  +  2  C  Ui 


°i  «a'0) 


(3.30) 


These  kinematics  give  nonzero  transverse  strains  from  Eqns 
(3.0)  and  (3.10),  yet  subsequent  approximations  by  Bassett 
effectively  neglected  them  as  small. 

Hildebrand,  Beissner,  and  Thompson  (HBT)  (32)  and 

tfagdhi  (33)  examined  similar  kinematics  in  an  effort  to 
judge  the  relative  importance  of  the  terms  leading  to 
transverse  strains.  They  truncated  the  series  in  Eqn  (3.30) 
after  the  second  order  terns.  tfext ,  if  a  plane  stress 
approximation  is  made  (o^  =  0) ,  can  be  found  via  the 

constitutive  relations  of  Eqn  (3.28),  and  then  the 

transverse  displacement,  u^ ,  is  determined  through 
integration.  HBT  conclude  that  the  resulting  linear  and 
quadratic  C  terms  present  in  u^  are  small  and  can  be 
neglected.  This  leads  to  an  inconsistency  since  now,  both 
and  are  zero.  This  inconsistency  is  widely  accepted, 
however.  Since  we  first  state  that  S  0 ,  there  is  not  a 


nonzero  c  £  potential  energy  contribution.  Additionally, 

<  is  not  completely  neglected,  it  is  included  in  n  through 
o  p 

e and  £ g  and  the  constitutive  relations  of  Eqns  (3.28)  and 
(3.36).  This  procedure  approximately  corrects  the 
inconsistency  (114) . 

Resulting  from  these  types  of  studies  are  the  so  called 
Reissner  Mindlin  (RM)  theories  based  on  kinematics  as  shown 
in  Eqn  (3.31) . 


U1 

=  u  ( 1 

-  C/R^ 

♦  Oj 

(3.31) 

U2 

=  v  ( 1 

-  c/r2) 

♦  o2 

U3 

=  w 

where  the  five  degrees  of  freedom  (dof) ,  u.v.w.y^,  (ot=l,2) , 
are  functions  of  the  inplane  coordinates,  ?  .  These 
theories  relax  the  Kirchhof f -Love  hypothesis  requiring 
normals  to  the  midplane  remaining  normal  throughout 
deformation.  By  including  the  additional  two  dof, 

instead  of  the  w,  found  in  Love  theories,  the  normals  are 

a 

free  to  rotate  such  that  after  deformation  they  are 
generally  no  longer  normal  to  the  midplane.  This  type  of 
deformation  implies  a  constant  transverse  shear  rotation 
through  the  thickness,  and  consequently  shear  correction 
factors  are  required  for  equilibrium  (11).  Plate  and  shell 
solutions  based  on  Eqn  (3.31)  show  significant  improvements 
over  Love  theories  for  situations  when  transverse  shear 
deformation  is  important.  However,  numerical  shear  locking 
occurs  when  finite  element  formulations  based  on  RM  theories 
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are  applied  to  thin  plate  bending  problems,  for  example. 
This  serious  drawback  is  due  to  the  dominance  of  shear  terms 


over  the  bending  terms  in  the  energy  expression  as  the  plate 

becomes  thin,  and  resulting  solutions  are  much  too  stiff. 

In  an  effort  to  avoid  the  shear  locking  phenomenon  but 

also  to  include  transverse  shear  deformation,  consider  the 

truncated  power  series  for  the  displacements  shown  in  Eqn 

(3.32)  ,  where  each  dof  u°  ,  .  and  <p ^  are  functions  only 

of  K  . 
a 

u.  =  u“  +  ♦  C2©i  ♦  C3^  (3.32) 


Next,  assume  that  the  transverse  shear  stresses  vanish  on 
the  top  and  bottom  surfaces  of  the  shell.  For  material 
behavior  as  in  Eqn  (3.28),  this  implies  the  transverse 
strains  vanish  on  these  surfaces  also.  For  example,  a  flat 
plate  (Ba=oo,  see  Figure  3.4)  of  thickness  h,  gives. 


**1  ♦  ^3 


(3.33) 


k  ♦  3C2*j  +  ,  ♦  o,  ,  ♦  C2e 


‘3.1 


3,1 


3,1 

0 


For  Eqn  (3.33)  to  hold  true  for  both  the  top  and  bottom 

surfaces  of  the  plate,  9^  =  y/^  =  ^  =  0.  Based  on  HBT 

2 

conclusions,  one  should  also  neglect  the  C  term  in  u^  as 


small  compared  to  the  only  other  remaining  term,  u  .  After 

3 

solving  for  ^  in  (3.33) ,  we  see  that  the  transverse  shear 
expression  is  parabolic,  i.e.. 


]  ‘  *'l  *  u3,l  > 


(3.34) 


A  similar  exercise  can  be  applied  to  . 

The  resulting  flat  plate  kinematics  are  shown  in  Eqn 
(3.35)  where  the  u*  have  been  replaced  by  u,  v,  and  w. 
These  kinematics  have  been  applied  to  numerous  linear  plate 
bending,  buckling  and  vibration  problems  by  Reddy 


(54,57,58,05)  and  others  (37,38). 


Mote  that  these 


kinematics  have  the  same  number  of  dof  as  do  the  kinematics 
of  Reissner-Mindl in  theories.  Finite  element  formulations 
based  on  this  approach  apparently  do  not  shear  lock  for  some 
formulations  and  also  do  not  require  shear  correction 
factors  (54,58). 

Parabolic  transverse  shear  distributions  can  also  be 
achieved  from  the  kinematics  of  Eqn  (3.32)  by  setting  * 
©2  =  =  ^2  =  ^3  =  This  approach  gives  a  nonzero  e  and 
results  reported  by  Kwon  and  Akin  (118)  indicate  that  their 
plate  element  based  upon  a  mixed  finite  element  formulation 
also  does  not  shear  lock  for  those  linear  problems  analyzed. 
An  excellent  discussion  of  flat  plate  kinematics  of  varying 
complexity  for  both  2-D  and  3-D  analyses  is  due  to  Lo , 
Christensen,  and  Wu  (119). 


r  V' 


Uj  =  u  .  Cv-J  -  —2  C  (O',  ♦  -.,) 

JO 


U2  =  V  +  CV<2  '  ^2  C  (W2  +  W*2) 


(3.35) 


U3  = 


Although  £ ^  is  identically  zero  in  a  linear  analysis 


when  calculated  from  the  kinematics  of  Eqn  (3.35),  we  can 
still  include  it  through  the  constitutive  relations  thus 


approximately  eliminating  the  inconsistency  of  cr3~C3=0 


(114).  Similar  to  the  analysis  done  by  HBT,  assume  that  the 
shell  is  in  an  approximate  state  of  plane  stress,  i.e.,  ^  = 
0.  Therefore,  from  Eqn  (3.28), 


*3  _  C. 


13 


£1  "  C. 


'23 


(3.36) 


33  *  33 

Eqns  (3.28)  and  (3.36)  then  give  in 


iterial  axes,  i.e.. 


with  the  fibers  aligned  as  in  Figure  3.5,  where  c 3  has  been 


eliminated , 


f°Y 
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Q12 

0 

0 

0 

pn 

°2 

Q12 

Q22 

0 

0 

0 
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°6 
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0 

0 

Q66 

0 

0 

* 

C6 

*4 

0 

0 

0 

«44 

0 

u 

0 

0 

0 

0 

Q55 

N 

(3.37) 
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13  j  3 

where  QAJ  =  CAJ - - -  - 

°33 

For  transverse  isotropy.  It  is  easily  shown  that. 


Q1 1 

El/A'  Q12  =  V21E2  /A’ 

Q22  =  VA 

(3.38) 

°66 

ai2*  Q44  =  Q23’  °55 

G13 

where  A  =  1 

^12V21‘ 

We  have 

assumed 

that  the  transverse 

shear  stress 

effects  are 

greater 

than  the  transverse 

norm 

1  stress 

effects  since 

we  have 

included  the  former 

yet 

generally 

neglected  the 

latter . 

This  is  consistent 

with 

previous 

findings.  Koiter 

(22, 

23)  and  John  (30)  point 

out 

that  the 

magnitudes  of 

the 

transverse  stresses  are  as 

shown 

in  Eqn 

(3.39)  . 

°4 

•  °5 

=  Order  t  Ec&  ] , 

(3.39) 

°3 

=  Order  l  Ec02  ] 

where  0  =  max 

[1 

.  / 

h/B,  •/  c  j  and  D  is 

the 

distance 

from  the  point  on  the  middle  surface  under  consideration  to 
the  edge  of  the  shell,  and  B  is  the  saallest  principal 
radius  of  curvature  of  the  undeforaed  aiddle  surface.  Froa 
Eqn  (3.39),  is  generally  small  in  comparison  to  and 


for  thin  plates  and  shells. 

If  the  point  under  consideration  is  far  enough  away 


from  the  shell  boundary,  D  is  of  the  same  order  as  the  shell 


length,  L.  Additionally,  assuming  small  strains,  Koiter 
(22)  further  points  out  that  the  transverse  normal  stress  is 
in  general  h/R  times  the  bending  stresses  whereas  the 
transverse  shear  stresses  are  of  order  h/L  times  the  bending 
stresses.  We  can  then  consider  cases  where  cr  is  much 

«J 

smaller  than  cr ^  or  for  L/R  small  compared  to  unity  (61). 


c?3  (h/R)  o  ^ 

a\  (h/Dffj 


(3.40) 


For  a  transversely  loaded  flat  plate,  according 
to  the  preceding  discussion,  the  transverse  normal  stress  is 
of  order  h/L  times  the  transverse  shear  stresses. 
Therefore,  is  generally  always  small  compared  to  cr ^  and 
o'5  except  near  the  plate  edges,  i.e.,  for  small  D. 
Examining  the  3-D  elasticity  solutions  for  flat  plates 
(Pagano  (62))  and  cylindrical  shells  (Ben  (67))  in 
cylindrical  bending,  the  above  relationships  between 
stresses  are  seen  to  hold  true. 


Based 

on  the  preceding 

discussion , 

the 

following 

assumptions 

are  reiterated. 

The  shell 

is 

thin , 

and 

therefore , 

assume  it  is  in  an 

approximate 

state 

of 

plane 

stress,  i.e.,  =  0.  The  transverse  shear  stresses,  cr  and 
crg ,  are  parabolic  functions  through  the  thickness  and  vanish 
on  the  top  and  bottom  surfaces.  The  transverse  normal 
strain,  ,  is  approximately  zero.  This  implies  that 


normals  to  the  midsurface  of  the  shell  cannot  change  length. 

One  additional  assumption  simplifies  the  nonlinear 
strain  displacement  relations.  Once  again,  since  the  shell 
i 8  thin,  inplane  stresses  and  strains  generally  dominate  its 
behavior  with  the  transverse  quantities  having  a  less 
important  influence.  Therefore,  we  make  the  following 
simplifying  assumption.  Bepresent  the  inplane  strains, 

,  and  £ as  shown  in  Eqns  (3.0)  and  (3.10)  retaining  all 
terms.  However ,  represent  the  transverse  shear  strains,  c 
and  vising  only  the  linear  displacement  terms  of  Eqns 

(3.0)  and  (3.10)  for  simplicity.  Therefore,  because  the 
shell  is  thin,  consider  the  nonlinear  strain  displacement 
terms  as  higher  order  for  the  transverse  strains.  Exact  £^, 


.nd  ta 

and 

linear 

£.  and  £.  (recall  £,  has 

4  0  O 

been 

eliminated 

through 

the 

0^=0  assumption)  results  in 

the 

following 

1  imi  ts 

for 

the 

magnitudes  of  rotation.  If  c. 

or 

£ 5  are  negligible  compared  to  f j ,  £^ ,  and  i.e.  the 
classical  case,  then  we  have  a  large  rotation  theory  since 
exact  strain  displacement  relations  are  assumed  for  the 

important  strains.  However,  if  c.  or  £_  are  not  negligible 

4  5 

compared  to  the  inplane  strains,  then  the  allowable 
rotations  are  limited  to  some  degree.  Librescu  (10)  shows 
that  nonlinear  (not  exact  I )  inplane  strains  with  linear 
transverse  shear  strains  define  a  consistent  moderate 
rotation  theory.  Therefore,  the  present  approach  will 
always  accurately  follow  rotations  greater  than  what  the 


moderate  theories  permit  depending  on  the  importance  of  the 
transverse  shears  for  the  specific  application. 

Nonlinear  inplane  strains,  linear  transverse  shear 
strains,  and  zero  transverse  normal  strain  (the  latter 
determined  from  the  kinematics)  will  result  in  an 
incompatible  strain  field  through  the  shell  thickness. 
Examination  of  the  compatibility  equations  reveals  that  only 
the  equation  involving  inplane  strains  exclusively,  is 
satisfied,  as  is  expected  since  the  inplane  strains  are 
determined  correctly  from  the  kinematics  via  Eqn  (3.10). 
The  other  five  compatibil i ty  equations  involve  the 
transverse  strains  and  hence  cannot  be  satisfied  since  these 
strains  are  not  defined  by  Eqn  (3.10)  since  subsequent 
approximations  are  made.  However,  for  situations  where  some 
of  the  rotational  terms  are  small,  i.e.,  intermediate 
nonlinearity,  these  compatibility  equations  are  better 
approximated.  For  the  linear  case,  i.e.,  small  rotations 
and  displacements,  all  six  compatibility  equations  are 
satis* ied . 

Therefore,  for  the  general  large  rotation  and 
displacement  case,  we  cannot  expect  to  accurately  represent 
through  the  thickness  stresses  and  displacements.  However, 
through  the  use  of  the  nonlinear  Green's  strain  and  higher 
order  kinematics,  we  can  expect  to  accurately  represent  the 
load  displacement  behavior  of  the  midplane  of  the  shell  as 
it  experiences  large  rotations.  This  will  give  better 


predictions  of  the  collapse  and  post  buckling  behavior  of 
shells  where  large  rotations  and  displacements  occur. 

As  previously  mentioned,  shear  correction  factors  are 
not  required  with  these  kinematics  as  in  those  that 
represent  constant  shear  through  the  thickness. 
Additionally,  shear  locking  of  the  finite  element 
formulation  as  the  thickness  decreases  is  expected  to  be 
alleviated  using  these  kinematics.  Evidence  of  the  latter 
is  found  in  the  compatibility  relations.  Comparison  of 
these  equations  for  a  flat  plate  based  on  the  present 
approach,  Eqn  (3.35),  with  those  that  result  from  using  the 
Beissner-Mindl in  kinematics  of  Eqn  (3.31) ,  reveals  the 
presence  of  shear  terms  in  the  former  that  reduce  to  zero  as 
the  plate  thickness  decreases.  Shear  terms  that  reduce  to 
zero  are  not  present  in  the  Beissner-Mindl in  compatibility 
equations.  The  avoidance  of  the  numerical  difficulties  of 
shear  locking  and  the  use  of  shear  correction  factors  is  the 
primary  reason  in  the  present  research  for  using  the  higher 
order  kinematics  over  the  simpler  ones  that  give  constant 
transverse  shear  representations. 

Kinematics 

Based  on  the  preceding  development,  consider  the 
following  kinematics  for  the  arbitrary  shell  described  by 
orthogonal  curvilinear  coordinates,  referring  back  to  Figure 
3.4  for  conventions. 


Ul(?l-*2'°  =  u(1  "  C/El}  +  CV/1  +  C^1  +  ^Y\  +  6l 
VWC>  =  V(1  -  c/b2)  ♦  <>2  ♦  C2*2  ♦  cV2  ♦  C4e2 


U3(W  =  W 


(3.41) 


where  , 


u,  v,  w.  va,  4>a,  ra,  and  ©a>  are  functions  of  Jfj  and 


are  rotations  of  the  normals  and, 

<p  ,  Y  .  ©  .  are  functions  to  be  determined  such  that  am 

a  ex  a  4 

and  Cg  vanish  on  the  top  and  bottom  surfaces  of  the  shell. 

The  assumed  displacements  of  Eqn  (3.41)  are  slightly 
more  involved  than  those  introduced  for  flat  plates  in  Eqn 
(3.32).  For  a  plate,  only  third  order  terms  in  the 
thickness  parameter,  C.  mere  necessary  to  give  the  desired 
parabolic  transverse  stress  distribution.  Shell  structures, 
due  to  their  curved  surfaces,  however,  have  coupling  between 
displacements  that  plates  do  not  and  the  fourth  order  terms 
become  necessary.  Also,  the  (1  -  C/B^)  expressions  found  in 
the  first  terms  of  the  power  series  representing  the 
displacements  are  not  found  in  similar  series  for  flat  plate 
analysis.  These  additional  terms  simplify  the  algebra  and 
the  final  form  for  the  shell  kinematics.  The  kinematics 
will  ultimately  closely  resemble  the  plate  kinematics  that 
have  been  used  in  the  literature  and  shown  in  Eqn  (3.35). 
Additionally,  Beddy  (61)  arrives  at  identical  general  shell 


kinematics  as  derived  here  but  uses  a  different  approach. 

Keeping  only  linear  displacement  terms  from  Eqn  (3.9), 
(3.10),  and  (3.21),  the  transverse  shear  strains  become , 


where , 

(  )  ,  (o«=  1,2)  refers  to  differentiation  with  respect  to 

£  as  before,  and, 

a 

(  ) >3  refers  to  differentiation  with  respect  to  C- 


Using  Eqn  (3.41)  in  (3.42a)  and  assuming  zero  transverse 
shear  stress,  and  therefore,  strain,  on  the  shell  boundaries 
similar  to  that  developed  earlier  for  the  flat  plate  gives. 


(3.43) 


where  h  is  the  shell  thickness. 

Assume ,  for  the  moment,  that  we  have  a  fairly  thick  shell, 
i.e.,  let  Bg  =  5h .  In  this  case,  the  underlined  term  in  Eqn 
(3.43)  is  only  .005  and  therefore  can  be  neglected  compared 
to  1  as  indicated.  Furthermore,  we  can  neglect  the  fourth 


order  term  (©2)  of  Eqns  (3.41)  end  (3.43)  since  it  is  only 
1/20  of  the  third  order  term.  A  similar  exercise  is  applied 
to 

Eqn  (3.43)  in  (3.41)  then  gives  for  the  general  shell 
kinematics , 


V'rV0  -  U<1  -  -57  >  *  o,  ♦  ^  » 

V'i-Vc)  ■  v<i  -  4r  »  *  <>2  *  ♦  tst  > 

«  4b 


wv  = 


(3.44) 


where ,  k  =  . 

3h 

For  a  flat  plate,  C/R  -  0  and  a  =  1  and  Eqn  (3.44) 

a  f 

reduces  to  Eqn  (3.35).  The  sign  convention  for  rotational 
terms  of  Eqn  (3.44)  is  shown  for  a  flat  plate  for  simplicity 
in  Figure  3.6.  For  small  rotations,  the  slope  of  the 
elastic  curve,  w,j,  is  approximately  equal  to  the  total 
rotation  of  the  elastic  curve.  The  w, ^  are  positive  as 
shown  since  a  positive  slope  is  indicated.  The  rotations, 
and  are  negative  as  shown  In  the  top  diagram  since 

these  quantities  follow  the  right  hand  rule  as  defined  by 
the  kinematics  of  Eqn  (3.44).  Additionally,  the  rotation  of 
the  normal,  and  the  shear  rotation,  combine  to  give 

•1‘ 


the  total  rotation,  w 


The  shear  rotational 


term 


corresponds  to  the  cubic  term  of  the  kinematics,  see  Eqn 
(3.44).  Figure  3.7  shows  the  independent  relationship  of  v'j 
and  .  The  first  diagram  shows  a  rotation  of  the  normal, 
associated  with  bending,  and  no  shear  deformation  i.e.,  the 
normal  to  the  midplane  remains  normal  after  deformation. 
The  second  diagram  shows  only  shear  deformation,  no  bending, 
i.e.,  the  normal  to  the  midplane  is  no  longer  norsial  after 
deformation.  Similar  arguments  can  be  used  in  describing 
w , ^ .  ^2 ■  and  ft 2  aee  Fi8ures  4-3  and  4.4  only  in  this  case 
the  kineautics  define  these  rotations  by  a  left  hand  rule. 

For  larger  rotations,  the  slope  w,  1  cannot  represent 
the  rotation  of  the  elastic  curve  as  accurately.  However, 
the  relationships  between  the  bending,  shear,  and  total 
rotations  will  still  apply  for  these  size  rotations.  In 
this  way,  the  shell  BK>del  becomes  too  stiff  compared  to 
reality  since  the  shear  rotations,  i.e.,  the  transverse 
shear  strains,  are  overestimated  due  to  letting  w,  ^  equal 
the  rotation  of  the  elastic  curve  instead  of  the  correct 
tangent  of  the  rotation.  The  error  depends  on  the 
magnitudes  of  the  shear  rotations  as  was  discussed  earlier. 


1 


*  -*'1  *  pl 


Pi 


FIGURE  3.0.  Sign  Convention  of  Rotational  Quantities  Where 
V  and  ft  Always  Coabine  to  Give  the  Slope  of  Elastic  Curve. 
Mote  arrowhead  on  ft^  shows  opposite  sense  in  each  diagraa. 
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Shell  Strain  Displacement  Halations 

The  transverse  shear  strain,  c ^  ,  is  now  found  from 
Eqns  (3.42)  and  (3.44)  giving. 


~h"  <W*2  +  °*2 
2 


v  (i  - 


3h2H, 


(3.45) 


Once  again,  assume  that  Bg  =  5h  and  consider  points  of  the 
shell  at  the  extreme  outside  fibers,  i.e.,  at  C=h/2.  In 
this  case  the  underlined  term  of  Eqn  (3.45)  is  1/15  of  the 
next  largest  term  and  therefore,  we  neglect  it.  A  similar 
exercise  is  appled  to  giving  for  the  transverse  shear 
strains , 


<w-2  *  °*2 


v  (i  - 


(l  - 


(3.46) 


The  general  strain  displacement  relations  of  Eqns  (3.0) 
and  (3.10)  with  the  kinematics  of  Eqn  (3.44)  will  give  the 


inplane  shell  strain  displacement  relations. 


These 


expressions  can  then  be  specialized  for  a  shell  geometry  of 
interest  by  defining  the  scale  factors,  h^,  using  Eqn 
(3.21) . 

Substituting  Eqn  (3.44)  into  Eqns  (3.9)  and  (3.10)  and 
carrying  out  the  indicated  differentiation  yields  for  the 


.  *  #  •  •*  **  O 


a*  a  *r aj  , ^  a  ",  a  ,"^k 


W 


m 


inplane  strain  displacement  equations. 


*1  = 


11 


11 


0  „  1  „  2  2  „  3  3  ,.4  4  „6  <3 

=  £  +  f  *  +  r  x  ♦  r  x  +  T  x  +  r  * 

—1  '  i  i  i  it 


2  =  £22 


22 


o  _  i  „2  2  „3  3  -4  4  „0  <s 

=  c  +  c*  ♦  c  *  +  c  *  +  c  *  ♦  c  * 

—2  2  2  2  2  2 


2^ 


£  =  2£ 

6  12 


12 


hlh2 


•  _  i  ^  _2  2  ^  _3  8  ^  _4  4 

£^  +  r«  +  r  x  ♦  c  x  +  c  * 

—6  <s  <s  <j  <s 


r0  <s 
<  *« 


(3.47) 


where , 

the  £°  and  x1  terms  (J= 1,2,0,  i- 1,2, 3, 4,0)  are 

— J 

functions  of  the  displacements  and  the  scale  factors,  and 
can  be  found  in  Appendix  A  for  the  arbitrary  shell, 

the  superscripts  on  x1  are  not  exponents,  they  are 
individual  strain  components  that  correspond  to  the  power  of 
C  that  multiplies  it,  and 

the  subscripts  on  x1  indicate  the  strain,  c  ,  e  or 

J  1  * 

Cg  that  these  components  correspond. 

•  I 

The  c  and  x  terms  of  Eqn  (3.47)  are  dependent  on  the 
transverse  coordinate,  Ct  through  the  scale  factors  terms 
and  their  derivatives.  In  developing  the  2-D  theory,  it 
will  be  convenient  to  define  the  strains  such  that  the  terms 
multiplying  the  C’s  in  the  power  series  are  functions  only 
of  the  inplane  parameters,  and  .  To  this  end,  typical 
scale  factor  expressions  can  be  expanded  into  binomial 


series  as  shown  below, 


1 


1 


c 


2 


*an-C,V 


(3.48) 


For  the  thick  shell  case  where  B  =5h  and  C=h/2,  the 
first  two  terms  on  the  right  hand  sides  for  each  expression 
in  Eqn  (3.48)  represent  99X  and  97X ,  respectively,  of  the 
total  on  the  left  hand  sides.  Consequently,  series 
expansions  as  in  Eqn  (3.48)  and  similar  expansions  are 
truncated  after  the  first  order  C  terms,  and  substituted 
into  Eqn  (3.47)  resulting  in, 

ci  -  ‘l  *  C”  «lp-  1=1. 2. 8  <3.«9> 

p=sum  1  to  7 

lAere,  c °  and  x^ ^ through  x^?  are  shown  in  Appendix  A  as  well 
as  the  truncated  series  for  each  scale  factor  expression. 


Note 

that 

the  convention 

on  i 

(and  j)  has 

been  changed 

so 

that 

instead  of  taking 

on 

values  1,2, 

or  3 ,  they 

now 

represent 

the  values  1,2 

,  and 

6.  This  will 

always  be 

the 

case 

from 

this  point  on. 

The  first  subscript  of  x  refers  to  the  strain 
component  1,2,  or,  6  and  the  second  subscript  refers  to  the 
power  of  C  it  multiplies.  The  c *  and  the  x  . 


through  x 


terms  now  consist  of  displacement  expressions  that  are 


dependent  only  on  the  surface  parameters  K  j  and 

The  scale  factor  terms  of  the  transverse  shear  strains 
(See  Eqn  3.46)  are  expanded  into  similar  series  but  in  this 
case,  are  truncated  after  the  constant  term.  This  is 
consistent  with  previous  thin  shell  assumptions  share 
transverse  effects  are  treated  in  a  relatively  simpler 
fashion  than  are  the  inplane  quantities.  Eqn  (3.46)  is  then 
rewrritten  as. 


c  - 

m 

e  + 

m 

C  *«2’ 

• 

m  = 

4.5 

o 

*4  = 

W’2/0<2 

+ 

o 

£5  = 

W,l/ai  +  ^l*  and’ 

*42 

=  3k* 

*52  = 

3kV 

k  =  -4/3h2 

The 

strain 

displacement 

relations  of  Eqns 

(3.50) 


(3.50)  can  be  specialized  to  cyl indr ical ly  shaped  shells  and 
flat  plates.  For  typical  cylindrical  coordinates,  let  x  be 
the  longitudinal  coordinate  and  ©  be  the  circumferential 
coordinate,  see  Figure  3.8.  In  this  case,  the  surface’s 
first  fundamental  form  becomes. 


2  2  2  2 
(d a)z  =  (dx)  *  *  1»  (d©)  * 


(3.51) 


and  therefore,  o<j  =  1,  and  1  ®  •  ®2  =  a2  = 
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FIGURE  3.8.  Cylindrical  Shell  Coordinate  x-0  and  x-s 
Systems,  Ply  Orientation  Angle,  A,  Convention. 

A  more  convenient  form  for  finite  element  formulation 
is  to  replace  the  0  coordinate  with  the  circumferential 
coordinate,  8,  also  shown  in  Figure  3.8.  The  strain 
displacement  relations  that  result  from  substitutions  of  the 
parameters  of  Eqn  (3.51)  into  Eqn  (3.44)  are  easily 
converted  to  x-s  coordinates  by. 


(3.52) 


Alternatively,  Eqns  (3.40)  and  (3.50)  are  specialised 
directly  to  x-s  coordinates  using  R^=oo,  R^R.  The 


resulting  strain  displacement  relations  are  shown  in  Eqns 
(3.53-56)  where  c=l/B  and  k=-4/3h2. 

The  flat  plate  strain  displacement  relations  can  be 

found  from  Eqn  (3.40)  with  a  =1  and  B  =oo  or  from  Eqns 

Y  Y 

(3.53-55)  with  c  =  1/B  =  0. 


*1  =  *i  *  < 


IP 


(3.53) 


£[  =  u.j  ♦  l/2(u +  w?j) 

*11  =  *1.1  “  V'lc2  +  ^1 , 1U ’ 1  +  *2.1V’l 
*12  *  ''*ic2/s  -  ^2 ,  lv  ‘  1°  *  1/2(V,1?1  *  *'2?1) 


(a) 

(b) 

(c) 


*13  =  k(w'll  +  ^l.l1  +  U'lk(w’ll  +  v ,  ik  (w,  21  *w2  j) 


(d) 


14 


-vflkc(w.21  ♦  V^)  ♦  V^Mw^  ♦  v^ltl) 


+  *a.ik<w*2i  + 


15 


=  0 


(e) 

(f) 


16 


(k/2)2  (  w.2,  *  a..,,*,.,  *  V,2,  ♦  -.2! 


*  aw'2l*’*.I  *  *2.1  > 


17 


=  0 


(g) 

(h) 
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(3.54) 


*2 

°  P 

=  *2  *  C  *2p  * 

© 

*2 

=  v,2  -  wc  ♦  1/2(v?2 

2  2  2  2  2 
4  W,2  ♦  U ,  2  4  V  C  4  W  i 

♦  vw.2c  -  v,2wc 

*21 

=  *2.2  _  "c2  +  U'2C 

♦  "?2C  +  w2°3  -  c2<v,2w 

+v^2c2  *  v-2V/2.2  * 

2  -  c(v^2  2W  -  ^2** 

*22 

=  V^2  2c  *  1/2^%  4 

Vyi?2  +  V/2c2)  +  2v/l  ,2U’! 

3 

4  VV'gC  - 

2 

2c  {v'g  2»»  -  V'2w-2^  +  ^2 

*23  =  k(w'22  +  V'2.2)  +  c(V/222  +  * 1 \)  *  ku’2("’12  +  V>1.2) 

2  3  2 

♦  V^c  4  kv*2(,l,'22  +  V,2.2>  +  Vkc  (w'2  +  V'2) 

-  wkc(w,22  ♦  't,2.2)  +  ",2kc(w,2  +  V'j) 


“k«  =  ko(.,22  ♦  v2  2)  .  2u.2kc(«.12  .  ^  2> 

*  vkc3(».2  ♦  i»2>  ♦  2ko2<-»w.22  -Wj  2  *w?2  ♦  *.2*-2> 

*  kV'2.2<'-22  *  V2.2>  *  *'l,2k<W'12  *  'Vk’ 

*  w2ko2(w.2  .  v2>  ♦  v.2ka(».22  ♦  v2>2) 

“29  =  2ko  [  v2.2<w‘22  *  v2.2)  *  V1.2lw-12  *  v1.2) 


22  *  v2.2>  *  V1.2iw,12  *  V1.2) 


♦  w2c  (w,2  4 


v] 


=  (k2/2)  ^  w2 


22  *  2w-22V2.2  *  *22.2  *  W’12  *  2"-12','l.2 


2  2  2 
♦  V7)  j  +  c  *w»2  + 


’2^2  +  V2  ] 


*27  *  k  C 


^(w. 


22  *  V/2.2)2  +  <W'12  +  V/l,2>2  +  c2(w-2  +  V*] 


'  V  1  -u  '  vi  V'Vl  V  v  w: 


0  r  P 

e  *  c  *aP' 


(3.55) 


•2  *  V'l  *  U ' 1U* 2  *  V'1V'2  *  W‘  1W,2  ’  C<V"'l  ’  V-l"> 


c(u.2  -  v.,)  *  vli2  ♦  *-Sil  *  u.,yIi2  ♦ 


cfu.jU.j  -  v.jV.2  +  wtlw,2  -  wv2  J  +  w,^)  +  y’i^2  2 


+  V ’ 2^2 , 1 


°<V1.2  *  U-lV'l,2  *  “•2V'l.l  -  OWV2.1  *  “"-iV 


*  '“'l. 1*1.2  +  *2. 1*2.2 


2k-_i2  *  kVl  2  ♦  kv-2tl  *  k-.jC-.u  ♦ 


*  kU  ’  X  <W<  12  *  *1.2*  *  kv  ,  j  <w‘  22  *  *2,2’ 


♦  kc.jCw.j  ♦  „a>  -  ko»(w,12  ♦  v2il) 


*  Ct*l.l*1.2  *  *2. 1*2.2’  *  kV-2l"-12  *  *2,1> 


kC<W’12  *  V'l,2)  *  kCU*  2 <W>  1 1  *  *l.l’ 


*  *2.1<W'22  *  *2,2’  -  kC  (**-12  *  "*2.1  ‘  "•1W’2 


’.(Vj)  *  *  2*1.1*1.2  *  *1.2W-11> 


*  *2.2<W'12  *  *2,1>  *  kcu,  i  (w>  j2  *  *1.2’ 


kC<*l,lW-12  *  *1,2W-11  r  *2,1W,22  *  *2,2W,12 


*  2*1.1*1.2  ‘  2*2.1*2,2>  <f) 


[(.•! 

=  [<»• 


11  +  V'l,l)<W,12  +  ¥1,2)  *  (w,12  +  V/2,1)(W,22  + 


V'a.2)] 


k3c['"-U  *  *’l.l,<»'12  *  *1,2>  *  <w-12  *  *2 , 1  ’  <W*  22  *  V'2.2)] 


WWi 


(3.56) 


CK  =  (W,2  +  V'2)  *  3k(w'2  *  V>2) 


£5  ~  (w'  1  +  V/l)  *  ^  3k(w'i  +  V/i) 


Shell  Potential  Energy 


Consider  a  shell  that  is  constructed  of  layers  of  the 


transversely  isotropic*  material  described  by  Eqn  (3.37) 


Generally,  the  fibers  of  the  kth  individual  layer  or  ply  are 


oriented  at  an  angle,  £,  as  shown  in  Figure  3.8.  Therefore, 


the  constitutive  relations  of  Eqn  (3.37)  for  that  ply  must 


be  transformed  into  shell  coordinates  resulting  in  Eqn 


(3.57)  . 


°11  Q12  Qie1  f£l 


Q22  °26 


(3.57) 


(::)“■  r-  a1  C:) 


where,  the  Q.  .  (i,j  =  1,2,0)  and  Q  (m,n=4,5)  are  elesients  of 
i  J  am 


symmetric  arrays  of  transformed  stiffnesses  for  the  kth  ply 


and  <y  c.  ,  a  ,  and  e  are  measured  with  respect  to  shell 

i  i  m  m 


coordinates  ?  and  C  (42) . 
c* 


Next,  from  Eqn  (3.27),  let 


n  =  o  +  v 

p 


(3.58) 


where , 


U  is  the  internal  strain  energy,  and 
V  is  the  work  done  by  the  external  forces. 

Eqns  (3 . 57) , (3 . 58)  ,  (3.48),  and  (3.50)  then  give  for 
the  internal  strain  energy  of  the  arbitrary  shell. 


[5nuI  *  cPV2  *  5a*( 


u  *  <P-V2 


O  h 


121  '  ip' '"2  s  2r  ''ee'^e  s  eP' 

2®ie<e i  *  Cp-lp»  “i  *  Cr«6p> 

2«26lr2  *  cP“2p)U8  *  cr“ar>]  Kda  ■ 


(3.59a) 


D2  *  k\  \  [«««»<♦  Ca«42» 


*  °5S(e5  *  C  ”52’ 


o 


♦  2«45U4  *  '2««2><*5  *  c2”52>]  dCdn 

(3.58b) 

iriiere , 

U  =  °1  +  U2’  P,r  =  1 .2, 3, 4, 5, 6, 7, 

Qjj  generally  vary  as  a  function  of  C  since  a  laminate 
is  constructed  of  plies  with  different  fiber  orientations. 


and , 


O  represents  the  shell  middle  surface. 

Manipulations  of  Eqn  (3.59)  are  facilitated  if  the 


following  quantities  are  defined.  From  Eqn  (3.49),  let 


where , 


Then,  Eqn  (3.61)  Is  concisely  written  in  terns  of  an  area 
integral  representing  the  shell  midsurface  as  shown  in  Eqn 
(3.62)  where  the  C  dependence  has  been  integrated  by 
defining  a  series  of  elasticity  arrays. 

U1  =  "I"  J  *ul  *  u2  +  u3  >  (3.62) 

O 


where , 


V. 


W 
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,v 
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W 


v 


K->: 


^  =  J  *‘T  Q  «*  dC  =  J  ** 

h 


Q  dC 
*ij 


£j  £i  Au 


(a) 


'J 


2*  Q  ?C  2  d( 


=  J  2*;  0U» 


ip 


cp  dC 


2V  *ilBii  *  “i2DiJ  +  *1ZEU  *  *i4Fij  + 


*i  5°i  j  +  *i6Hij  +  *17*  tj  ) 


(b) 


■J 


u3  =  |  ZT  (  9CT  Q  *  )  Z  dC 


=  I  **jp 


ip  «ij  « 


”il”ilDij  *  2  *jl*i2EiJ  *  12  ”il*i3  *  ’,j2*i2>Fij 


♦  *  *j2*i3>aij  ♦  <2  “ji-iS  *  2“i2*i4>Bij 


*  2<*j,*16  **JS*i5  *  *J3,‘i4>IlJ  *  <2  “jl-iT  * 


2  *J2“i6  *  2*J3*i5  *  ”J4"14,J1J  * 


2<”j2”i7  *  “is'iB  *  *J 4*is’ Ki j  +  13  *J3*i7  * 


2  *J4*i«  *  "J5"15,L1J  *  2<“i4*17  *  *J5*18>PiJ 


*  <2  *j5*17  ♦  “jB-ie^ii  *  3*je”i7SlJ  *  *tj7*i7Pli 


(c> 


where  i,J=l,2,6  end  p,r=l,2t3t4t5,6,7 
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In  the  above  expression a 


ny  elasticity  arrays  have 


been  introduced  and  are  defined  by. 


tAij*  Bij*  Di j ’  Kij*  Fij*  Qij’  Hij’  1 i j ’  Jij’  KiJ* 


Li j  *  Pij ’  Ri j  *  Sij  ’  Ti j  3 


J 


U.c.c2.c3.c4.c5.c6.c7.c8.c9.c10,c11.c12.c*3.c14)  « 


(3.63) 


where  i , j  =  1,2,  and  6 . 

A  similar  manipulation  is  performed  on  Eqn  (3.59b)  for  the 
shear  terms,  giving. 


U_  =  — i—  (  £°£°  A  ♦  2£ax  -  D  ♦  *xF  )dO 

2  2  I  mnmn  n  m2  mn  n  2  m2  nn 

O 

and.  (3.64) 

[A  .D  ,F  ]  =  f  Q__  I  l.t2,C4]  dC  (3.65) 

mn  mn  mn  l  mn 

h 

where  m, n  =  4,5. 

Primarily  due  to  the  assuarad  nonlinearity,  many  new 

elasticity  arrays  are  shown  above.  A  cursory  examination 

would  lead  one  to  believe  that  many  orders  of  magnitude  in  C 

separate  the  A^  elasticity  terms  from  terms  of  the  higher 

order  elasticity  arrays.  This  is  true,  of  course,  given  the 

definitions  in  Eqn  (3.63).  However,  further  examination 

reveals  that  the  energy  terms  that  contain  the  higher  order 

elasticity  constants  also  are  multiplied  by  powers  of 
2 

k=-4/3h  .  Because  of  the  squared  shell  thickness  term  in 


the  denominator  of  k,  the  energy  terete  are  not  many  orders 
of  magnitude  apart.  For  example,  the  D^,  ^ij’  an<*  '  j 
energy  terms  are  all  the  game  order  of  magnitude  in  h  or  £ 
despite  the  definitions  of  the  arrays  given  in  Eqn  (3.63). 

In  a  general  geometrically  nonlinear  analysis,  the 
energy  due  to  the  externally  applied  loads  contains 
nonlinear  displacement  terms.  These  arise  when,  because  of 
large  rotations,  the  applied  loading  develops  higher  order 
coupling  components  in  coordinate  directions  where  no 
loading  originally  existed.  As  discussed  by  Brush  and 
Almroth  (12) ,  these  higher  order  terms  give  potential  energy 
contributions  that  are  negligibly  small  for  the  cases  of 
intermediate  nonlinearity.  However,  the  large  rotational 
case  generally  must  account  for  them.  An  alternative 
approach  that  will  achieve  the  required  coupling  is  to 
prescribe  displacements,  not  loads.  In  a  large 
displacement/rotation  situation,  if  the  loading  is  actually 
a  prescription  of  displacement ,  the  higher  order  nonlinear 
loading  terms  need  not  be  included  (since  applied  loading  is 
zero).  This  is  the  approach  taken  here. 

Laminated  shell  constructions  that  have  symmetric  ply 
stacking  sequences  about  the  middle  surface  are  governed  by 
much  simpler  expressions.  For  symmetric  laminates,  the 
elasticity  arrays  of  Eqn  (3.63)  that  are  associated  with  odd 
powers  of  C  (Bj,  j  ,  aij’*'Sij*  are  identically  zero. 
Effectively  one  half  of  the  energy  terms  then  will  vanish. 


unimniuiwiiinwiiwiwiuiiwiiT 


Because  this  represents  such  a  major  simplification  to  this 
approach,  solutions  are  calculated  only  for  isotropic  and 
symmetric  laminates.  The  finite  element  formulation  of  the 
next  chapter  includes  the  energy  that  contains  the  terms  of 
the  elasticity  arrays  for  the  unsymmetric  laminates;  the 
computer  code  based  on  the  finite  element  formulation, 
however,  does  not. 

With  the  above  in  mina,  Bqn  (3.58)  with  Eqns  (3.62), 
(3.64),  and  (3.53-56)  give  the  total  potential  energy  of  the 
cylindrical  shell.  This  expression  is  then  extremized  with 
respect  to  the  displacements  giving  the  equilibrium 
equations.  Solving  these  nonlinear  coupled  partial 
differential  equations  is  the  topic  of  the  next  chapter. 

A  final  comment  concerns  the  magnitudes  of  rotation  the 
present  approach  will  allow  differential  elements  to  undergo 
accurately.  The  author  expects  increased  accuracy  for 
rotations  beyond  those  valid  in  the  intermediate  nonlinear 
theories.  This  is  because  all  of  the  nonlinear  displacement 
tersm  of  Oreen’s  strain  tensor  for  the  inplane  strains  of 
the  shell  have  been  retained.  The  intersiediate  theories 
only  retain  the  nonlinear  displacement  terms  in  the 
transverse  dlsplaceamnt ,  w,  as  a  result  of  assuming  that  the 
rotations  are  small  compared  to  unity  (113).  This  results 
in  nonlinear  terms  in  the  extensional  A ^  terms  only,  see 
Appendix  B.  In  contrast,  the  present  approach  includes 
nonlinear  A^  energy  terms  as  well  as  nonlinear  terms  in 
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IV.  Finite  Element  Solution 


If  the  variation  of  the  total  potential  energy 
expression  just  derived  in  the  previous  chapter  were  carried 
through,  the  result  would  be  five  coupled  nonlinear  partial 
differential  equations  representing  equilibrium.  A  powerful 
numerical  technique  that  can  be  used  to  solve  these 
equations  is  the  finite  element  method.  In  this  approach, 
the  continuum  displacements  of  the  equilibrium  equations  are 
approximated  through  interpolation  functions  and  the  values 
of  displacement  at  discrete  points  within  the  domain  and  on 
the  boundary  of  the  shell.  The  mesh  of  the  discrete  or 
nodal  points  define  individual  elements  where  the 
approximate  energy  of  each  element  is  summed  giving  the 
total  potential  energy.  The  variation  of  of  the 
discretized  domain  then  gives  coupled  nonlinear  algebraic 
equations  where  the  unknowns  are  the  discrete  values  of 
displacement  called  nodal  displacements. 

In  a  generally  nonlinear  analysis,  these  equations  are 
not  usually  solved  directly,  but  instead,  are  linearized  and 
solved  by  incremental/iterative  methods.  The  linearized 
equations  are  found  by  effectively  carrying  out  an 
additional  differentiation  of  with  respect  to  the 
displacements.  These  two  dif ferentiations  of  n^,  i.e.,  the 
first  variation  and  the  linearization,  could  be  accomplished 
term  by  term.  Alternatively,  the  manipulations  that  follow 
can  give  a  relatively  convenient  form  for  such  that  these 


derivatives  are  straight  forward  to  accomplish. 


This  can 


all  be  done  independent  of  the  specific  finite  element 
definition.  The  specific  elemental  definition  depends  on 
the  approximations  used  for  each  unique  displacement  term 
present  in  the  strain  displacement  relations.  These  terms 
form  the  displacement  gradient  vector  and  only  some  are 
distinct  elemental  degrees  of  freedom.  In  what  follows,  the 
element  independent  formulation  is  first  presented,  then  two 
element  types  are  defined.  Following  the  complete 
representation  of  the  total  potential  energy  in  finite 
element  casting,  the  algorithms  for  linear,  linear 
bifurcation,  and  nonlinear  solutions  are  presented. 
Finally,  some  comments  on  the  coupling  character ist ics  of 
the  displacements  for  both  shells  and  flat  plates  are  given. 

Element  Independent  Formulation 

The  result  of  the  finite  element  discretisation  of  the 
2-D  shell  domain  gives  the  potential  energy  as  shown  in 
the  general  expression  of  Eqn  (4.1).  The  end  result  of  this 
section  is  the  derivation  of  Eqn  (4.1)  from  Eqns  (3.58), 
(3.62),  and  (3.64)  such  that  important  conditions,  to  be 
discussed  subsequently,  are  met. 


where , 

q  is  a  column  array  of  displacements  at  the  discrete 
points,  the  nodal  displacesMnts , 
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R  is  a  column  array  of  loads  at  the  discrete  points. 


the  nodal  loads, 

K  is  an  array  of  constant  stiffness  coefficients, 

id  an  array  of  stiffness  coefficients  that  are 

linear  in  displacement, 

»2  is  an  array  of  dtiffnedd  coefficients  that  are 

quadratic  in  displacement. 

Carrying  out  the  variation  of  Eqn  (4.1)  gives  the 

equilibrium  equations,  F,  as  shown  in  Eqns  (4.2)  and  (4.3). 

In  Eqn  (4.2)  note  that  the  stiffness  arrays  K,  M  ,  and  Hz  of 
Eqn  (4.1)  are  duplicated  as  a  result  of  carrying  out  the 
variation  of  Eqn  (4.1).  This  is  one  of  the  conditions 
alluded  to  above. 


=  6qT  F(q)  =0 

Then  for  arbitrary  and  independent  <5q , 

F(q)  =  0  (4.3) 

Eqn  (4.3)  represents  nonlinear  algebraic  equations  in  the 
nodal  degrees  of  freedom  (dof)  q.  Solutions  to  Eqn  (4.3) 
can  be  found  iteratively  through  the  linearised  incremental 
equations.  These  are  derived  by  expanding  Eqn  (4.3)  into  a 
Taylor  series  as  shown  below  where  the  higher  order  terms 
have  been  neglected  since  Aq  is  assumed  to  be  small. 
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d  f 

F(q  +  Aq)  =  F(q)  ♦  -  Aq  +  ...  =  0  (4.4) 

9  q 

Bearranging  Eqn  (4.4)  and  letting  Kt  =  K  ♦  +  M2  gives  Eqn 

(4.6)  where,  once  again,  the  stiffness  arrays  K,  II  ,  and  V2 
are  duplicated  as  a  result  of  taking  the  partial  derivatives 
of  F.  This  is  another  of  the  required  conditions  in 
deriving  Eqn  (4.1). 

0  F 

-  Aq  =  -F (q)  (4.5) 

0  q 

(  K  +  Mi  ♦  M2  1  Aq  =  -F(q) 

Kt  Aq  =  -F(q)  (4.6) 

■here  Kt  is  called  the  tangent  stiffness  matrix. 

Eqn  (4.6)  gives  solutions  in  an  iterative  manner  via  a 
Mewton-Raphson  technique.  The  current  values  of  the 
elements  of  q  are  substituted  into  and  N2  resulting  in  an 
array  of  constants  for  Kt.  The  set  of  linear  equations  are 
then  solved  for  Aq ,  which  is  then  added  to  q  giving  the 
updated  nodal  displacements.  Assuming  the  solution  is  not 
yet  converged,  the  right  hand  side  (BHS)  of  Eqn  (4.6)  is 
nonzero.  Iteration  continues  until  F  becomes  arbitrarily 
small  signifying  equilibrium  has  been  satisfied. 

The  preceding  general  development  assumed  a  certain 
formalism  in  the  definitions  of  K,  ,  and  V2  such  that 
these  terms  repeated  themselves  in  the  first  variation  of  II 


«l 


and  again  in  the  Taylor  aeries  expansion  that  gave  the 
incremental  equations.  We  therefore  seek  definitions  of  K, 

,  and  >2  such  that  if  the  potential  energy  is  given  by  Eqn 
(4.1),  then  its  variation  Is  given  by  Eqn  (4.2)  and  the 
incremental  equations  by  Eqn  (4.6).  Ensuring  this  formalism 
will  greatly  decrease  the  number  of  algebraic  manipulations 
since  once  K,  ,  and  V2  are  formed  in  the  expression  of 
Eqn  (4.1),  the  variation  and  linearization  are  then  very 


straight  forward.  Additionally,  fewer  programming  lines  are 
needed  since  the  same  arrays  are  present  in  both  the 
equilibrium  and  incremental  equations  and  hence  need  be 
calculated  only  once  in  solving  Eqn  (4.6). 

Bajasekaran  and  Murray  (120)  outline  a  procedure  that 
will  give  the  desired  repetition  and  also  symmetry  of  the 


three  components,  K,  ,  and  M2,  that  comprise  Kt. 


Some 


modifications  are  required  in  the  present  case.  We  start  by 
dividing  each  strain  component  of  Eqns  (3.53-55)  into  linear 
and  nonlinear  parts  as  shown  in  Eqn  (4.7). 


o  t  It 

“  oLi  d  *  —  d  oHi  d 


T  It 

*.  =  L.  d  ♦  -=r-  d  H,  d 

ip  p  i  2  pi 


(4.7) 


where  , 

L  (j  -  0,1, 2,..., 7)  are  column  arrays,  H  are 

J  X  J  X 

symmetric  matrices, 

d  is  the  displacement  gradient  vector, 
i =  1,2,6  and  p=>l  to  7,  as  before. 


%  A  ^  A  A-  A-  A-  . 


L.  for  p=5,6,7  contain  all  zeroes. 
P  i 


The  L.  and  H.  arrays  contain  constants  and  the 

J  1  J  X 

displacement  gradient  vector  contains  the  unique 
displacement  terms  that  define  the  strain  components  in  Eqns 
(3.53-56).  Although  there  are  17  unique  displacement  terms 
in  Eqns  (3.53-56),  one  additional  term,  u,  is  included  for 
generality  since  any  other  shell  geometry  other  than 
cylindrical  would  have  this  term  represented  in  the  strain 
displacement  relations  also.  The  vector,  d,  then  is  an  18x1 
array  as  shown  in  Eqn  (4.8).  As  will  be  seen  later,  it  is 
the  way  the  elements  of  d  are  approximated  that  defines  the 
specific  element  type  and  therefore,  the  element  definition 
can  be  done  independent  of  the  development  of  this  section. 
Each  of  the  15  L.  18x1  column  arrays  and  24  H.  18x18 

J  X  J  X 

matrices  for  a  cylindrical  shell  are  shown  in  Appendix  C, 
where  equivalent  flat  plate  arrays  are  found  by  letting  1/S 

=  0. 


=  ju  u.j  u. 


2  V  V’l  V,2  "  W' 1  w,2  W,ll  W’ 22  W,12 


V1  V1  1  yl  2  W2  ^2  1  W2  2  } 


(4.8) 

Next,  Eqn  (4.7)  is  substituted  into  the  internal  strain 
energy  of  Eqn  (3.62)  giving  for  the  inplane  energy 
expression,  i.e.,  those  energy  terms  due  to  and 


where , 


K  =  A. .  L .  L*  ♦  2B . .  L,  lT  ♦  D, , (2  L,  LT  +  L  LT  ) 
lj  o  io  J  ij  o  it  j  ij  oi 2j  ii tj  ’ 

4  eu<2oli,lI  *  *  2,«-13«-; 

‘  *LiiLI  ’  *  aiJ<2.Li4LI  *  2*L1.LI  ’  ’  Hij‘a.Ll«LI 

*  .L13LJ  '  *  2Ii,3Li4LI  *  Jlj4Li4LJ 


(4 . 9a) 


AlJoLld\>B)  ‘  B1J  WVj  *  ,LldToHJ  >  *  ®i ,  <oWd\BJ 

*  2Lid\>BJ  *  ,LldVj  >  4  EiJ  <oLidI.HJ  4  .LidToBj 

4  .VVj  4  2Lld\B,  >  4  "ij  WV,  4 

4  .VVj  4  .Lld\HJ  4  3<-idT,«i  >  4  °li(oLldT,HJ 

4  «LldT4HJ  *  2LldT3HJ  4  4LldTlHJ  *  3LldT2HJ  1 
4  “ijWVj  4  .l'ldT,BJ  4  2LidT4BJ  *  3LidT.BJ 

4  .VVj  ’  *  «!,  l.Lid%BJ  *  .VVj  *  2  VVj 

4  »LldT-BJ  *  .VVj  ’  4  Jlj<.LidT,HJ  *  2Lid>j 

4  .Lid%Bj  *  4LidT4BJ  >  *  XU<2LidT,BJ  *  3LidI<SBJ 

*  4L1dT,BJ  >  *  »-tJ  ‘  .VV,  *  4Lldt4BJ  >  4  E1J  .L1d%BJ 


(4.9b) 


M=  A..  H.ddT  H.  ♦  B  ,  H.ddT  H.  +  D  . (  H,ddT  H . 
2  ijoi  oj  ijoi  l  j  ijoi  2j 


* 

♦ 

H . ddT  H.) 
i  i  i  a 

+  Eij(0HiddT9HJ  + 

2iHiddT2Hj)  ♦  Fij(oHiddT4 

♦ 

2  H . ddT  H . 
i  i  a  j 

+  2HiddT2Hj>  +  Qij 

(oHiddT5HJ  +  2*Hidd\Hj 

4 

2  H .  ddT  H  .) 

2  i  9  J 

+  Hij  <oHiddT<SHJ  + 

2  H . ddT  H .  +2  H . ddT  H. 

li  5  j  2  i  4  J 

* 

4 

H.ddT  H.) 

9  1  9  J 

*  + 

2  H .  ddT  H  .  +2  H .  ddT  H  , 
ii  <sj  2  i  3  j 

4 

23Hidd\V 

+  JiJ(2lHiddT7Hj 

+  22HiddT0Hj  +  29HiddT3Hj 

• 

4 

4Hidd\V 

+  Kij(22HiddT7Hj  + 

29HiddT0Hj  +  24HiddT5Hj> 

+  Lij<2.HiddT7HJ  +  +  5HiddT5Hj) 

+  Pij(2.HiddT7Hj  +  25HiddT<,Hj>  +  HiJ(25HiddT7Hj 

♦  tfHiddTfiV  +  sij2<,HiddT7Hj  +  TiJ7Hidd\Hj 


(4.9c) 


In  the  above,  each  term  of  K,  V±,  and  represents 
nine  terms  due  to  the  summation  convention  on  i  and  j .  Eqn 
(4.9d)  shows  this  using  the  underlined  term  of  K  from  Eqn 
(4.9a)  as  an  example.  Each  of  these  nine  terms  results  in 
an  18x18  array.  Eqn  (4.9e)  show  one  representative  term 
from  Eqn  (4.9f)  shows  one  representative  term  from  M^. 
These  equations  point  out  that  each  term  contains  an  18x18 
array  that  is  premultiplied  by  a  scalar  elasticity  element, 
Ajj  in  the  examples  shown. 
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[  l  lt  1  =  a  l  lt  ♦  a  l  lt  ♦  a  ll1 
[  O  i  O  j  j  llo  lo  1  12o  lo  2  16o  lo  e 


18x1  1x18 


♦  A,_  L_  L*  +  A  L  l!  ♦  A  L  l! 

12o  2o  1  22o  2o  2  26o  2o  6 


+  A16oL6oLl  +  A26oL6oL2  +  A60oL0oL6 


(4 . 9d) 


A,  T  L,  dT  H.  1 
11  [  °  1  o  1  J 

lxl  18x1  1x18  18x18 

A,,  f  H,  d  dT  H,  1 

11  [  o  1  olJ 

lxl  18x18  18x1  1x18  18x18 


(4 . 9e) 


(4 . Of ) 


With  the  exception  of  only  a  few  terms  of  K,  the 
desired  formalism  of  Eqns  (4.1),  (4.2),  and  (4.0)  will  not 
be  exhibited  using  the  terms  as  defined  in  Eqns  (4.9).  That 
is.  if  the  first  variation  were  carried  through  on  Eqn  (4.9) 
with  the  K,  ,  and  V2  as  defined  in  Eqns  (4.9a-f),  totally 
new  terms  would  result.  Similarly,  the  formation  of  the 
linearized  incre>aental/iterative  equations  would  result  in 


still  different  terms. 


To  avoid  these  tedious 


manipulations,  we  seek  equivalent  energy  forms  for  K,  , 
and  Nz  such  that  these  terms  are  present  in  the  three 
expressions  for  n  ,  F(q),  and  Kt,  i.e.,  Eqns  (4.1),  (4.2), 
and  (4.0). 

We  can  easily  show  the  undesirable  terms  that  result 
from  carrying  through  the  variation  of  the  terms  of  Eqns 
(4.9a-c).  Using  the  second  energy  term  from  Eqn  (4.9b)  as 


an  example,  the  variation  i a  given  in  Eqn  (4.10). 

a{  4-  f  “Xj  oV\v  dn } =  4-  J  Bu 

f)  o 

♦  dT  L.6dT  H  ,d  ♦  dT  L,dT  H,6di  dO 
o  i  i  j  o  i  i  j  J 


(4. 10) 


T  T  T 

Using  B.  =  B  .  .  ,  and  since  all  L  d  =  d  L  and  d  Hd  terms  are 
l  j  j  l 

scalars  and  thus  can  be  transposed  or  moved  freely,  the 
right  hand  side  (RHS)  can  be  rewritten  as  shown  below  and  we 
see  that  the  forms  of  the  original  term  of  Eqn  (4.10)  and 
its  first  variation  of  Eqn  (4.11)  are  not  the  same. 

=  4~  [  Bu  <5dr{oLidT,Hi  *  s,BjdoLI  }  d  dn  (411> 

O 

Each  of  the  energy  terms  of  Ni  are  of  the  form  shown  on 
the  left  hand  side  (LHS)  of  Eqn  (4.12)  and  thus  the  example 
of  Eqn  (4.10)  and  (4.11)  is  representative.  As  suggested  by 
Bef  (120) ,  if  each  of  these  terms  is  replaced  by  terms  of 
the  form  found  on  the  BHS  of  Eqn  (4.12),  the  desired 
repeating  formalism  of  Eqns  (4.1),  (4.2),  and  (4.6)  will 

apply. 

fdTC.  L.  dT  H  d  dO  = 

2  J  ij  p  i  r  J 

O 

-4-  dTC..  I  L.  dT  H  ♦  dT  L.  H.  +  H.  d  L*  Id  dO 
6j  iJb1  *■  J  pirj  ri  pjj 

n 


where , 


(4. 12) 


C  refers  to  the  elements  from  any  of  the  elasticity 
ij 

arrays .  ki-  to  Tlj( 

p,r  =  0  to  7  and  i,j=l,2,6  as  before. 

Therefore,  using  the  same  term  from  Mj  as  before,  i.e.,  the 
LHS  of  Eqn  (4.10)  with  the  Eqn  (4.12)  substitution,  the 
first  variation  is  as  shown  in  Eqn  (4.13).  It  is  stressed 
that  this  term  is  representative  of  all  the  terms  of  Eqn 
(4.9b)  . 

6  fa-  |  d’BiJ  [oLi  d’  ,Bj  *  dI  oLl  ,Bj  *  ,Bi  d  oLj  ]d  d°  ] 

-  -i-  f  Bu  *  d^Ljdd^Hjd  .  d^dVjdd] 

*  KdT,ii,v*  dT<5dToLi,BJd  *  “’oV-i.v*1] 

♦  [6<,T.BidoLI  d  *  d\Hi'5do1'>  *  dT.BldoLI  6d  )}  dn 


■  -4 ~Iau 


3  L ,  dT  H. 
o  i  i  j 


3d  oLiiHJ 


3  H  d  L 
i  i  o  j 


(4.13) 

Therefore,  a  comparison  of  the  terms  in  the  first  and  final 
lines  of  Eqn  (4.13)  show  that  the  LHS  gives  a  repeating  form 
on  the  BHS.  The  final  result  of  Eqn  (4.13)  is  expanded  into 
unabridged  form  in  Eqn  (4.13a).  In  a  similar  fashion,  we 
can  show  that  the  derivation  of  the  linearised 
Incremental/iterative  equations  (Eqn  (4.6))  also  results  in 


wnmrTwiTiiiTyFWTi  u'wirwirwtrwiHii^i»ww  win  L'vivi^v^t’v!  wivu"  *.-  »lh  wn 
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s 

V- 

s 


f? 
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similar  repeating  forms. 

3dToLl.Hl  *  3.BldoLI  ]d 

*  3dToLUB2  *  3,BldoL2  ]d 

*  3<,ToL8.H8  *  3iH8doL6  ]d  }  d° 

(4.13a) 

Unfortunately,  the  suggested  forms  for  K  and  as 

given  by  (120)  such  that  Eqns  (4.1),  (4.2),  and  (4.0)  are 
applicable,  only  partially  apply  here  due  to  the  complexity 
of  the  present  strain  displacement  relations.  Those  forms 
of  (120)  suggest  representations  that  do  give  the  desired 
repetition,  however.  Each  of  the  terms  of  the  K  and  M2 
arrays  are  of  the  general  forms  of  the  LHS  of  Eqn  (4.14). 
In  Eqn  (4.14),  two  forms  for  both  K  and  V2  are  shown.  With 
the  once  again  referring  to  elements  from  any  of  the 

elasticity  arrays,  the  LHS  are  those  energy  terms  from  Eqn 
(4.0),  that  do  not  repeat  in  deriving  the  equilibrium  and 
the  linearized  incremental/iterative  equations.  If  each  is 
replaced  by  the  corresponding  BHS  of  Eqn  (4.14)  then  the 
formalism  of  Eqns  (4.1),  (4.2),  and  (4.6)  is  easily  shown 

a* 

similarly  to  the  example  of  Eqns  (4.12)  and  (4.13).  The 
first  substitution  shown  in  Eqn  (4.14)  for  each  of  the 

w  w 

arrays  K  and  M  are  taken  from  Ref  (120)  and  the  second 
2 
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substitutions  are  unique  generalizations  thereof. 


From  K: 


1  f  T  T 

~2 —  I  d  pLj  d  dft  (no  sum  on  p)  = 

ft 

4-  I  dT  2C.  .  L4  L*  d  dft  = 

2  J  lj  p  i  r  j 


no  change 


T-  \  *'  CU  [  PLi  -4  *  rLl  p4  >  dC1 


From  N 


4-  J  -1  CiJ  pB1<“T  pB,  <*  ■  if  J  d'  «„  [  pV^p-j 

ft  ft 

♦  dTpHjdpH4 Jd  dft  (no  sum  on  p) 

4-  j  <*T  CiJ  rHl"TpBj  d  dn ' 4-  J-T  C1J  [  rBlddIpBJ 

ft  ft 

*  4-  “VlVl  *  pBlddTrBj  *  4“  dTpBld,Bj]d  d° 


(4.14) 

Based  on  Kqns  (4.12)  and  (4.14),  Eqn  (4.9)  can  now  be 
rewritten  as  in  Eqn  (4.15). 


/NO1 **?* ^ 


2 


r 


ui  = 


n't 


K  ♦  H 


d  dO 


d  dO 


(4.15) 


where  the  elements  of  the  arrays  X,  ,  and  lf2  are  found 
from  K,  lli ,  and  N2  by  making  the  aforementioned 

substitutions  of  Eqns  (4.12)  and  (4.14). 

The  shear  energy  terms  of  Eqns  (3.04)  and  (3.56)  are 
handled  in  a  totally  analogous  manner  only  much  more  simply 
since  transverse  shear  strains  are  linear  in  displacement 

and  hence  all  H  terms  are  zero  arrays  and  therefore  not 

j  m 

included.  Analogous  to  Eqn  (4.7),  the  transverse  shear 

strains  of  Eqn  (3.56)  are  written  below  in  Eqn  (4.16). 


•  _T  . 

€  =  S  d 

m  o  m 


*  =  ST  d 

2m  zm 


(4.16) 


The  4  (■1  =  0,2,  m=4,5)  18x1  column  arrays  are  shown  in 

Appendix  C  for  a  cylinder.  Due  to  the  assumed  linearity  of 
these  strains,  additional  energy  terms  from  the  transverse 

mt 

shear  terms  are  only  given  for  K  of  Eqn  (4.0).  These 
additional  terms  are  found  from  Eqns  (3.64)  and  (4.16)  and 
are  shown  below  in  Eqn  (4.17).  The  equivalent  repeating 
forms  that  are  added  to  K  of  Eqn  (4.15)  are  found  via  Eqn 
(4.14)  as  with  the  inplane  energy  terms  only  using  the  S 

v  ■ 

arrays  Instead  of  the  L.  arrays. 

J  1 


01 


r  v»  vim*  ^  *.  *  **  v**?nFrKjrw*  iw^  w^» 


A  S  S  ♦  2D  S  S  +  F  S  S 

an  o  m  o  n  mn  o  *  •  n  an  »  m  •  n 

where  m,n  =  4,5  as  before. 


(4. 17) 


The  final  step  in  reaching  the  goal  of  this  section, 
i.e.,  the  derivation  of  Eqn  (4.1),  is  the  actual 
discretization  of  the  shell  domain.  We  approximate  the 
continuum  displacements  by  interpolation  functions  (also 
called  shape  functions)  and  the  nodal  displacements  in  Eqn 
(4.18) . 

■u-  =  Jf  q  (4.10) 

where , 

u  is  the  vector  of  continuum  displacements, 

is  an  array  of  interpolation  or  shape  functions, 
q  are  the  nodal  values  of  displacements  as  before. 

Next,  the  displacement  gradient  vector,  d,  is  approximated 
from  Eqn  (4.18)  as  shown  in  Eqn  (4.19). 


d  =  D  q 


(4.19) 


where  D  is  the  array  of  shape  functions  and  their 
derivatives  and  is  defined  for  specific  elements  in  the  next 
section.  Substituting  Eqn  (4.19)  into  the  final  expression 
of  Eqn  (4.15)  including  the  transverse  shear  terms,  then 
finally  gives  Eqn  (4.1)  for  the  potential  energy. 

T  r  i 

B  (4.1) 


"p  ■  —  [  *  ♦  it  ♦  -r  ]  -  -  «T> 


where  we  can  now  identify. 
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1 


» 


X>  K  X>  dO 


«t  =  I  X>T  Ht  X>  dn  (4.20) 

o 

V  =  DT  H  X)  dO 
2  I  2 

Vote  that  V  and  V  are  actually  functions  of  the  elements 

of  d  not  q  (see  Eqn  (4.14))  so  that  In  practice,  Eqn  (4.10) 

is  employed  prior  to  Eqn  (4.0)  in  the  solution  process.  The 

terms  of  Eqns  (4.1),  (4.2),  (4.6),  and  (4.20)  are  now 

defined,  except  for  the  details  of  X>.  The  elements  of  X>  are 

defined  according  to  a  specific  elemental  definition  and 

will  be  developed  in  the  next  section. 

The  element  independent  arrays,  K,  ,  and  V2  are 

formed  based  on  literally  hundreds  of  16x1,  18x18,  and  1x18 

symbolic  matrix  multiplications,  see  Eqn  (4.0)  with  Eqns 

(4.12)  and  (4.14)  substitutions,  where  the  L.  and  H. 

pi  pi 

arrays  are  shown  in  Appendix  C  for  cylindrical  shells. 
These  multiplications  are  Impractical  to  carry  out  by  hand 
unless  major  simpl i f ications ,  i.e.,  the  elimination  of 

’small*  terms  in  the  strain  displacement  relations,  are 
effected.  Beferencing  Eqns  (3.53-55)  will  show  that 

identifying  'small*  terms  is  difficult  for  the  large 
displacement/rotation  case.  Alternatively,  the  symbolic 
manipulator  code,  MACSYMA,  can  accomplish  these 
multiplications  with  relative  ease  without  eliminating  any 
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terms.  Furthermore,  once  expressions  have  been  calculated 
for  the  entries  of  X,  ,  and  ll2 ,  MACS YMA  can  convert  these 
to  Fortran  statements.  Since  these  arrays  are  independent 
of  element  definition,  subroutines  are  very  easily 
implemented  that  calculate  the  entries  of  K,  ,  and  Mz 
where  elemental  information  is  included  separately  through 
T> .  The  MACS  YMA  commands  used  to  form  the  entries  of  the 
arrays  K,  M  ,  and  Mz  are  shown  in  Appendix  D. 

Since  errors  in  this  aspect  of  the  finite  element 
coding  can  be  easily  overlooked,  straight  forward  von  Karman 
plate  and  Donnell  cylindrical  shell  relationships  were 
included  as  solution  options  in  the  code.  Although  the 
parabolic  transverse  shear  stress  distribution  is  still 
assumed,  the  resulting  strain  components,  as  shown  in 
Appendix  B.  are  relatively  simple  and  the  formation  of  the 
arrays  K,  Mjf  and  Mz  for  these  cases  was  accompl ished  by 
hand.  During  validation  of  the  nonlinear  finite  element 
algorithms  then,  simple  von  Karman  and  Donnell  solutions  are 
first  generated  and  compared  to  published  results  that  are 
typically  based  on  similar  assumptions  on  the  nonlinearity. 

In  the  finite  element  solution  procedure,  the  stiffness 
of  each  element  is  calculated  individually  and  added  into  a 
global  stiffness  array.  In  this  way  the  result  of  Eqn  (4.1) 


and 

(4.20)  equivalently 

represents 

the  potential 

energy 

of 

an 

individual  element. 

where 

the 

total  n 

P 

is 

found 

by 

sum 

ming  the  energies 

from 

each 

element . 

Although 

the 

relationships  of  Eqn  (4.18)  and  (4.18)  imply  that  the 
quantities  u,  Jf ,  and  £>  are  global,  i.e.,  pertain  to  the 
entire  shell  domain,  in  practice,  they  are  actually  defined 
on  an  elemental  level.  The  method  of  approximating  the 
elements  of  d  in  Eqn  (4.19)  is  what  actually  defines  the 
specific  element.  Two  elements  are  presented  next. 

28  and  36  Degree  of  Freedom  Curved  Elements 

The  displacement  or  compatible  finite  element  approach 

as  used  here,  is  formulated  based  on  the  total  potential 

energy,  n  .  The  continuum  displacements  are  approximated  by 
P 

the  discrete  values  of  displacement  at  the  nodes  and 
interpolation  functions  leading  to  simultaneous  algebraic 
equations  in  the  unknowns,  the  nodal  displacements .  If  the 
assumed  displacesMnt  functions  are  chosen  such  that  several 
requirements  are  met  then  the  exact  answers  are  approached 
as  the  discretisation  mesh  is  refined  (121).  Furthermore , 
if  these  requirements  are  met,  the  finite  element  solution 
will  always  give  a  result  that  is  too  stiff  compared  to  the 
exact  result  and  therefore,  monotonic  convergence  can  be 
observed  as  the  mesh  is  refined.  These  requirements  are  as 
follows : 

1)  continuous  displacement  within  an  element, 

2)  the  element  must  be  able  to  represent  constant  strain, 

3)  rigid  body  modes  are  present  in  the  assumed 
displacements , 

4)  compatibility  exists  between  elements,  i.e.,  there  are 
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no  gaps  or  overlaps,  and 


5)  the  element  should  not  have  preferred  directions,  i.e., 
it  should  be  geometrically  invariant;  this  is  not  a 
requirement,  but  certainly  desired. 

Many  problems  in  structural  mechanics  are  governed  by 
second  order  differential  equations.  This  is  a  result  of 
only  first  order  derivatives  of  the  field  variables  present 
in  n  Satisfaction  of  the  above  requirements  is  easily 
carried  out  in  these  cases  using  Lagrangian  interpolation 
functions  since  only  C*  continuity,  i.e.,  continuity  of  the 
displacement  dof  themselves  not  any  of  their  derivatives,  is 
required  for  compatibility  between  elements.  However, 
classical  plate  bending  for  example,  is  governed  by  fourth 


KX 


r- 

I 

< 

K- 


N' 


K 


order  differential  equations  since  second  order  derivatives 


of  the  transverse  displacement ,  w,  appear  in  n^.  As  is 


discussed  in  detail  in  Befs  (31,70,121,122),  the  presence  of 


the  second  derivatives  of  the  transverse  displacement  in  the 


,1 


np  functional  requires  C  continuity  for  interelement 


compatibility,  i.e.,  the  first  derivatives  of  w,  in  addition 
to  w,  must  be  continuous  between  elements,  for  requirement  4 
to  be  satisfied.  It  is  not  difficult  to  construct  Hermitian 
interpolation  functions  that  meet  the  above  requirements  for 
the  case  of  1-D  Euler  beam  elements  when  w  and  its  first 
derivative,  w, ^ ,  are  the  nodal  degrees  of  freedom. 
Hermitian  interpolation  gives  the  required  continuity  of  w 


and  w, j  between  elements.  However,  the  natural  extension  to 
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2-D  Kirchhoff  plates  where  w  and  its  two  first  derivatives. 


w,  j  and  w,^^  serve  as  nodal  dof ,  does  not  Met  the  fourth 
requireaent  in  that  the  noraal  slope  of  w  is  not  continuous 
between  elements  and  the  resulting  formulation  is  called 
nonconforming.  The  C*  characteristic  led  to  the  developeent 
in  the  60 's  and  early  70* s  of  numerous  conforming  and 
nonconforming  Kirchhoff  plate  bending  eleunts. 

Some  displacenent  formulations  are  purposely 
incompatible  or  nonconforming  since  the  resulting  elemnt  is 
softened  and  the  overly  stiff  solution  of  a  compatible  model 
is  offset.  These  formulations  converge  as  the  mesh  is 
refined  only  if  the  element  passes  the  patch  test  (121,123). 
The  patch  test  is  a  numerical  test  of  eleaent  validity  and 
involves  satisfaction  of  requireMnts  2  and  4  above  for  an 
infinitely  refined  MSh. 

Another  way  to  view  this  is  explained  by  Almroth  and 

Brogan  (124).  In  the  finite  elemnt  assembly  process,  the 

summation  of  the  energy  of  the  individual  eleMnts  into  the 

total  n  leaves  out  the  work  done  by  forces  on  the  eleMnt 
P 

boundaries.  For  conforming  eleMnts,  i.e.,  those  that 
satisfy  all  requireMnts  previously  Mntioned,  this  work 
vanishes  because  contributions  of  adjacent  eleMnts  cancel 
one  another.  However,  the  work  done  by  these  forces  and  the 
discontinui ty  of  displaceMnt  is  neglected  in  nonconforming 
eleMnts.  If  this  work  that  has  been  neglected  approaches 
zero  as  the  MSh  size  approaches  infinity,  then  the  correct 


solution  can  be  attained. 


Nonconforming  elements  are  perfectly  acceptable  and 
converge  to  correct  answers  if  the  above  holds  true.  There 
exists,  then,  a  trade  off  between  simplicity  and 
compatibi 1 i ty .  Typical  displacement  based  conforming 
elements  for  C*  analysis  are  complex.  Nonconforming 
elements  are  relatively  simple  but  are  not  compatible. 

The  12  dof  Adini-Clough-Melosh  (ACM)  plate  element  has 
three  dof,  w,  w, j  and  w,^.  at  each  corner  node  and  is  one 
such  nonconf orming  element  as  just  discussed.  It  performs 
well  when  the  plate  domain  is  discretized  into  rectangular 
elements.  In  the  case  of  general  quadrilateral  shapes, 
however,  the  normal  slope  and  w  are  incompatible  and  this 
element  cannot  pass  the  patch  test  (122).  Bogner ,  et  al 
(122)  formulated  a  16  dof  element  with  the  Same  dof  per  node 
as  above  but  with  the  second  derivative,  w,12,  inciuded  as  a 
nodal  dof  as  well.  This  element  is  compatible  only  for  a 
rectangularly  shaped  element.  Compatible  generally  shaped 
quadrilateral  plate  bending  elements  have  been  formed  based 
on  dividing  the  area  into  four  triangular  subregions.  This 
approach  results  in  a  compatible  formulation  that  does  not 
have  the  numerous  dof  that  would  result  without  defining  the 
subregions.  An  example  is  the  approach  used  by  Fraeijs  De 
Veubeke  (125)  where  the  dof  are  w  and  its  two  first 
derivatives  for  the  element's  corner  nodes  and  the  normal 
derivative  for  midside  nodes. 


Other  plate  bending  elements,  or  equivalently,  elements 
that  mould  require  C*  continuity  if  based  on  ,  have  been 
derived  using  alternative  variational  functionals 
(31,70,05,126,127).  Assumed  stress  models  are  based  on  the 

complementary  energy,  H  ;  assumed  displacement  and  stress 

c 

are  used  in  the  mixed  models  based  on  Reissner’s  functional, 

nR;  and.  several  hybrid  approaches,  where  displacement  or 

stress  is  assumed  in  the  element  interior  and/or  on  the 

boundary,  can  be  based  on  either  n  or  n  .  These 

c  p 

alternative  approaches  generally  do  not  have  the  stringent 
requirements  on  the  continuity  of  the  assumed  variables  as 
does  the  displacement  model,  but  often  require  many  more  dof 
per  element.  Also,  there  is  apparently  some  question  as  to 
the  existence  of  a  valid  functional  based  upon  in 

geometrical ly  nonlinear  elasticity  (12B). 

The  Ahmad  element  for  plate  and  shell  bending  problems 
based  on  Reissner-Mindlin  shear  theory  and  the  functional 
does  not  have  the  continuity  problems  associated  with 
Kirchhoff  elements  since  the  nodal  displacement  and  the 
nodal  rotations  are  treated  independently  and  only  C° 
continuity  is  required  for  compatibility.  However,  this 
element  suffers  from  the  shear  locking  phenomenon  when 
thinner  plates  and  shells  are  analyzed  as  was  discussed 
earlier . 

Beddy  et  al  (58,05)  have  analyzed  linear  plate  bending 
problems  using  the  parabolic  transverse  shear  distribution 


based  on  both  displacement  and  mixed  variational  approaches. 


The  displacement  approach  uses  Lagrangian  bilinear 


interpolation  for  u,  v,  y^  ,  and  and  nonconforming 


Hermitian  interpolation  for  w,  w, ^  and 


i.j.  The  mixed 
approach  uses  in  separate  analyses,  bilinear  and  biquadratic 
interpolation  for  all  displacement  and  force  dof .  Both 
elements  performed  well  in  duplicating  known  exact 
solutions.  However,  the  mixed  element  experienced  shear 
locking  when  the  bilinear  interpolation  eras  used  and  hence, 
the  mixed  approach  was  eliminated  from  consideration  early 
in  the  present  research. 

In  many  ways,  the  present  theory  is  an  extension  to  the 
linear  plate  problems  studied  by  Beddy.  The  potential 


energy  expression  for  the  shell  of  the  present  research 

.1 


requires  C  continuity  for  u,  v,  ,  and  and  c 

continuity  for  w.  Based  on  Beddy ’ a  results,  the  simplest 
approach  would  be  a  curved  shell  element  derived  from  n 


with  bilinear  interpolation  for  u,  v,  y^  ,  and  y and 


Hermitian  interpolation  for  w,  w, j ,  and  w,^  resulting  in  a  4 
noded  28  dof  rectangular  element.  Certainly  in  a  nonlinear 
analysis  such  as  this  with  its  higher  computational  expense, 
the  simplest  element  possible  is  preferred.  Although  a 
nonconforming  element  is  proposed,  the  restriction  of 
rectangularly  shaped  elements  is  not  really  a  drawback  since 
this  fits  conveniently  with  the  orthogonal  curvilinear 
coordinates  that  have  been  assumed  from  the  start. 


We  begin  the  element  definition 
following  incomplete  12  term  quartic 
displacement,  w ,  of  a  cylindrical  shell 
corner  nodes,  see  Figure  4.1. 

2 

w(x,s)  =  a.  ♦  a„x  +  a_s  ♦  a.x  +  a_xs  ♦ 

12  u  4  O 

2  3  3 

+  aQxs  +  a10S  +  allx  8  +  a 


by  assuming  the 
for  the  transverse 
element  with  four 


a68 


a?x 


a8X 


2 

8 


(4.21) 


This  assumed  displacement  for  w  results  in  a  cubic  along  any 
edge  of  a  rectangular  domain  that  has  local  x-s  coordinates 
as  in  Figure  4.1.  Both  w  and  the  tangential  derivative  of  w 
(w,^)  are  compatible  along  the  edges  of  the  element  since 
they  are  determined  from  w  and  w,  at  two  endpoints. 
However,  this  leaves  only  the  normal  derivative  of  w  (w,^) 
at  each  endpoint  to  define  w>n  along  the  edge  and  hence  w>n 
is  incompatible  (122).  Although  an  element  with  this 
function  assumed  for  w  is  nonconforming,  it  will  pass  the 
patch  test  and  therefore  converges  as  the  mesh  is  refined 
(122,123).  However,  monotonic  convergence  from  a  stiffer 
solution  can  no  longer  be  expected  as  in  an  elemental 
formulation  that  satisfies  all  requirements.  For  generally 
shaped  quadrilaterals,  w  becomes  quartic  along  an  edge  and 
it  as  well  as  w , ^  are  incompatible  between  elements.  These 
elements  pass  a  'milder*  form  of  the  patch  test  and 
therefore,  can  be  used.  However,  convergence  is  of  a  lower 
order  and  thus  many  elements  are  required  (124). 
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FIGURE  4.1.  Rectangular  Shell  Element  with  Four  Nodes, 
2a  x  2b  Planform. 


Assuming  a  rectangularly  shaped  element  with  side 
dimensions  of  2a  and  2b,  as  in  Figure  4.1,  Eqn  (4.21)  can  be 
rewritten  into  the  form  of  Eqn  (4.18)  for  an  individual 
element  as  shown  in  Eqn  (4.22). 


w(x ,8) 


X, 


X_ 


(4.22) 


where,  for  the  k  node, 

T 

qk  —  C  w  w, 1  w , g  ) k 

X^  are  Hermitian  shape  functions  shown  below. 


(4.22a) 


I 


xT  = 


-g-(l+?k?)  (l*T)kr))  (2+ZkZ+r>kr)-Z2-r)2) 


-f-^k<1+?k?)2(2rk?_1)  <1+V,) 


-|~r7k<1+?k?>  (7V>_1)  n+r)kr))2 


(4.22b) 


where  the  k  node  has  natural  coordinates  (?k'7>k>  and 


(=x/a,  T)=8/b,  see  Figure  4.2. 


Since  only  C  continuity  is  required  for  displacesmnt 


dof  u,  v,  V'j ,  and  V'g  •  me  can  use  Lagrangian  interpolation 


functions  (121).  The  simplest  approach  mould  be  to  assume 


linear  distributions  of  these  displacements  throughout  the 


element  domain. 


For  this  case,  me  approximate  these 


displacements  of  the  form  of  Eqn  (4.18)  for  an  individual 


element  as  shorn  in  Eqn  (4.23). 


(4.23) 


lAere,  nom  for  the  k  node. 


qk=  {  u  v  W2  >k 


(4.23a) 


>"k  are  Lagrangian  shape  functions  shornn  belom. 


'k  " 


-±-(i  ♦  ?rkO  (i  ♦  nkT>) 


(4.23b) 
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X 
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(4.24b) 

D  -  18x28  array  of  shape  functions  and  derivatives 
defined  by  and  (H^  of  above. 

The  displacement  gradient  vector  in  terns  of  elemental 
shell  coordinates,  x-s ,  of  Figure  4.1,  is  found  using  the 
Jacobian  matrix,  J.  For  a  rectangularly  shaped  element  as 
in  Figure  4.1,  J  is  very  straight  forward  to  find.  More 
generally,  the  derivation  is  as  follows.  Assume  a  generic 
function  f(x,s)  that  represents  any  of  the  elements  of  d 
where  x.s  are  functions  of  the  natural  coordinates,  ?,7). 
Since , 


i’K  =  1  *x  +  1  's  *’Z 


f,7)  ~  f,x  x,7)  +  f’s  S,T7 


(4.25) 


then , 


{,:*}-  {;:'}*  fr“  l> If:'} 

L  sj  L  'rj  *T)  J  L  r)  J  L  21  22  J  L  7)  J 


(4.26) 


Additionally,  second  derivative  relationships  are  required 
for  w  dot,  tor  example  from  Eqn  (4.25), 


*  «  “  VI  •  A,  If 

**  x  <  < 


(4.27) 


=  (£’xxX'?  +  f-x8a'?)x*?  +  f'xX*f? 
*  lf,aaa’K  *  f’xa x,?)8>?  *  f,s8,{? 


and  therefore,  using  similar  expressions  for  f  and  f,  , 
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2 
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2 

Xfr) 
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8  '» 

x  ,^x  , 
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X'?{ 

s.?? 

X'^ 

8  ’  W 
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:  Eqn 

(4.28) 

then 

gives , 

2a  ,^x 


2s,  x  , 

n  'n 


rU  ri2  1  f*  \ 

r21  P22  J  lf,r>  J 


(4.28) 

Rearranging  Eqn  (4.28)  and  cosibining  terms  into  a  3x5 


-M 


(4.20) 


Finally,  combining  Eqns  (4.26)  and  (4.29)  ,  the  inverse  of 
the  Jacobian  matrix,  T,  that  relates  d  of  the  two  coordinate 
syatesis  of  Figures  4.1  and  4.2  is  given  by  the  expressions 
in  Eqn  (4.30) . 

d(x.a)  =  T  d(?  ,r>)  (4.30) 


where , 
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(4.30a) 


(4.30b) 


(4.30c) 


For  the  rectangular  element  of  Figures  4.1  and  4.2, 
rn  =  l/a.  r22=l/b,  A13=l/a2,  A24=l/b2.  and  A3g=l/ab.  The 

remaining  entries  of  T  (except  the  l’s)  are  zero. 

The  28  dof  element  shown  in  Figure  4.3  is  now 

completely  defined  and  is  susunarized  by  Eqns  (4.8),  (4.24), 
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and  (4.30),  where  Eqn  (4.10)  ia  now  written  a a  shown  below. 


d  =  r  D  q 


where , 
d 

r 

D 

q 


=  25  q 


18x1  (Eqn  (4.8) )  . 

18x18  (Eqn  (4.30) )  , 

18x28  (Eqn  (4.24)),  and, 
28x1  (Eqn  (4.24)). 


(4.31) 


FIQUBE  4.3.  28  dof  Rectangular  Shell  Element.  Each  Mode 

has  7  dof,  q*  =  (u  v  w  w,j  w ,  ^  V'j  ^=1«2,3,4. 


The  inplane  continuum  displacement  dof,  u  and  v,  are 
coupled  to  the  transverse  displacement  dof  to  a  much  greater 
degree  in  the  cylindrical  shell  compared  to  the  flat  plate 
due  to  the  nonzero  curvature  in  the  circumferential 
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direction  of  the  former. 


Indeed,  in  a  linear  analysis,  u 


and  v  are  decoupled  from  the  remaining  dof  for  the  flat 
plate.  Consequently,  it  is  felt  that  linear  approximations 
for  these  variables,  though  quite  adequate  for  the  flat 
plate,  are  much  too  crude  for  the  shell,  especially  for 
cases  where  membrane  action  is  important.  Therefore,  the  2B 
dof  element  derived  above  can  be  extended  to  allow  a 
quadratic  approximation  for  the  inplane  dof  u  and  v.  To 
accomplish  this,  four  additional  nodes  located  at  the 
midsides  of  the  rectangular ly  shaped  element  must  be 
included,  see  Figure  4.4.  We  can  define  the  resulting  36 
dof  element,  i.e.,  the  28  dof  from  before,  and  two 
additional  dof,  u  and  v,  at  each  of  the  midside  nodes,  by 
appending  to  the  28  dof  expressions.  The  equivalent 
relationship  of  Eqn  (4.24)  for  the  36  dof  element  is  shown 
in  Eqn  (4.32).  In  Eqn  (4.32),  quadratic  Lagrangian  shape 
functions,  ,  have  replaced  the  linear  from  before  only 
for  the  u  and  v  dof.  The  additional  6  dof  have  been 
appended  to  the  end  of  the  q  array  and  therefore,  q  is  now 
36x1  and  D  is  now  18x36.  The  displacement  gradient  vector, 
d,  in  shell  coordinates  is  found  using  the  same  inverse 
Jacobian,  r,  as  before,  and  therefore,  Eqn  (4.31)  applies 
for  the  36  dof  element  as  well  but  with  the  new  D  and  q 
arrays  as  defined  below. 
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d<*  ,T)>  =  Dq  =  10 


0  1  ...  1  0 


0  1  ...  1  0 
0  I ...  I  0 


where  , 


(4.32) 


(u  v 


r,l  W,2  ^1  ^2  Jk  ’  k=1»2>3-4 


qk  =  {u  v  }k  •  k=5.6>7*8 

(N^,  (H^  as  before  in  Kqn  (4.24b) 


Ck  = 


s 

S.r, 


S  =  T 


^-<l+?kO  (l+T)kT>)  (?k?+nk»-  1)  .  k= 1  , 2 , 3 , 4 


Q *  =  -i-(l-?2)  (l+T)kT7)  .  k=6 , 8 
Q *  =  -|-(1-T)2)  (l+?k?)  .  k=5 ,7 


D=  18x36  array 
q=  36x1  array 

As  has  been  stated,  the  shape  function  approximations 
assumed  for  w  are  nonconforming,  i.e.,  the  normal  slope  of  «r 
is  incompatible  between  elements.  This  incompatibility. 


however,  is  not  nearly  as  significant  for  this  formulation 
as  it  is  for  simpler  ones,  e.g.,  Kirchhoff  plate  elements. 
The  present  case,  we  recall.  Includes  parabolic  transverse 
shear  distribution  through  the  thickness.  The  shear 
rotations,  ft  ,  we  found  are  equal  to  a  combination  of  the 
derivatives  of  w,  and  the  bending  rotations,  see  Figures 

3.6  and  3.7.  For  the  limiting  thin  plate  and  shell 
situation,  we  would  expect  zero  shear  rotation  and  the 
incompatibility,  in  effect,  disappears  since  w»a=Wa  where  w 
are  compatible  approximations.  This  is  not  true  for 

Kirchhoff  elements  with  nonconforming  w  approximations. 


\ 


FIGURE  4.4.  36  dof  Rectangular  Shell  Element.  Corner  Modes 

have  7  dof,  Midside  Modes  have  2  dof. 


We  are  now  prepared  to  rewrite  the  linearized 
incremental/iterative  relations  that  give  the  nonlinear 
solution  using  Eqns  (4.20)  and  (4.6)  where  all  quantities 
have  now  been  defined.  The  integrals  in  Eqn  (4.6)  are, 
again,  calculated  for  each  individual  element.  Each 
element’s  contribution  is  assembled  according  to  the 
elemental  connectivity  of  the  discretized  domain  into  a 
global  array.  Therefore,  Eqn  (4.6)  in  practice  is 
represented  as  in  below. 


n 


I 
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Aq  = 


(4.33) 


+  B 


where , 

Q  =  2-D  domain  of  individual  element 
e 

n  =  total  number  of  elements  in  the  mesh 

Aq , q  =  global  column  arrays  of  displacement  that  have 
been  assembled  from  elemental  Aq  and  q. 

R  =  global  load  array  with  as  many  rows  as  the  total 
number  of  dof ,  i.e.,  same  dimension  as  the  global  q. 

In  Eqn  (4.33),  the  D  array  refers  to  an  individual 
eleeent,  as  previously  defined.  The  K,  M^,  and  Nz  are 
independent  of  the  specific  element  definition,  but;  the 


latter  two  arrays  are  functions  of  the  displacement  gradient 
vector,  d,  that  does  define  the  element.  The  global  load 
vector,  B,  can  be  determined  in  two  ways.  Loads  can  be 
lumped  at  the  nodes  after  the  elemental  integrations  and 
global  assemblies  have  been  accomplished,  or,  alternatively, 
an  equivalent  nodal  loading  scheme  for  each  element  can  be 
used  for  distributed  loadings.  In  the  latter,  the 
equivalent  nodal  loads  are  calculated  on  an  elemental  level 
using  the  same  shape  functions  that  approximate  the 
elemental  displacements.  The  procedures  for  both  methods 
are  straight  forward  and  further  explanation  can  be  found  in 
(121)  . 

In  both  methods  of  above,  only  linear  load  terms  have 
been  considered  in  this  research  for  simplicity  as  was 
discussed  in  Chapter  III,  i.e.,  R  is  an  array  of  constants. 
The  theoretically  complete  approach  would  be  to  include  the 
higher  order  displacement  dependent  terms  in  R  that  result 
due  to  the  large  rotations  of  the  differential  volumes  of 
the  shell  (114).  As  discussed  in  the  theoretical 
development  of  Chapter  III,  incrementation  of  displacement 
instead  of  load  in  the  large  rotational  cases  will 
accomplish  the  same  end.  The  fact  that  loading  is  applied 
only  through  prescribing  displacements  in  the  large 
rotational  case  is  recognized  as  a  restriction;  but,  the 
author  believes  it  is  worthwhile  given  the  added  complexity 
of  including  nonlinear  loading  expressions. 


Solutions  to  Eqn  (4.33)  are  found  iteratively  where 


convergence  is  achieved  when  the  RHS  becomes  small,  i.e., 
the  equilibrium  equations  are  nearly  satisfied.  The 
integrations  of  Eqn  (4.33)  are  accomplished  numerically 
using  Gaussian  quadrature  in  natural  coordinates,  £  and  r>. 
Using  one  of  the  terms  from  the  first  summation  of  Eqn 

(4.33)  as  an  example,  we  first  transform  using  the  Jacobian 
determinant  to  natural  coordinates.  Then,  as  shown  in  Eqn 

(4.34)  ,  the  numerical  integration  is  perforated  by  a  double 
summation  of  weighting  factors  multiplied  by  the  integrand 
that  has  been  evaluated  at  the  Gaussian  integration  points. 
(121) 
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(4.34) 


Hz  X  detJ  d£dr) 


m  m 

=  n*i 

i  j 


<P  (?A.  Vj) 


where , 

detJ  =  determinant  of  the  Jacobian  matrix, 

4>  =  DT  j^K+M^+l^J.©  detJ,  evaluated  at  Gauss  integration 
points  (? i ,Vj )  . 

Wi ,  Wj  -  weighting  factors. 

The  range  on  the  indices  i  and  j  define  the  order  of  the 


numerical  integration.  For  an  exact  evaluation  of  the 
integral  shown  above,  mxm  quadrature  is  required  for  an 
integrand  of  polynomial  degree  2m- 1  as  shown  in  (i21). 

Three  different  types  of  solution  algorithms  were 
incorporated  into  the  finite  element  solution.  Brief 
descriptions  of  linear,  linear  bifurcation,  and  nonlinear 
analyses  follow.  It  is  important  to  point  out  that  the  same 
set  of  subroutines  and  main  program  elements  are  used  for 
all  three  algorithms.  The  difference  among  the  three  is 
that  the  simpler  algorithms  merely  do  not  perform  all  of  the 
calculations  that  the  more  complex  algorithms  require. 

Linear  Algorithm 

The  analysis  of  linear  problems  that  have  known 
published  results  is  a  very  important  initial  step  in  the 
validation  of  a  finite  element  code.  These  simple  analyses 
not  only  can  point  out  algorithmic  errors,  but  also  possible 
numerical  problems,  namely,  shear  locking.  Since  quantities 
such  as  displacement,  rotations,  etc.,  in  a  linear  analysis 
are  assumed  to  be  small,  the  arrays  and  V2  are  eliminated 
and  therefore  are  not  calculated.  Furthermore,  since 
relationships  are  linear,  the  equilibrium  equations  of  Eqns 
(4.2)  and  (4.3)  are  solved  directly  for  q,  i.e.,  the 
iterative  solutions  of  Eqn  (4.6)  or  (4.33)  are  not 
necessary . 

Elemental  integrations  and  global  assembly  are 


accomplished  as  previously  stated  but  the 


above 


simplifications  allow  the  linear  solution  equivalent  of  Eqn 
(4.33)  to  be  represented  as  in  Eqn  (4.35). 


k=  1 


1  1 


Z  IJ 


2>  X  detJ  dJfdr) 


-1  -1 


=  B 


Jk 


(4.35) 


where  B  can  be  found  as  previously  discussed,  and  the 
integrals  are  evaluated  numerically  as  in  Eqn  (4.34). 

The  assembly  of  the  elemental  stiffnesses  into  the 
global  stiffness  array  is  accomplished  taking  advantage  of 
the  bandedness  and  symmetry  of  the  latter.  In  this  way,  the 
final  size  of  the  global  array  is  minimized  since  many 
zeroes  have  been  eliminated.  Prescribed  displacements  are 
imposed  after  all  of  the  elemental  stiffnesses  have  been 
calculated  and  assembled.  These  displacement  boundary 
conditions,  which  generally  are  nonzero,  are  applied  by 
typically  zeroing  out  the  column  and  row  of  the  global 
stiffness  array  that  corresponds  to  the  prescribed  dof 
except  for  the  diagonal  position  which  is  replaced  by  1. 
The  BHS  is  modified  by  adding  the  equivalent  forces  caused 
by  the  prescribed  dof,  « <cept  for  the  row  corresponding  to 
it.  For  this  position,  the  prescribed  displacement  value  is 
placed  (129) . 

Vext,  the  solution  of  the  simultaneous  equations  is 
found  by  straight  forward  Gaussian  elimination.  The 
resulting  global  displacement  vector  can  then  be  used  to 


find  the  strains  and  then  the  stresses  via  previous 


relationships.  The  stresses  are  calculated  at  the  sane 
Gauss  points  that  were  used  in  the  elemental  stiffness 
integrations.  Since  the  calculated  stresses  are  most 
accurate  at  these  points,  they  are  not  extrapolated  to  the 
node  points  as  is  sometimes  done  (121). 

The  elemental  stiffness  integrands  of  Eqn  (4.35) 
consist  of  polynomials  of  degree  6  at  most  since  £>  and  2>T 
each  contain  cubic  polynomials  due  to  the  w  interpolations. 
Consequently,  exact  integration  requires  a  4x4  point 
numerical  scheme.  It  is  possible  to  use  a  lower  integration 
order  while  sacrificing  only  a  small  amount  of  accuracy. 
However,  due  to  the  generally  inexpensive  nature  of  these 
problems,  4x4  integration  was  used  for  all  linear  cases 
presented  in  the  next  chapter. 

Becall  that  lower  order  transverse  shear  theories, 
e.g.,  Beissner-Mindlin  (BM)  theories,  cannot  accurately 
predict  thin  plate  or  shell  behavior  when  elemental 
stiffnesses  are  integrated  exactly  since  excessive 
transverse  shear  energy  is  stored.  For  these  formulations, 
lower  order  integration  of  elemental  stiffnesses  is  required 
for  linear  or  quadratic  Lagrangian  elements  to  avoid 
numerical  shear  locking.  The  present  research,  however, 
assumes  cubic  interpolation  for  the  transverse  displacesmnt , 
w.  As  developed  using  a  simple  beam  element  for 
i 1 lustration  in  Appendix  E,  the  cubic  w  alleviates  shear 
locking  without  the  artifice  of  inexact  integration. 
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Linear  Bifurcation  Algori thm 

Our  purpose  in  this  research  is  primarily  the  study  of 
the  nonlinear  behavior  of  flat  plates  and  cylindrical 
shells.  However,  the  quantities  required  for  the  nonlinear 
analysis  are  the  same  quantities  that  can  be  used  in  a 
linear  bifurcation  study,  and  therefore,  the  latter  can  be 
done  without  much  additional  effort.  However,  the  pristary 
purpose  of  the  linear  bifurcation  analysis  in  this  research 
is  that  it  represents  a  relatively  simple  and  inexpensive 
method  to  validate  some  of  the  assumed  nonlinearity.  In 
this  way,  the  linear  bifurcation  analysis  can  be  viewed  as 
an  intermediate  step  between  the  linear  and  nonlinear 
analyses . 

Instability,  as  defined  for  solid  bodies  under  load,  is 
the  phenomenon  in  which  a  small  increase  in  load  causes  a 
disproportionately  large  increase  in  deformation. 
Therefore,  since  load  and  deforration  are  not  proportional, 
instability  is  necessarily  a  nonlinear  phenomenon.  Linear 
bifurcation  analysis  is  a  mathematical  idealization  that  can 
be  used  to  find  the  load  that  causes  instability  (the 
critical  load) ,  without  solving  the  much  more  involved 
nonlinear  problem.  In  linear  bifurcation  analysis,  instead, 
the  critical  load  is  found  through  an  eigenvalue  problem. 
The  eigenvalue  we  seek  corresponds  to  that  load  level  that 
gives  two  adjacent  orthogonal  equilibrium  configurations. 
Initially,  we  assume  that  the  structure  linearly  follows  the 
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primary,  or  prebuckled,  path  with  increasing  load. 
Eventually,  a  load  is  reached,  i.e.,  the  critical  load, 
where  the  path  bifurcates.  The  continuation  of  the  primary 
path  represents  one  equilibrium  state  and  the  adjacent 
equilibrium  state  is  the  secondary  or  buckled  path. 

This  relatively  simple  procedure  can  be  used  to 
effectively  approximate  the  critical  load  only  in  certain 
cases.  The  critical  load  for  Euler  columns  and  axially 
loaded  flat  plates  can  be  found  very  accurately  using  the 
linear  bifurcation  technique.  This  is  the  case,  for  the 
most  part,  since  the  true  nature  of  these  structures 
exhibits  little  redistribution  of  stress  or  change  in 
geometry  prior  to  the  rapid  development  of  the  instability. 
Analytically,  the  prebuckled  shape  of  the  flat  plate  remains 
flat;  the  deformation  pattern  of  the  secondary  path  is 
orthogonal  to  the  prebuckled  shape  and  is  characterized  by  a 
sinusoidal  transverse  deformation  pattern.  In  actual  tests, 
the  plate  will  not  remain  flat  before  instability  due  to 
eccentricities  in  the  plate  and  loading  geometry.  However, 
most  of  the  prebuckling  deformation  is  inplane  and  the 
postbuckle  is  characterized  by  large  transverse  deformation. 

A  shell  structure,  on  the  other  hand,  generally  does 
experience  stress  redistribution  and  geometry  changes  prior 
to  instability  and  often  linear  bifurcation  analyses  of 
these  structures  is  in  significant  error. 

Stability  of  a  structure  in  equilibrium  can  be 


determined  by  examining  the  definiteness  of  the  second 


variation  of  the  total  potential  energy,  <5*rlp-  Since,  for 

conservative  systems,  a  local  mini mum  for  n  corresponds  to 

P 

a  stable  equilibrium  configuration,  the  load  that  first 

2 

gives  a  <5  FI  that  is  not  positive  definite  is  the  critical 
load.  The  derivation  of  the  linearised  incremental 
equations  earlier  in  this  chapter,  in  effect,  gave  62rip. 
Consequently,  a  linear  bifurcation  analysis  can  proceed  as 
follows.  Eqn  (4.6)  is  rewritten  below  in  Eqn  (4.36). 


£  K  ♦  M1(q)  ♦  »2(q2)  j  Aq  =  Kt  Aq  =  AH  (4.36) 

ebere ,  the  RHS  represents  the  out  of  balance  forces,  AB  - 
-F (q)  . 


At  the  critical  load  level  Kt  is  singular,  indicating 

that  a  small  (actually  infinitesimal)  increase  in  the  load 

will  cause  a  large  (actually  infinite)  increase  in 

deformation.  In  linear  bifurcation  theory,  we  assume  that 

the  structure  behaves  linearly  up  to  this  point  and 

therefore,  we  can  scale  a  reference  load,  B  .,  by  a 

rei 

positive  constant,  X,  where  the  critical  load,  B  ,  is  given 

CP 

by 


B  =  X  B  . 

cr  cr  ref 

The  constant  X  can  then  be  found  via  Eqn  (4.38). 
cr 


(4.37) 


K  ♦  X  _  V  (q  ,) 
i  ^ref 


cr 


♦  X  V  (q  M) 
cr  2  Href 


=  0 


(4.38) 
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First,  any  reference  load,  B  _  ,  is  chosen  that  is  less  than 

re  f 

the  bifurcation  load.  The  linear  problem  is  then  solved  for 
displacements,  q  ,  via  Eqn  (4.35).  After  substituting 

P8I 

q f  into  and  Mz  via  the  displacement  gradient  vector,  d, 
X  is  gradually  increased  until  the  determinant  of  Eqn  (4.38) 
equals  zero.  The  X  that  satisfies  Eqn  (4.38)  is  X  The 

CP 

buckled  Mode  shape  is  the  eigenvector  that  corresponds  to 

the  eigenvalue,  X  The  eigenvector,  v,  is  calculated  from 

cr 

Eqn  (4.38).  The  components  of  v  can  not  be  found  explicitly 
since  the  coefficient  matrix  is  singular.  However,  by 
prescribing  one  component  of  v,  the  remaining  components  are 
then  solved  for  as  a  proportion  of  the  prescribed 
component . 

f  K  +  X  V  (q  ,)  ♦  X2  If  (q2  ,)  1  v  =  0  (4.39) 

l  cr  i  >ef  cr  2  nref  J 

In  practice,  Eqns  (4.38)  and  (4.39)  are  simplified  by 
neglecting  the  higher  order  terms  found  in  the  array,  Mz , 
see  Eqn  (4.40).  This  approach  is  called  the  fully 

linearized  approach  and  results  in  a  standard  generalized 
eigenvalue  problem. 


K  ♦  X  M  (q  ,) 
cr  i  ^ref 


(4.40) 


Vote  that  the  K  and  V^  arrays  of  Eqns  (4.38),  (4.39)  and 

(4.40)  are  global  stiffness  arrays.  That  is,  K  is  assembled 

once,  q  ,  Is  found,  then  we  assemble  the  global  V  (q  . ) 
Mref  i  ^ref 
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once . 


Therefore,  after  K  and  have  been  assembled,  they 

do  not  change.  In  solving  Eqn  (4.40)  for  xcr .  x  is  linearly 

stepped  and  the  sign  of  the  determinant  can  be  examined. 

The  actual  algorithm  will  atop,  due  to  the  type  of  routine 

used  to  find  the  determinant,  any  time  the  matrix  K+XV^  is 

not  positive  definite.  However,  this  is  in  practice  very 

convenient  since  we  never  have  to  worry  about  finding  a  X 

that  is  not  the  primary  eigenvalue.  This  is  because  for  any 

X  >  X  where  is  the  primary  eigenvalue,  the  matrix 

K+XM^  will  not  be  positive  definite  and  the  determinant 

routine  will  return  an  error  message  to  that  effect.  In 

these  cases,  the  user  now  knows  that  the  load,  XB  .,  is 

greater  than  the  bifurcation  load,  and  therefore,  a  smaller 

R  is  chosen  and  the  algorithm  of  Eqn  (4.40)  is  begun 
roi 

again . 

As  studied  by  Chang  and  Chen  (130),  the  fully 
linearized  bifurcation  smthod  which  fits  very  well  with  our 
finite  element  formulation,  is  not  the  same  as  the  classical 
bifurcation  buckling  analysis.  The  classical  buckling 
approach,  based  on  the  so  called  B-notation  approach 

(70,131),  formulates  the  initial  stress  matrix,  K  ,  instead 

o 

of  M  .  The  initial  stress  matrix,  also  called  the  geometric 
matrix,  is  a  function  of  stress  instead  of  displacement.  In 
this  way,  there  is  effectively  less  displacement  coupling  in 
the  classical  approach.  As  the  reference  also  points  out, 
since  the  fully  linearized  approach  includes  more  of  tu« 


nonlinear  displacement  terms 


it  is  sore  mathematically 


complete  than  is  the  classical  approach.  The  classical 
approach  applied  to  plates  and  shells  typically  includes 
only  transverse  degrees  of  freedom.  Bifurcation  is 
indicated  by  the  load  that  first  gives  out  of  plane 
deformation.  In  this  way,  the  buckled  configuration  is 
orthogonal  to  the  prebuckled.  However,  the  present  approach 
allows  both  inplane  and  transverse  deformation  in  the 
prebuckled  and  postbuckled  configurations.  Therefore, 
orthogonal  deformation  patterns  can  not  be  expected  in  the 
fully  linearized  approach. 


Monlinear  Algorithm 

The  primary  thrust  of  the  present  research  is  the 
nonlinear  analysis.  For  these  problems,  Eqn  (4.6),  the 
linearized  incremental/iterative  equations  are  solved  via  a 
Hewton-Raphson  approach.  As  stated  in  the  linear 
bifurcation  algorithm  description,  the  tangent  stiffness 
matrix  is  singular  at  the  critical  load  level  signifying  the 
onset  of  instability.  This  is  a  characteristic  of  the 
nonlinear  collapse  behavior  as  well.  Knowledge  of  post 
collapse  behavior,  which  cannot  be  derived  via  the  straight 
forward  bifurcation  analysis  Just  presented,  can  be 
important.  Crisfield  (107)  gives  the  following  example. 
Post  collapse  analysis  of  an  individual  component  of  a 
complete  structure  would  tell  of  the  former’s  load  shedding 


characteristics.  The  load  once  carried  by  the  collapsed 
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component  would  have  to  be  redistributed  to  the  other 
components  of  the  complete  structure. 

Consequently,  as  discussed  in  the  Literature  Review 
Chapter,  we  need  a  solution  algorithm  that  permits  the 
traversing  of  limit  points  characterized  by  a  singular  Kt. 
Structures  that  exhibit  the  equilibrium  path  of  Figure  4.5 
have  generally  two  types  of  limit  points,  given  by  points  A 
and  B.  The  structure  that  gives  this  response  is  usually 
restrained  by  simple  supports  at  the  boundary  giving  freedom 
of  rotation  there.  The  load  is  increased  until  point  A  on 
the  curve  is  reached.  At  that  time,  the  structure  will 
violently  snap  through  to  an  inverted  configuration  at  point 
C  where  the  load  can  once  again  be  increased.  The  other 
type  of  limit  point  occurs  in  the  unstable  portion  of  the 
equilibrium  curve  of  Figure  4.5  at  point  B,  called  a  snap 
back  point.  Multiple  degree  of  freedom  systems  typically 
have  complex  unstable  equilibrium  paths  that  can  not  be 
completely  represented  in  only  two  dimensions  and  a  general 
description  is  not  attempted  here,  see  Thompson  and  Hunt 
(132)  . 

The  algorithm  adopted  was  a  straight  forward 
displacement  control  method.  The  displacements,  not  loads, 
are  incremented  and  therefore  the  snap  through  limit  points 
are  easily  traversed  since  the  coefficient  matrix  is  no 
longer  singular  at  point  A  of  Figure  4.5.  However,  snap 
back  limit  points  may  cause  difficulties  for  the  same 
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•rations  for  a  given  increment 


ined  percentage. 


order  of  the  numerical  Integration.  The  polynomials  in  the 


elemental  stiffness  integrands  for  this  case  are  twelfth 

T 

order  at  the  most  since  X)  and  X>  are  cubic  and  M  contains 

2 

2 

up  to  sixth  order  polynomials  due  to  w  terms. 
Consequently,  we  require  a  7x7  point  rule  for  exact 
integrations  (121).  Obviously,  this  makes  the  evaluation  of 
elemental  stiffnesses  very  expensive  especially  considering 
the  iterative  nature  of  the  nonlinear  problem. 

Coupling  Characteristics 

As  mentioned  in  the  previous  section  referring  to  the 
linear  bifurcation  problem,  the  B-notation  approach  has  less 
displacement  coupling  than  does  the  M-notation  approach. 
The  B-notation  approach  uses  force  resultant  terms  in  the 
initial  stress  matrix  whereas  the  M-notation  approach  uses 
the  displacement  dependent  matrix  M^.  The  same  relative 
degree  of  displacement  coupling  holds  true  for  the  nonlinear 
algorithm  as  well  since  the  same  force  resultant  matrix,  K^, 
is  used  in  the  nonlinear  analysis  in  the  B-notation  approach 
(70,131).  A  significant  consequence  of  this  becomes  clear 
in  the  next  chapter  where  the  present  formulation  yields 
collapse  for  an  axially  loaded  symmetrical ly  laminated 
cylindrical  panel,  but  numerical  transverse  imperfections 
are  required  in  the  alternate  approach  to  achieve  a  degree 
of  coupling  such  that  collapse  occurs  (16).  Without  the 
imperfections,  the  response  of  the  shell  is  linear. 

Despite  the  higher  degree  of  displacement  coupling  that 


exists  in  the  present  formulation  as  indicated  for  the  shell 


above,  one  type  of  coupling  for  the  flat  plate  case  still 
can  not  be  achieved.  Although  a  transversely  loaded  flat 
plate  correctly  does  not  generate  inplane  displacements  in 
the  linear  symmetric  laminate  case  (because  this  is  a  2-D 
theory,  see  Befs  (62,119)),  certainly  it  does  in  the 
nonlinear  case.  However,  as  the  remainder  of  this  chapter 
will  show,  an  axially  loaded  flat  plate,  despite  the  high 
degree  of  displacement  coupling,  will  never  generate  out  of 
plane  displacements  for  symmetrically  arranged  laminates. 

The  above  cases  for  a  flat  plate  are  easily  shown  using 
the  element  independent  arrays,  K,  ,  and  N2 ,  developed 
earlier  in  this  chapter.  It  is  important  to  note  the  •© 
array  that  defines  the  element  in  Eqn  (4.33)  for  example, 
does  not  influence  the  coupling  features  between  inplane  and 
transverse  displacements.  Consequently,  we  can  examine 
coupling  characteristics  through  the  elements  of  the 
displacement  gradient  vector,  d,  instead  of  the  nodal  dof 
vector,  q.  We  first  refine  the  definition  for  d  of  Eqn 
(4.8)  by  dividing  d  into  two  parts:  d^  corresponds  to  the 
six  inplane  displacement  terms,  and  d 2  corresponds  to  the 
twelve  transverse  displacement  terms,  see  Eqn  (4.42). 


di  =  (  u  u.j  u,2  v  V>1  v,2  } 


(4.42) 


d2  =  {  w  w, j  w,2  w.jj  w»  22  w,12  ^1  ^1,1  ^1,2  ^2  ^2,1  ^2,2 


We  can  examine  coupling  between  dj 


d 


2 


and 


by 


considering  the 


nonl inear 


analyses 


of 


axially  and 


* 


transversely  loaded  flat  plates.  In  an  nonlinear  analysis,  j 

recall  that  the  initial  iteration  of  the  first  increment  is  I 

the  solution  of  the  linear  problem.  We  know  that  in  the 
linear  problem  the  inplane  and  transverse  dof  are  decoupled. 

That  is,  an  axially  loaded  flat  plate  will  generate  nonzero 
d^,  but  will  be  zero.  Additionally,  a  transversely 
loaded  flat  plate  gives  a  nonzero  d^ .  but  d^  equals  zero. 

The  above  is  true  because  there  are  no  coupling  entries  in  K 
between  the  elements  of  d^  and  d^  if  the  plate  is  isotropic 
or  consists  of  symmetrically  stacked  lamina.  Figure  4.6 
shows  a  schematic  of  the  nonzero  entries  for  the  symmetric 
18x18  K  matrix  and  we  can  see  the  absence  of  coupling  terms. 

In  the  Figure,  x  refers  to  a  nonzero  entry,  blanks  refer  to 
zeroes.  The  entries  of  the  upper  6x6  matrix  are  associated 
with  the  inplane  displacement  dof,  i.e.,  d , ;  the  entries  of 
the  lower  12x12  matrix  are  associated  with  the  transverse 
dof,  i.e.,  d^;  and,  the  6x12  matrix  in  the  upper  right 
corner  contains  the  coupling  entries. 

Similar  Figures  are  shown  for  the  remaining  two  arrays, 
and  Mz-  There  are  two  Figures  for  each  of  these  where  we 
assume  that  either  d^  =  0  or  d2  =  0  Initially.  For  the  case  of 
d  j  =  0 ,  we  have  a  transversely  loaded  flat  plate  where  the 
linear  solution  yields  nonzero  d^  elements.  For  the  case  of 
d2=0,  we  have  an  axially  loaded  flat  plate  where  the  linear 
solution  yields  nonzero  d^  elements.  Given  the  above  two 
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are 


starting  conditions,  the  nonzero  terms  in  II  and  II 

i  2 

identified . 

From  Figure  4.7,  we  have  only  coupling  terms  present  in 
and  Figure  4.9  shows  the  corresponding  N2.  Therefore,  in 
the  nonlinear  analysis,  a  nonzero  d^  is  generated  by 
transverse  loading.  However,  from  Figures  4.8  and  4.10,  we 
see  that  when  dj  is  nonzero  and  d^  is  zero  after  the  linear 
solution,  i.e.,  the  axially  loaded  flat  plate,  no  coupling 
exists.  Therefore,  d^  will  remain  zero  for  all  subsequent 
iterations  and  increments.  Although  nonzero  terms  exist  in 
these  arrays  that  correspond  to  the  transverse  displacement, 
since  the  loading  is  identically  zero  except  for  loading 
corresponding  to  inplane  dof ,  the  trivial  solution  for  the 
transverse  dof  results.  Examination  of  similar  arrays  for 
the  cylindrical  shell  reveals  that  coupling  always  exists, 
i.e.,  for  axial  or  transverse  loads,  both  d^  and  d^  are 


nonzero . 


1  2  8  4  3  <S  ,  7  8P01294537 
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FIGURE  4.8.  Element  Independent  Array  for  Flat  Plate 


where  d^O,  d2  =  0. 
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FIGURE  4.9.  Element  Independent  Array  V2  for  Flat  Plate 
where  d^=0,  d^O. 
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FIGURE  4.10.  Eleoient  Independent  Array  for  Flat  Plate 


where  d^O,  d2=0. 


We  have  assumed  linear  relations  for  the  loading 


vector,  that  is  for  simplicity,  the  loads  have  been  assumed 


to  be  Independent  of  the  displacements .  Generally  in  a 


nonlinear  analysis,  the  loads  are  functions  of  the 


displacements.  We  wish  to  determine  whether  the  above 


problem  concerning  the  axially  loaded  flat  plate  can  be 


solved  if  the  higher  order  loading  terms  are  included.  That 


is,  perhaps  the  higher  order  loading  terms  that  result  from 


the  large  displacements  and  rotations  will  give  nonzero 


entries  in  the  load  vector  corresponding  to  the  transverse 


dof ,  and  hence,  give  nonzero  transverse  displacements.  The 


force  relations  that  result  from  Cauchy’s  law  for  the 


general  geometrically  nonlinear  problem  are  shown  in  Eqn 


Si 


Results  and  Discussion 


Based  on  the  theoretical  development  of  Chapter  II  and 
its  subsequent  finite  element  casting  described  in  Chapter 
III,  many  types  of  problems  in  structural  mechanics  can  be 
solved.  Naturally,  a  new  finite  element  code  must  be 
validated  versus  many  known  solutions  before  new  results  can 
be  generated.  Several  well  recognized  problems,  both  linear 
and  nonlinear,  flat  plate  and  cylindrical  shell,  are  tested 
for  this  purpose.  For  each  analysis  type,  i.e.,  linear, 
linear  bifurcation,  and  nonlinear,  the  validation  examples 
are  presented  first.  New  results  were  found  for  each  of  the 
three  types  and  these  will  generally  follow  the  validation 
examples.  Unique  contributions  due  to  both  the  parabolic 
shear  representation  and  the  large  rotation  and  displacement 
capability  are  discussed.  It  is  stressed  at  this  point  that 
only  isotropic  in  addition  to  symmetrically  arranged 
laminated  constructions  are  considered.  The  theory  was 
formulated  to  consider  unsymmetric  laminates  as  well,  but 
the  code  was  written  only  for  the  symmetric  cases.  This  is 
of  immediate  importance  in  the  linear  flat  plate  cases  since 
the  inplane  degrees  of  freedom  (dof)  are  always  decoupled 
from  the  transverse  dof.  Most  of  the  results  were 
calculated  on  a  Vax  11/785  or  8650  with  double  precision 
arithmetic.  The  final  nonlinear  shell  problem,  because  of 


its  size. 


run  on  a  Cyber  845  with  virtual  memory 


capability. 


Linear  Flat  Plate  Analysis 

Much  effort  was  spent  in  solving  the  linear  problems 
based  on  Eqn  (4.35).  It  is  these  relatively  simple  problems 
that  would  first  uncover  typical  numerical  difficulties, 
i.e.,  locking,  slow  convergence,  etc.,  as  well  as  any  coding 
or  algorithmic  errors.  It  was  found  that  the  28  dof  element 
performed  very  well  for  the  linear  flat  plate  case.  No 
evidence  of  shear  locking  was  exhibited,  nor  does 
convergence  require  an  excessive  number  of  elements  compared 
to  other  studies.  In  this  section,  strictly  validation 


problems  were  tested  since  the  theory 

when 

simplified  to 

a 

linear  flat  plate 

is  very  similar 

to 

that 

explored 

by 

others,  primarily 

Reddy  (31.54.57.58, 

05)  . 

Two 

examples 

of 

cylindrical  bending  and  then  four  examples  of  rectangular 
plate  bending  are  presented.  One  of  the  cylindrical  bending 
solutions  Includes  many  through  the  thickness  results. 
These  results,  when  compared  to  3-D  solutions,  illustrate 
some  of  the  consequences  of  the  2-D  assumptions  that  form 
the  foundation  of  the  present  approach. 

The  simplest  problems  tested  are  the  simply  supported 
isotropic  and  orthotropic  infinite  plate  strips  subjected  to 
uniform  transverse  pressure  loading  q#,  i.e.,  cylindrical 
bending,  see  Figure  5.1.  The  purpose  of  these  first  plate 
strip  tests  was  initial  verification  of  the  code  logic  and 
therefore,  limited  results  are  shown.  The  isotropic 
material  properties,  the  strip  geometry,  loading,  and  the 
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boundary  conditions  (b.c.)  are  shown  in  Eqn  (5.1)  and  we  see 


that  this  first  test  case  represents  a  thin  plate  since 

S=L/b=100.  The  finite  element  results  will  be  compared  to  a 

classical  series  solution  for  the  center  plate  transverse 

displacement,  w  ,  taken  from  Szilard  (133)  and  shown  in  Eqn 
c 

(5.2)  . 


♦  x 


4  n 


A  <J 


« -  B 


FIGURE  5.1.  Plate  Strip  Model  of  Length,  L/2,  Width,  B. 
Actual  Strip  is  Infinite  in  s  direction.  Length,  L  in  the  x 
Direction . 


E  =  3.e7  psi 
v  =  .25 
h  =  .1  in 
L  =  10.  in 
qc  ~  1000.  psi 


b.c. 

•  x=0 :  symmetry,  w,1=V'1  =  0  (g  1} 

x-L/2:  w=v/2  =  0 

•  8  =  0, B:  V'2=w,2=0 
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Three  regular  meshes,  l.e.,  each  eleaent  is  the  sane 
size,  were  tested  where  the  idealized  width,  B,  was 
determined  such  that  each  element  had  an  aspect  ratio  of 
one.  Equivalent  linear  plane  strain  boundary  conditions 
modelled  the  infinite  width  in  the  8  direction.  Symmetry 
conditions  are  indicated  at  x=0  since  only  one  half  of  the 
strip  length  is  modelled,  see  Figure  5.1.  Simply  supported 
edges  imply  freedom  of  the  normal  rotation  by  requiring  that 
the  normal  moment  be  zero  there.  However,  the  present 
formulation  does  not  have  force  dof  in  the  elemental 
definition  and  therefore,  the  normal  moment  can  not  be  set 
explicitly  to  zero;  only  geometrical  simple  supports  can  be 
satisfied.  Although  the  present  formulation  does  not  define 
resultant  force  equilibrium  relationships,  we  can 
approximately  satisfy  the  zero  moment  condition  using  the 
moment  definition  from  classical  plate  theory,  i.e., 
Mn=-D[w,jj  ♦  vw. 22 J ■  A  displacement  finite  element 
formulation  based  on  the  classical  theory  can  not  satisfy 
the  zero  moment  simple  support  condition  either  unless  w> ^ 
and  w, _ _  are  nodal  dof.  In  the  classical  theory,  the  second 


derivatives  on  w  represent  rates  of  change  of  rotations  and 

thus  nay  be  replaced  by  first  derivatives  on  for  the 

present  theory,  i.e.,  for  illustration,  let  M  =-D[^,  ,  + 

n  1,1 

j  1  ^2  iS  Set  sero  alon8  x= L/2,  then  2  al®° 

will  equal  zero.  However,  we  can  not  guarantee  that  y^  ^ 
will  equal  zero  by  allowing  freedom  and  therefore  the 

normal  moment  along  that  edge  will  not  be  identically  zero. 
The  nonvanisbing  normal  moment  will  affect  the  displacement 
calculations  near  boundary.  However,  the  stress 

calculations  are  affected  to  a  greater  degree  than  are  the 
displacements  since  they  are  secondary  variables  determined 
from  the  displacements  and  through  the  thickness 
stiffnesses.  The  inplane  dof ,  u  and  v,  do  not  play  a  role 
in  these  examples  since  they  are  decoupled  from  the 
transverse  dof  in  the  linear  solutions  and  therefore  no 
boundary  conditions  are  stated  for  them. 

The  center  plate  transverse  displacement  results  for 
the  isotropic  case,  shown  in  Table  1,  are  very  accurate  even 
for  the  coarse  mesh  and  show  convergence  to  the  Szilard 
result  based  on  100  terms. 


w 

(ffs) 

w 

c 

(Szilard,  100  terms) 

Sxl  48.454 

10x1  48.747 

20x1  48.819 

48.828 

TABLE  1.  Simply  Supported  Isotropic  Thin  Cylindrical 
Bending  Center  Transverse  Displacement,  wfi  (in.). 


140 


A  similar  orthotropic  thin  plate  problem  mas  tested 


where  the  material  and  geometrical  properties  are  given 

Eqn  (5.3)  and  the  boundary  conditions  in  Eqn  (5.1). 

classical  thin  plate  series  solution  for  w  is  given 

c 

Hinrichsen  (82)  where  Eqn  (5.2)  applies  by  letting 
flexural  rigidity,  D,  be  given  by  Eqn  (5.4).  Again, 
results  as  shown  in  Table  2,  are  very  accurate  and  show 
evidence  of  shear  locking. 


in 

The 

by 

the 

the 

no 


Ej  =  2.5e7  psi  (5.3) 

E„  =  1 . e6  psi 

4  -  •«» 

°12  =  G13  =  -5e6  P8i 
G23  =  .2e6  psi 

b  =  .1  in 

L  =  10.  in 

q^  =  1000.  psi 


n  -  . 

"u*3 

o  -  E‘ 

12  * 

11  Ervi2E2 

Mesh 
(x  X  s) 

w 

c 

(FEM) 

w 

c 

(Hinrichsen,  100  terms) 

5x1 

61.884 

10x1 

62.258 

20x1 

62.633 

62.344 

TABLE  2.  Simply  Supported  Orthotropic  Thin  Cylindrical 
Bending  Center  Transverse  Displacement,  w^  (in.) 

More  extensive  results  were  obtained  for  simply 
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supported  [0/0]  and  [0/90/0]  laminate  strips  under  the 
sinusoidal  transverse  pressure  loading  shown  in  Eqn  (5.5). 
These  two  examples  were  analyzed  based  on  the  equations  of 


3-D  elasticity  by  Pagano  (62)  and  therefore  represent 
excellent  tests  of  the  transverse  shear  deformation 
characteristic  as  well  as  the  through  the  thickness  axial 
displacement,  u^  (O  .  and  the  two  stresses,  (O  and  ^(O- 
These  functions  are  calculated  from  the  displacement  dof  and 
the  kinematics  for  u^(C)  and  the  constitutive  relations  for 
o-(C).  Using  the  properties  of  Eqn  (5.3),  except  allowing 
the  thickness  to  vary  (all  plies  have  equal  thickness, 
h=total  laminate  thickness) ,  the  nondimensionalized  center 
transverse  displacement,  w,  for  a  20x1  regular  mesh  and 
various  S  =  L/h  are  given  in  Table  3.  Additionally,  the  same 
displacement  results  are  plotted  in  Figures  5.2  and  5.3 
versus  the  3-D  results  obtained  by  Pagano  thus  illustrating 
the  effect  of  transverse  shear  deformation  as  the  laminates 
become  thick  in  relation  to  the  length.  For  both  laminates, 
the  classical  laminated  plate  theory  (CLPT)  solution  also 
reported  by  Pagano  is  given  by  w= . 5 . 


q 


q  si 


n  ( x+L/2)  j 


(5.5) 


f  * 


S  =  L/h 

[0/0] 

[0/90/0] 

100 

.4039 

.5133 

50 

.5012 

.  5243 

20 

.  5522 

.6012 

10 

.7333 

.8738 

5 

1.442 

1.034 

TABLE  3 . 


Finite  Element  [0/0]  and  [0/00/0] 


—  3  4 

Bond i mens ionali zed  w=100E_h  w  /q  L  Center  Displacement. 

Z  c  ° 

As  the  plots  show,  the  transverse  shear  deformation 
gives  a  much  more  flexible  plate  for  the  thick  laminates 
compared  to  the  classical  thin  strip  bending.  Additionally, 
note  that  even  for  the  very  thick  strip  where  the  length  is 
only  five  times  the  thickness,  the  present  2-D  theory  gives 
excellent  displacement  agreement  with  the  Fagano  3-D 
results . 
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FIGURE  5.3.  NondinenBionalised  Ctntar  Diapl»c< 
Various  S=L/h,  [0/90/0]  Plate  Strip. 


Through  the  thickness  axial  displacement  and  stress 


results  were  calculated  for  these  cases  as  well  and  compared 
to  the  3-D  solutions.  Vondimensional ized  quantities  are 
defined  in  Eqn  (5.6)  for  the  axial  displacement  and  stresses 
based  on  the  model  geometry  of  Figure  5.1.  That  is,  for  any 
s  coordinate,  a is  taken  from  the  center  of  the  strip  (x=0) 
and  u  and  cr  are  taken  from  the  strip  boundary  (x=L/2)  .  For 
the  [0/0]  laminate.  Figures  5.4  and  5.5  give  stresses  a and 

o-  for  S=L/h  =  4  as  a  function  of  the  transverse  coordinate, 

t) 

C-  Figure  5.6  gives  for  S=10.  For  the  [0/90/0] 

laminate.  Figures  5. 7-5. 9  give  u,  ,  and  for  S=4. 

Figures  5.10-5.12  give  u,  o  ,  and  a  for  S=10. 

1  o 


°l = 


o'1  (0  ,s  ,C) 

*1 


°5  = 


a5(L/2.8,C) 


(5.6) 


u 


E2u(L/2,s.C> 

h«I- 


c  = 


The  results  shown  in  the  Figures  are  plotted  versus  the 
3-D  solutions  and  the  results  obtained  from  classical 
laminated  plate  theory  (CLPT) .  The  transverse  stress,  aB, 

D 

for  CLPT  is  determined  from  the  equilibrium  equations  and 
the  CLPT  axial  displacement  is  a  linear  function  of  C-  The 
Figures  show  that  the  present  theory  predicts  the 
displacements  and  stresses  for  the  unidirectional  laminate 
[0/0]  very  well.  For  the  [0/90/0]  laminate,  the  normal 
stress,  ,  is  very  well  represented  and  the  axial 


displacement,  u,  fairly  well  represented,  both  usually 
falling  between  the  3-D  and  CLPT  results.  On  the  other 
hand,  the  transverse  shear  stress,  Og ,  is  generally  poorly 
predicted  for  the  [0/00/0]  laminate,  see  Figures  5.9  and 
5.12.  This  is  an  expected  result  since  the  present  theory 
does  not  attempt  to  satisfy  equilibrium  in  the  transverse 
direction.  Pagano  enforces  continuity  of  the  transverse 
stresses  from  ply  to  ply  and  therefore  can  satisfy 
equilibrium  at  the  ply  interfaces.  It  is  well  known  that 
the  transverse  stresses  can  be  found  as  a  function  of  the 
transverse  coordinate  much  more  accurately  from  the  2-D 
shear  theories  by  integrating  the  equilibrium  equations, 
instead  of  solving  via  the  constitutive  relations  (42) .  The 
former  was  not  carried  out  here. 

The  transverse  normal  stress,  ,  for  the  [0/00/0] 
laminate  was  calculated  by  Pagano  based  on  the  3-D  solution. 
For  S=L/h=4 ,  its  maximum  value  (C=h/2)  is  approximately  .05 
times  the  maximum  a ^  (C=h/2) .  This  is  consistent  with  the 
general  remarks  made  earlier  based  on  Koiter  (22,23)  where 
we  would  expect  to  be  approximately  16  time  at  their 
maximum  values.  Very  slight  deviations  from  an  exactly 
anti symmetrical  solution  (with  respect  to  C)  for  and  u 
are  indicated  by  Pagano  for  the  [0/90/0]  laminate  that 
become  more  pronounced  as  S  approaches  zero.  They  are  only 
noticeable  for  S=4  and  are  not  shown,  see  Bef  (62).  We  can 
not  get  a  solution  in  the  present  case  that  exhibits  this 


do  not  include 


non -anti symmetric  nature  in  and  u  since  me 
cr  ^ .  This  is  a  3-D  effect  that  is  a  result  of  the  varying 
through  the  thickness  and  nonzero  e  . 

w 

The  preceding  cylindrical  bending  examples  lead  to  the 
following  conclusions.  Even  for  a  very  thick  plate  strip, 
the  center  plate  transverse  displacement  for  all  cases  very 
closely  represents  the  3-D  result.  For  unidirectional 
laminates,  the  through  the  thickness  functions  of  axial 
displacement,  axial  normal  stress,  and  transverse  shear 
stress  are  generally  very  accurate  when  compared  to  the  3-D 
values  and  usually  fall  between  CLPT  and  3-D  results.  For 
bidirectional  laminates,  the  axial  displacement  and  axial 
normal  stress  are  fairly  well  represented,  and  again,  fall 
between  the  CLPT  and  3-D  results.  However,  the  transverse 
shear  stress,  calculated  from  the  constitutive  relations, 
is  in  error  up  to  approximately  50%  due  to  nonenforcement 
of  transverse  equilibrium.  To  a  limited  degree,  the  results 
illustrate  the  accuracy  that  might  be  expected  in  store 
complex  problests.  Except  for  crg ,  we  see  that  quantities 
calculated  based  on  midsurface  (C=0)  dof  are  generally 
accurately  represented,.  For  the  unidirectional  laminates, 
all  through  the  thickness  behavior  compares  very  well  to  the 


3-D  result. 


Present 


FIGURE  5.6.  NondiMnaionalised  Stress,  f)  for  [0/0) 

5  s 

Plate  Strip  and  S=L/h= 10 . 
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FIGUBE  5.8.  Mondinensional ised  Stress,  <7^(0  •  for  [0/90/0] 


Plate  Strip  and  S=L/h=4 . 
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FIQURE  5.0.  Wondimensional ised  Stress,  o'_(C).  for  [0/00/0] 

o 


Plate  Strip  and  S=L/h=4 . 
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FIGURE  5.10.  Hondimensionalized  Axial  Displacement 
for  [0/90/0]  Plate  Strip  and  S=L/h=10. 
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FIGUEE  5.11.  Mondiaensionalized  Stress,  o’  (£)  .  for  [0/00/01 
Plate  Strip  and  S=L/h= 10 . 


We  next  consider  several  transversely  loaded  finite 


dimensional  plate  bending  solutions.  Figure  5.13  shows  the 
geometry  for  these  cases,  where  in  each  only  the  upper  right 
quarter  of  the  plate  is  modelled  due  to  symmetry.  Although 
not  shown  in  the  results  for  every  case,  regular  meshes  of 
4,  16,  and  64  elements  (2x2,  4x4,  and  6x6)  were  tested  for 
convergence.  Additionally,  stress  results  are  shown  for 
two  cases,  where  mesh  refinement  near  the  plate  boundary  was 
required  for  accurate  results. 


FIGUBE  5.13.  Rectangular  Plate  Geometry,  Upper  Quarter 
Discretized  into  4x4  Regular  Mesh. 

The  first  solution  presented  is  to  a  simply  supported 
rectangular  isotropic  plate  under  uniform  pressure  loading. 
The  material  and  geometrical  properties  and  the  boundary 
conditions  are  shown  in  Eqn  (5.7).  The  simple  supports  are 
as  described  for  the  cylindrical  bending  examples,  where 
again,  the  normal  moment  can  not  explicitly  be  set  to  zero. 
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-VAJW,V 


%  ,  %  \  *.  V  \  \  ",  *,  .  v.  ",  «, 


E=  10. e6  psi 


b.  c 


V=  .3 

•x=a/2 : 

w=’f'  =0. 

h=  thickness 

x=0 : 

d. 

symmetry,  w,1=^1=0 

(5.7) 

qo=  10000.  psi 

•s=b/2 : 

w=v/1  =0 . 

•  • 

o 

ii 

V 

symmetry,  w.  2=V'2=0 

Tables  4  (a/b=l 

.  0)  and 

5  (a/b=.5)  show 

the 

nondimensional ized  center  transverse  displacement, 

—  3  4 

w=w  h  E/q  a  (w  =w(0,0,C)),  for  the  aforementioned  3  regular 

C  o  C 

mesh  arrangements  for  3  values  of  S=a/h.  Also  shown  are 
closed  form  Mavier  series  solutions  generated  by  Reddy  (31) 
based  on  the  parabolic  transverse  shear  theory  as  well  as 
the  CLPT  solutions.  We  see  that  the  results  are  excellent 
and  that  the  formulation  accurately  predicts  both  thick  and 
thin  plate  transverse  displacements.  The  results  shown  were 
found  by  exact  Integration  of  the  elemental  stiffness 
relations,  i.e.,  reduced  integration  was  not  required  and 
the  formulation  does  not  shear  lock. 


ISO 


S=a/h 

Mesh 

m 

(FEM) 

«r 

(Reddy) 

2x2 

.02307 

100 

4x4 

.04253 

8x8 

.04425 

.0444 

2x2 

.04613 

10 

4x4 

.04662 

8x8 

.04666 

.0467 

2x2 

.05378 

5 

4x4 

.05360 

8x8 

.05356 

.0535 

CLPT= .0444 

TABLE  4.  Transverse  Displacement  for  Simply  Supported 
Square  (a/b=1.0)  Isotropic  Plate  Under  Uniform  Pressure. 


S=a/b 

Mesh 

«r 

(FEM) 

«r 

(Reddy) 

2x2 

.05020 

100 

4x4 

. 10530 

8x8 

. 11030 

.1106 

2x2 

. 11300 

10 

4x4 

.11408 

8x8 

.11419 

.1142 

2x2 

. 12594 

5 

4x4 

. 12505 

8x8 

. 12486 

.  1248 

CLPT=. 1106 

TABLE  5.  Transverse  Displacement  for  Simply  Supported 
Rectangular  (a/b=.5)  Isotropic  Plate  Under  Transverse 
Uniform  Pressure. 


A  problem  similar  to  the  previous  is 


a  square 


orthotropic  ([0])  plate  subjected  to  uniform  transverse 
pressure.  The  geometry  and  boundary  conditions  are  the  same 
as  in  the  isotropic  case  and  the  orthotropic  material 
properties  are  given  in  Eqn  (5.8).  Table  6  shows 
nondimensionalized  center  transverse  displacements  and 
nond i mens ionali zed  stress  results  for  three  thickness  ratios 
where  the  nondimensional ization  is  given  in  Eqn  (5.8). 


Ej=  20 . 83e6  psi 
E  =  10 . 94e6  psi 

G 1 2  =  6.1e6  psi 
Q 3.71e6  psi 
G23=  6.19e6  psi 


(5.8) 


23 . 2e6  w 
_ c 

«.h 

0  (0,0,h/2)  _  (a/2 ,0,0) 


(5.9) 


This  problem  has  been  solved  by  Beddy  (31)  via  a  series 
solution  to  the  differential  equations  governing  the  2-D 
parabolic  shear  theory  and  by  Srlnvas  and  Rao  (86)  based  on 
3-D  elasticity.  Similar  to  the  plate  strip  example,  the 
results  even  for  the  transverse  shear  stress,  Cg,  agree  very 
well  with  the  3-D  results.  The  Table  shows  cr  results  based 

D 

on  two  mesh  arrangements.  All  results  are  due  to  an  8x8 
amah,  but  some  reflect  stresses  calculated  from  an  irregular 


8x8  mesh,  see  Figure  5.14.  That  is,  the  value  of  o ^  was 
desired  from  the  plate  coordinate  (a/2,0).  The  value  found 
based  on  a  regular  mesh  as  shown  in  Table  6  is  generally 
inaccurate  compared  to  Beddy  and  the  3-D  result.  In  view  of 
the  inability  of  the  present  formulation  to  identically 
satisfy  the  zero  normal  moment  condition  along  a  simply 
supported  edge  as  was  previously  discussed,  mesh  refinement 
near  those  edges  was  attempted.  As  can  be  seen,  the  stress 
results  improve  dramatically  after  mesh  refinement,  very 
accurately  duplicating  the  published  results. 


S=a/h 

20 

10 

7.143 

FEM 

10447.5 

689.80 

191.71 

Beddy 

10450.0 

689.5 

191.6 

3-D 

10443. 

688 . 57 

191.07 

FEM 

144.6 

36.12 

18.41 

Beddy 

144.3 

36.01 

18.34 

3-D 

144.31 

36.021 

18.346 

FEM 

8.657 

5.067 

3.703 

FEM  * 

10.77 

5.27 

3.792 

Beddy 

10.85 

5.382 

3.805 

3-D 

10.873 

5.341 

3.731 

*  Irregular  mesh,  refined  near  (a/2,0) 

TABLE  8.  Simply  Supported  Square  [0]  Laminate  Under 
Uniform  Transverse  Pressure,  8x8  Mesh. 


FIGURE  5.14.  Rectangular  Plate  Geometry  Irregular  Mesh  for 
Stress  Calculation  Near  the  Boundary. 

Next,  examine  a  simply  supported  [0/90/0]  rectangular 
(a/b=  1/3)  plate  under  sinusoidal  transverse  pressure,  see 
Eqn  (5.10).  This  problem  has  been  solved  using  a  Vavier 
series  by  Reddy  (31)  based  on  the  parabolic  shear  theory  and 
by  Pagano  (64)  based  on  3-D  elasticity  and  thus  represents 
an  excellent  validation  for  a  nonsquare  bidirectional 
laminate.  Eqn  (5.11)  shows  the  material  properties  and  the 
center  transverse  displacement  nondimensional isation .  The 
results  are  shown  in  Table  7  where,  again,  various  S=a/h 
values  are  shown  exhibiting  the  shear  deformation  effect. 


The  results  further  confirm  that  the  finite  element  linear 


flat  plate  algorithm  is  operating  properly  and  that  the 
parabolic  transverse  shear  assumption  gives  excellent 
displacement  comparison  to  the  3-D  results,  even  for  the 
very  thick  plate.  The  elemental  equations  are  again  always 
integrated  exactly  and  do  not  shear  lock. 


q  =  q  sin  —  (x+a/2)  sin  ^  (s+b/2) 
°  a  b 


(5.10) 


Ej=  37.5e6  psi 
E2=  1 . 5e0  psi 

G12=Q13=  7566  pSi 

-12=  -25 

G23=  -3e6  psi 
q  o  =  10000.  psi 
a=  8 .  in,  b=24.  in 


100m  h  E„ 
c  2 


(5.11) 


S=a/h 

w 

Beddy 

Pagano 

4 

2.8465 

2.6411 

2.82 

10 

.8638 

.8622 

.919 

20 

.5945 

.5937 

.610 

100 

.5066 

.5070 

.508 

CLPT  =.503 

TABLE  7.  Simply  Supported  Bectangular  [0/90/0]  Plate 
(a/b=l/3)  Under  Sinusoidal  Transverse  Pressure,  8x8  Mesh. 

Additional  stress  results  were  generated  for  a 
[0/90/90/0]  square  simply  supported,  see  Eqn  (5.7),  plate 
under  sinusoidal  pressure,  see  Eqn  (5.10).  The  material  and 


geometrical  properties  are  given  in  Eqn  C5.ll)  with  a=b=8. 
Vondimensional ized  values  of  displacement  and  stresses  as 


defined  by  Eqn  (5.12)  are  shown  in  Table  B.  Also  shown  are 
results  obtained  by  Phan  and  Beddy  (5B)  based  on  a  closed 
form  Mavier  series  solution.  In  order  to  accurately  predict 
the  transverse  shear  stresses,  a.  and  o_  ,  refinements  to  the 
mesh  near  the  area  of  calculation  were  required  similar  to 
in  the  unidirectional  case.  Comparisons  are  again  very  good 
and  the  effect  of  the  irregular  mesh  stress  calculations  is 

evident  from  the  Table,  see  especially  the  a  and  o'  results 

4  o 

for  S=100. 


lOOw  h  E_ 

C  <6 

4 

q  a 


O'  (0,0  ,h/2)  h  o'  (a/2,0,0)  h 

O'-  =  — - = - ,  O'r-  *  - 


5 


q  a 


o'2(0.0,h/2)  h  _  o-4(0, a/2,0)  h 

°2  =  2  ’  °4  =  q- a 

q  a  • 


(5. 12) 


°0  = 


cr  ( a/2, a/2, fa/2)  h' 
o 

2 

q  a 


165 


FEM 

.7169 

.5499 

.3868 

.0253 

.  1376 

.2598 

10 

FEM* 

.  1453 

.2611 

Mavier 

.7147 

.5456 

.3888 

.0268 

.  1431 

.2640 

FEM 

.5068 

.5428 

.3018 

.0221 

.09675 

.2603 

20 

FEM* 

.1152 

.2764 

Vavier 

.5060 

.5393 

.3043 

.0228 

.  1234 

.2824 

FEM 

.4295 

.  5282 

.2652 

.0209 

-.2351 

.0325 

100 

FEM* 

.0971 

.2810 

Mavier 

.4343 

.5387 

.2708 

.0213 

.1117 

.2897 

*  Irregular  mesh,  refined  near  area  of  calculation 


TABLE  8.  Simply  Supported  [0/90/00/0]  Square  Plate  Under 
Sinusoidal  Transverse  Pressure,  8x8  Mesh. 

The  final  linear  flat  plate  example  is  a  square  clamped 

[0/±45/90]  laminate  under  both  uniform  and  sinusoidal 
s 

pressure  loading.  Closed  form  solutions  are  difficult  for 
this  problem  due  to  the  clamped  boundary  conditions  and  the 
presence  of  and  D 26  terms  in  the  equilibrium  equations 

resulting  from  the  ±45  plies.  Phan  and  Beddy  (58)  use  a 
similar  displacement  based  finite  element  formulation  and 
their  results  are  compared  to  the  present  solutions  in  Table 
9.  The  material  and  geometrical  properties  and  boundary 
conditions  are  shown  in  Eqn  (5.13).  The  clamped  boundary 
conditions  do  allow  some  movement  at  the  edges.  The  bending 
rotations,  y^  and  y^ ,  are  restrained  thus  the  development  of 
edge  moments  is  allowed.  However,  since  both  of  the 
derivatives  of  w  are  not  set  to  zero,  shear  rotations  at  the 


boundary  may  develop.  For  example,  w=0  along  x=a/2. 


This 


implies  that  w,  is  also  zero  along  that  edge. 


However , 


since  w,  is  not  set  to  zero  and  y.'^  is,  a  shear  rotation, 
ft. =W ' 1 ’  w* 1 1  generally  be  present,  see  Figure  3.7. 

The  nondimensionalized  (Eqn  (5.11))  center  transverse 
displacement  for  several  values  of  S=a/h  compares  very  well 
with  those  published  by  Phan  and  Beddy .  The  results  shown 
were  generated  using  a  4x4  mesh  for  one  quarter  of  the  plate 
as  did  Phan;  the  latter  also  evaluated  the  elemental 
stiffnesses  based  on  a  lower  integration  order,  and  hence, 
their  results  are  slightly  more  flexible  than  in  the  present 
case  as  is  expected.  The  reference,  as  mentioned  and 
duplicated  here,  assumes  symmetry  in  their  plate  model. 
However,  the  presence  of  the  and  terms  as  a  result 
of  the  ±45  degree  plies  gives  bending- twisting  coupling. 
This  coupling  should  preclude  the  biaxial  symmetry  that  is 
forced  due  to  the  boundary  conditions.  Further  discussion 
of  biaxial  symmetry  can  be  found  in  (88,134,135).  Since 
validation  of  the  code  versus  published  results  is  the 
primary  goal  here,  similar  boundary  conditions  have  been 
assumed . 


Ej=  60. e0  psi 
E2=  1 . 5e6  psi 

G13SQ12=  -®e6  P8i 

V \2~  -25 
G23=  .75e6 

q  =10000. 

a=b=  16.  in 


b .  c . 

•x = a / 2 


•s=b/2 


w=w1=V'2=0 


symmetry,  w,1=v'1=0 
"=^=^2=0 

symmetry,  w, 2=y/2=0 


(5.13) 


v  V  V  V  ’/  vV.v^,*  V  ' 

7  **  *  -v 


S  =  a/h 


uniform 

load 

sinusoidal  load 

w  Phan 

w 

Phan 

.0947 

.0960 

.0690 

.0699 

.  1094 

.1108 

.0787 

.0798 

.  1848 

.  1864 

.  1280 

.  1292 

.3871 

.3890 

.  2601 

.2615 

1.4624 

1.4648 

.9759 

.9772 

TABLE  9.  Clamped  Square  [0/±45/90]  Plate  Under  Uniform  and 

8 

Sinusoidal  Pressure ,  4x4  Mesh. 

As  the  many  examples  above  point  out,  the  linear  flat 
plate  algorithm  is  giving  very  accurate  displacement  and 
stress  results,  for  the  most  part.  The  formulation,  due  to 
its  higher  order  approximations  for  w,  does  not  shear  lock, 
and  therefore,  the  artifice  of  inexact  integration  to  soften 
the  element  is  not  required.  The  cases  presented  show  the 
effect  of  the  formulation's  inability  to  satisfy  identically 
the  zero  normal  moment  boundary  condition  for  a  simply 
supported  edge.  After  accounting  for  this  shortcoming,  very 
good  midsurface  displacement  and  stress  solutions  are 
attainable.  By  comparing  the  thick  plate  solutions  to 
existing  3-D  solutions,  we  see  that,  at  least  for  the  linear 
flat  plate,  the  2 -D  simplifying  assumptions  are  well 
justified.  In  nearly  every  case,  convergence  was  monotonic 
but  showed  no  clear  pattern  converging  from  either  a  too 
stiff  or  a  too  flexible  solution,  see  Tables  4  and  5.  This 


is  a  direct  result  of  the  nonconforming  interpolations  of 
tbe  transverse  displacement  w. 

Linear  Cyl indrical  Shel 1  Analysis 

Several  standard  linear  cylindrical  shell  problems  were 
analyzed  in  an  effort  to  validate  the  finite  element 
solution  for  tbe  curved  elements.  The  first  test  case 
involves  a  clamped  shallow  shell  where  membrane  action  has 
little  influence  on  the  deformation  and  consequently,  the 
simpler  28  dof  element  with  linear  inplane  displacement 
approximations,  performs  well.  However,  as  the  examples 
that  follow  show,  the  28  dof  element  proved  inadequate  for 
shell  behavior  governed  by  a  greater  amount  of  membrane 
deformation,  and  in  these  cases  the  36  dof  element  with 
quadratic  inplane  displacement  approximations  is  required. 
After  validation  of  the  curved  36  dof  element,  new  linear 
shell  results  were  generated  considering  the  effects  of 
transverse  shear  def ormation .  For  all  results  presented  in 
this  section  as  in  the  previous,  the  elemental  stiffnesses 
have  been  integrated  exactly. 

Consider  an  isotropic  clamped  shallow  shell  under  a 
uniform  radial  pressure  distribution  as  shown  in  Figure 
5.15.  This  shell  problem  has  been  solved  based  on  the 
classical  Love  assumption  neglecting  transverse  stresses  and 
on  the  shallow  shell  Donnell  strain  displacement  assumptions 
by  Brebbia  and  Connor  (136).  Only  one  quarter  of  the  panel 
i 8  modelled  due  to  symmetry  and  the  boundary  conditions  are 
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36  dof  element  formulations  in  Table  10.  Examining  the 
results,  note  that  the  16  element  (4x4)  mesh  is  nearly 
converged,  and  that  the  convergence  is  not  monotonic,  i.e., 
the  4x4  mesh  gives  the  largest  values  for  displacement.  In 
the  linear  flat  plate  problems,  all  convergence  mas 
monotonic  although  not  always  from  a  stiffer  solution.  Both 
the  28  and  36  dof  meshes  converge  to  comparable  results  to 
those  of  Brebbia  and  Connor. 

This  test  case  represents  a  relatively  simple  shell 
problem  since  due  to  the  pressure  loading,  clamped  boundary 


conditions , 

and 

shal low 

geometry 

(6/b= . 0406) , 

bending 

deformation 

is 

much 

greater  than 

membrane 

deformation . 

Therefore , 

lower 

order 

approximations  for 

the 

inplane 

displacement 

dof 

.  u 

and 

v ,  are 

adequate 

Since 

these 

displacements  do  not  play  a  significant  role. 


TABLE  10.  Transverse  Center  Displacement  (in.)  for  Clamped 
Cylindrical  Shell  Under  Radial  Pressure. 

A  more  challenging  shell  example  is  the  barrel 1  vault 

loaded  by  its  own  weight  shown  in  Figure  5.16.  This  shell 
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problem,  a  popular  testcase,  has  a  practical  application  in 
that  it  is  a  typical  roofing  component.  Due  to  symmetry, 
only  one  quarter  of  the  vault  is  discretized.  The  boundary 
conditions  are  given  in  Eqn  (5.15)  where  the  longitudinal 
edges  are  free  and  a  diaphragm  restrains  the  circumferential 
edges.  The  diaphragm  restraint  does  not  allow  any  movement 
in  its  own  vertical  plane.  The  loading  in  this  case  is 
always  directed  downward  and  therefore  has  components 
circumferentially  as  well  as  radially  as  opposed  to  the 
previous  shell  case  where  the  pressure  was  directed  only 
radially.  For  a  flat  plate,  weight  loads  and  radial 
pressure  always  acted  in  the  same  direction.  The  deadweight 


loading  can  be  expressed  in  components,  q  and  qr ,  as  shown 

s  ( 

in  Eqn  (5.16)  for  coordinate  directions  8  and  C 


respectively . 


E=3 . 06 
v=0.0 

6- . 608  rad 
B=  25. ft 
h= . 25  ft 
q  =.625  p8 i 


L=50 .  ft 


<5/b=  .  364 


FIQUBE  5.16.  Isotropic  Barrell  Vault  Under  Its  Own  Weight. 


•x= 25  (diaphragm)  :  v=w=v/2=0 


(5.15) 


x=0:  symmetry,  u=w,1=V'1=0 


•s=0:  symmetry,  v=w,2=v^2=0 


q  =  q  sin  (s/B) 


(5.16) 


q_  =  q  cos  (s/B) 


The  ratios,  L/h=200  and  B/b=100,  again  define  a  thin 


shell  and  transverse  shear  deformation  should  be  minimal . 


However,  due  to  the  longitudinal  free  boundary  condition. 


partial  inplane  loading,  and  nonshallow  geosmtry  (<5/b=.364). 


imbrane  action  should  be  more  significant  for  this  case 


than  in  the  previous.  Bending  still  is  predominant  due  to 


1 


MW 


rj*  v.v;i 


•M 
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the  diaphragm  restrained  edges.  The  transverse  displacement 
results  for  two  points  of  the  shell  are  shown  for  various 
meshes  in  Table  11,  where  designation  *L‘  refers  to  the  28 
dof  element  and  *Q*  refers  to  the  30  dof  element.  The  first 
displacement  shown  is  the  displacement  of  the  crown  or 
center  of  the  vault  and  the  second  shown  is  the  shell’s 
maximum  radial  displacement  taken  from  the  center  of  the 
free  edge.  Also  shown  are  published  results  taken  from 
Scordelis  and  Lo  (137). 

An  obvious  observation  is  the  overly  stiff 
displacements  predicted  by  the  28  dof  element  seshes.  The 
more  refined  8xl2L  mesh  gives  results  that  show  the  correct 
trend  but  are  still  very  stiff.  On  the  other  hand,  the  36 
dof  element  with  the  quadratic  approximations  for  u  and  v 
show  much  better  comparisons  even  for  the  coarse  3x3Q  mesh. 


Mesh 

w 

crown 

w 

max 

8x8L 

.  1462 

.7774 

8x1 2L 

.02439 

1.253 

3x3Q 

-.1808 

2.537 

OxOQ 

-.5046 

3.853 

6x9Q 

-.5238 

3.921 

Scordelis  _ 

Lo 

3.696 

TABLE  11.  Transverse  Displacement  Results  (in.)  for  Barrell 
Vault. 


Figure  5.17  shows  radial  displacement ,  w,  as  a  function 
of  circumferential  angle,  <P,  at  x=0.  Figure  5.18  shows  the 
inplane  displacement,  u,  as  a  function  of  4>  At  x  =  25.  These 
Figures  further  confirm  the  overly  stiff  predictions 
resulting  from  meshes  of  the  28  dof  element.  Also  shown  are 
results  taken  from  Zienkiewicz  (70)  based  on  an 
isoparametric  curved  shell  formulation. 

A  final  comment  on  the  barrel 1  vault  problem  concerns 
the  linear  Donnell  equations.  These  equations,  formulated 
in  Appendix  B,  were  applied  to  the  36  dof  element  meshes  of 
Table  11  and  results  for  the  transverse  displacement  were 
within  IX  of  those  shown.  This  indicates  that,  although  the 
Donnell  equations  are  applicable  only  for  shallow  open  shell 
cases,  a  finite  element  mesh  of  Donnell  elements  gives 
accurate  results  for  a  nonshallow  barrell  vault. 


3.00 


2.00 


0.00 


0.G0 


-1 .00 


— A-8x12L 
— 6x9Q_ 

-  Zlenkiewicz 


-at 


20.00 


30.00 


40. 0( 


<p  (d€ 


FIQUBK  5.17.  Radial  Displacement, 
Circumferential  Angle,  <P  deg,  (xsO) 


w,  as  a  Function 


0.06 


-A*Sx12L 
■  6x9Q_ 

- Zienkiewicz 


0.00 


0.00 


20.00 


3CK00 


- * - A  - 


40.00 
<P  (deg) 


-0.06 


FIGURE  5.18.  Inplane  Displacement,  u. 
Circumferential  Angle,  <p  <leg,  (x=25)  . 


a  Function  of 


■  •V’/'xV.V.V.V.  A 


Another  popular  testcase  is  the  pinched  cylinder  shown 
in  Figure  5.19.  The  cylinder  is  acted  upon  by  self 
equilibrating  point  loads,  P.  Due  to  symmetry,  only  one 
octant  of  the  cylinder  is  discretized  and  the  symmetry 
boundary  conditions  are  given  in  Eqn  (5.17).  As  in  the 
previous  problem,  meshes  of  either  the  28  or  the  36  dof 
element  were  tested. 

E=10.5e6  psi 
v=  .3125 
B=4 . 953  in 
h= . 094  in 
P=100  lbs 
L= 10 . 35  in 

h 


FIGUBE  5.19.  Isotropic  Pinched  Cylinder. 

•x=0 :  symmetry,  u=w,  j  =0 

•s=0 , 7 . 7802 :  symmetry.  v=w?2=V'2=0  (5,17> 

The  radial  displacement,  w,  for  six  points  (numbered 
1-6  in  Figure  5.19)  is  shown  in  Table  12.  Also  shown  are 
results  obtained  by  Brockman  (79)  using  a  penalty  function 
finite  element  approach  and  the  inextensible  solution 
derived  by  Timoshenko  (138).  As  is  now  known,  the  28  dof 
element,  designated  by  *L* ,  can  only  be  used  to  predict  the 
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behavior  of  a  cylindrical  shell  where  Membrane  deformation 
is  ssiall.  The  pinched  cylinder  results  Show  that  the 
already  very  refined  4xl6L  mesh  is  still  much  too  stiff. 
The  36  dof  element  meshes,  again  designated  by  a  *Q* ,  show 
convergence  to  the  results  obtained  by  others.  Because  of 
rapidly  changing  bending  stress  circumf erential ly , 
refinements  to  the  mesh  were  much  more  important  in  this 
coordinate  direction  than  in  the  longitudinal  direction. 


Point 

Mesh 

1 

2 

3 

4 

5 

6 

4x  16L 

.02482 

4x30 

.01405 

.01337 

.01337 

-.01253 

-.01256 

-.01262 

4x60 

.07726 

.07548 

.07488 

-.06939 

-.06952 

- .07005 

4x9Q 

.  1016 

.09907 

.09815 

-.09136 

-.09143 

-.09190 

4x1 2Q 

.  1078 

.  1049 

.  1039 

-.09680 

-.09685 

- .09732 

* 

.  1074 

.  1040 

.  1031 

-.0967 

-.0968 

-.0970 

«« 

.  1084 

.  1084 

.  1084 

- . 1000 

-.  1000 

-.  1000 

TABLE  12.  Isotropic  Cylinder  Transverse  Displacement 
Results  (in.).  *  Brockman,  **  Timoshenko 


Based  on  the  three  cylindrical  shell  testcases,  we 
conclude  that  the  28  dof  element  is  generally  too  stiff  and 
should  not  be  used  to  model  the  curved  geometries. 
Additionally,  the  36  dot  element  predicts  the  cylindrical 
shell  response  very  well  for  the  standard  cases  tested  and 
therefore  the  linear  shell  algorithm  is  considered 


validated . 


Similar  to  that  done  in  the  flat  plate  cases,  a 
transverse  shear  deformation  study  mas  carried  out  on  two 
cylindrical  shell  geometries.  In  these  studies,  only  the 
shell  thickness  was  varied,  keeping  the  lengths  and  radii 
constant.  In  this  way,  a  change  in  thickness  would  result 
not  only  in  a  change  in  S=L/h  as  in  the  plate  case,  but  also 
in  the  ratio  B/h.  A  more  complete  parametric  study  would 
examine  changes  in  all  three  parameters,  h,  L,  and  B. 

Consider  again  the  pinched  isotropic  cylinder  of  Figure 
5.10.  Using  the  4xl2Q  mesh  and  the  boundary  conditions  of 
Eqn  (5.17),  the  transverse  displacement,  w,  directly  under 
the  point  load  is  determined  for  many  shell  thicknesses. 
These  results  are  then  normalized  by  dividing  by  the 
inextensible  center  displacement  solution  of  Timoshenko, 
Shown  in  Eqn  (5.18)  where  D  is  the  flexural  rigidity.  For 
various  S=L/h  values,  the  ratios,  w,  of  the  present 
transverse  displacement  to  the  Timoshenko  value  are  shown  in 
Table  13  and  plotted  in  Figure  5.20.  The  results  show  that 
for  small  values  of  S,  the  finite  element  results  are 
increasingly  more  flexible  due  to  transverse  shear 
deformation.  Additionally,  for  large  values  of  S,  the 
finite  element  solution  gives  stiffer  results  compared  to 
Timoshenko,  i.e.,  w<  1 .  The  inplane  displacements,  u  and  v, 
play  a  greater  role  in  the  deformation  of  the  thinner 
shells,  i.e.,  where  S  is  large,  since  membrane  behavior 
becomes  more  significant.  Timoshenko's  solution  is  based  on 


inextensibility,  i.e.. 


u  and  v  are  zero  at  the  midsurface. 


k 


B 


K: 
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The  answer  to  why  the  finite  element  results  are 
increasingly  stiff er  than  the  inextensible  results  for 
larger  S  can  be  found  by  examining  the  classical  cylindrical 
shell  formulation  that  allows  both  bending  and  membrane 
deformation.  Solutions  to  these  differential  equations  for 
similar  loadings,  see  Saada  (6)  for  example,  give  the 
membrane  contribution  to  the  transverse  displacement  as  a 
negative  linear  function  of  1/h.  Therefore,  membrane 
deformation  is  only  important  for  small  thickness  and  gives 
transverse  displacements  that  are  less  than  the  inextensible 
solution.  The  negative  linear  function  seen  in  Figure  5.20 
for  large  S  is  due  to  membrane  deformation.  Due  to  the 
nature  of  the  applied  loading,  the  midsurface  is  in  a  state 
of  tension,  thus  the  stiffer  solution.  An  additional 
conclusion  of  this  Study  is  important  in  later  problems  as 
well  as  in  the  present.  Since  u  and  v  are  always  included 
in  the  shell  formulation,  solutions  that  assume  an 
inextensible  midsurface  (where  one  does  not  actually  exist) 
can  not  be  duplicated. 
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i 


I 


1 - Z - 1 

S=L/h 

w 

320 

.8300 

280 

.8649 

240 

.8981 

180 

.9441 

140 

.9722 

110 

.9930 

80 

1.016 

55.05 

1.043 

27.53 

1.108 

13.76 

1.241 

TABLE  13.  Center  Transverse  Displacement  Normalized  by 
Inextensible  Solution  for  Pinched  Cylinder. 
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A  similar  analysis  mas  also  performed  on  a  cylindrical 
pressure  vessel  restrained  by  rigid  end  plates,  as  shown  in 
Figure  5.21.  A  convergence  study  determined  that  for  this 
shell,  refinements  in  the  x-direction  were  required  due  to 
the  large  bending  deformation  near  the  rigid  edges  and 
little  refinement  circumferentially  was  necessary  due  to  the 
ax i symmetric  nature  of  the  geometry  and  loading.  The 
transverse  displacement  results  of  the  convergence  study, 
based  on  one  octant  of  the  vessel  and  the  boundary 
conditions  of  Eqn  (5.10),  are  shown  in  Table  14  for  several 
x-coordinates .  These  results  are  compared  to  the  classical 
result  taken  from  Kraus  (0).  As  can  be  seen,  accurate 
results  require  many  elemental  subdivisions  along  the 


longitudinal 

axis.  For  the  point 

nearest 

the 

edge 

shown 

(x=27 . 5  in)  . 

the  1 2x40  regular 

mesh  does 

not 

compare  as 

closely  as 

may  be  desired; 

further 

ref ine 

>ment 

will 

accomplish  this.  Therefore, 

the 

shear 

study 

will 

only 

consider  0.0 

<  x  <  22.50  in. 

For 

these 

coordinates 

,  the 

mesh  gives  very  accurate  results. 


FIGURE  5.21.  Cylindrical  Pressure  Vessel  with  Rigid  End 
Plates . 


x  (in .  ) 

Mesh 

classical 

4x4Q 

4x1 2Q 

8x4Q 

8x8Q 

12x4Q 

0. 

-2.0358 

-2.0006 

-2.0003 

-2.0003 

7.50 

-1.0237 

-1.0072 

-1.0081 

-1.0085 

15.00 

-2.2568 

-2.0142 

-2.0108 

-2.0007 

22.50 

-1.4351 

-2.0200 

-2.0325 

-2.0311 

25.00 

* 

« 

-1.5072 

-1.6547 

26.25 

• 

-0.0733 

• 

-1.2606 

27.50 

* 

« 

-0.6417 

-0.7675 

30.00 

0. 

0. 

0. 

0. 

TABLE  14.  Transverse  Displacement  (in.)  Convergence  for 
Isotropic  Pressure  Vessel  Meshes.  *  no  node  at  this 
coordinate . 


•x=30:  v=w=w,  =w,  =¥<  =v>  =0 

X  <e  1  * 

x=0:  symmetry,  u=w,j  =  V'1  =  0  (5.10) 

•8=0,47.124:  symmetry,  v=w,2=V'2=0 


■ext,  for  the  isotropic  case,  vary 
while  keeping  all  other  quantities 
displacement  results  are  normalized 


the  thickness,  h, 
constant.  The 

by  the  classical 
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solution  values  from  Kraus  and  are  designated  w.  The 


classical  result  is  represented  by  w.  Figure  5.22  shows  the 


influence  of  transverse  shear  deformation  as  S=L/h  becomes 


small  for  three  points  along  the  x  axis. 


The  transverse 


shear  deformation  is  larger  for  the  point  nearest  the  rigid 


end  plate  because  significant  bending  occurs  there. 


contrast,  at  x=0 ,  l.e.,  the  center  of  the  vessel,  the 


deformation  is  almost  totally  due  to  membrane  behavior  and 


therefore  the  normalized  transverse  displacement  does  not 


differ  much  from  the  classical  solution.  Additionally,  the 


pressure  vessels  with  S=L/h  values  less  than  approximately 


30,  there  exists  a  countershear  point,  i.e.,  a  point  along 


the  x-axis  where  the  transverse  shear  rotation  angle, 


changes  sign.  Depending  on  where  this  point  occurs  and  the 


magnitude  of  ^(x),  the  normalized  displacement  at  x=0  may 


dip  below  1.0.  This  means  that  the  transverse  shear 


deformation  gives  transverse  displacements  that  are  smaller 


than  the  classical  values  for  some  points  along  the 


longitudinal  axis.  The  presence  of  a  countershear  point  has 


not  been  discussed  in  the  literature  to  the  best  of  the 


author 's  knowledge.  In  contrast,  the  transverse  shear 


effect  in  the  flat  plate  always  gave  a  shear  rotation  such 


that  the  displacements  were  greater  than  the  classical 


result . 


Additional  displacement  results  were  obtained  for 


cylindrical  laminates  using  the  same  geometry  and  boundary 


•«*> 


conditions  as  in  the  isotropic  vessel. 


The  orthotropic 


Material  properties  for  these  shells  are  shown  in  Eqn 

(5.20).  The  laminates  studied  are  shown  in  Table  15  along 

with  their  effective  stiffness  quantities  based  on  the 

material  properties  and  ply  orientation.  The  laminates  are 

rank  ordered  in  the  Table  according  to  longitudinal 

stiffness,  Ex,  where  the  quasi-isotropic  laminate, 

[-60/0/60]  ,  has  the  same  effective  stiffness  in  both  the 
s 

longitudinal  and  circumferential  directions. 

E1=2.5e7  psi 

E2=4.5e5  psi  (5.20) 

v \2= ‘ 25 

G12=Q13='5e6  PSi 
Q23=.2e6  psi 


Laminate 

Ex(e7  psi) 

E  (e7  psi) 

B 

V 

xs 

V 

sx 

[0] 

2.5000 

0.04500 

.2500 

.0045 

[0/90/0] 

1.6834 

0.86423 

.01303 

.006690 

[ -60/0/60 

0.89055 

0.89055 

.3071 

.3071 

[90/0/90] 

0.86423 

1.6834 

.006690 

.01303 

[90] 

0.04500 

2.5000 

.004500 

.2500 

TABLE  15.  Effective  Laminate  Stiffness  Based  on  Eqn  (5.20) 
and  Ply  Orientation  Angles. 


Similar  to  the  isotropic  case,  the  finite  element 
transverse  displacement  results  for  x=0,  15,  and  22.5  in. 
were  normalized  by  the  classical  solution  result  taken  from 
Kraus  (0)  and  are  designated  by  w.  Kraus'  solution  is 
strictly  based  on  a  pressure  vessel  with  orthotropic 
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material  properties,  i.e.,  where  the  material  axes  are 
alligned  with  the  cylindrical  axes.  As  will  be  seen, 
however,  the  nonunidirectional  pressure  vessel  laminates, 
using  the  effective  laminate  stiffnesses  of  Table  15,  are 
also  governed  by  this  solution  for  the  thin  shell  case. 
Additionally,  the  behavior  of  the  quasi-isotropic  pressure 
vessel  is  influenced  by  the  bending-twisting  coupling  terms 


due  to  nonzero  D,„  and  D__. 

1 0  AU 


However,  Kraus’  solution  can 


not  predict  this  coupling  since  it  is  based  on 

unidirectional  configurations,  i.e.,  where  D,_  and  Dn_  equal 

16  20 

zero.  The  assumption  of  symmetry  in  the  present  case  will 

eliminate  the  D , „  and  D__  influence  in  the  finite  element 
Id  20 

results  and  this  coupling  is  therefore  not  included  in 
either  solution. 

As  Figure  5.23-5.27  show,  the  same  trends  are  evident 
in  the  composite  cases  as  was  seen  in  the  isotropic.  The 
greatest  w  for  small  S=L/h  occurs  at  the  point  nearest  the 
rigid  end  plates.  The  smallest  w  occurs  at  the  center  of 
the  vessel  where  the  smallest  amount  of  bending  occurs.  The 
laminates  where  the  stiffness  in  the  longitudinal  direction 
(E^)  is  relatively  small  (see  Table  15)  experienced  the  most 
pronounced  effects  of  a  countershear  point.  Indeed,  for  the 
mo s t  flexible,  [00]  of  Figure  5.27,  all  points  between  x=0 


and  15  gave 


Her  transverse  displacement  than  the 


classical  result  for  S£15.  For  the  point  nearest  the  end 
plate,  the  greatest  w  occurs  in  the  laminate  with  the 


«¥V< rfvyvyv  *%, tf’sL1 **•  <V  ‘V-V  '  *•  t  *■  * 


highest  longitudinal  stiffness,  see  Figure  5.28. 


For  a 


given  value  of  S,  the  greater  E^  for  a  laminate,  the  greater 
t*.  This  means  that  for  E  >E  ,  there  is  more  transverse 

X  8 

shear  deformation.  A  comparison  between  the  isotropic  and 
quasi-isotropic  vessels  for  x=22.5  in.  is  shown  in  Figure 
5.29.  Since  both  vessels  have  equal  extensional  stiffnesses 
in  the  circumf erential  and  longitudinal  directions,  we 
conclude  that  the  quasi - isotropic  is  influenced  to  a  greater 
degree  by  the  transverse  shear  deformation  due  to  its 
material  orthotropy,  i.e.,  E^E^. 

For  values  of  longitudinal  coordinate,  x,  near  the 
center  of  the  vessel,  is  small  and  in  these  regions,  a 
plane  stress  situation  exists  for  the  s~C  planes.  As  given 
by  Timoshenko  (139)  for  the  isotropic  case,  the  transverse 
normal  stress,  ,  is  approximately  20X  of  the  hoop  stress 
for  S  =  L/h=10.  For  S  =  20,  is  only  10X  of  t>2 .  The  point 
is,  for  the  thicker  pressure  vessel,  o-^  can  be  significant. 
Indeed,  near  the  clamped  edge  where  is  large,  we  truly 
have  a  3-D  state  of  stress.  Timoshenko’s  solution  can  also 
be  used  to  examine  the  validity  of  assuming  a  constant  w 
through  the  thickness.  For  S  =  20 ,  the  difference  between  the 
transverse  displacement  taken  at  the  inner  and  outer  surface 
is  only  3X ,  at  S= 1 0 ,  it  is  7X.  For  the  present  example, 
then,  the  assumption  of  w*w(C>  is  very  good  even  for  the 
very  thick  shell. 
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FIGURE  9.22.  Isotropic  Pressure  Vassal  normalized 

Transverse  Displacement. 
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Based  on  the  foregoing  discussions  of  flat  plate  and 
cylindrical  shell  analyses,  the  following  conclusions  are 
drawn.  The  linear  algorithms  are  valid;  published  results 
have  been  duplicated.  The  28  dof  element  should  only  be 
used  for  flat  plate  cases.  Neither  the  28  or  36  dof  element 
shows  any  evidence  of  shear  locking.  The  simple  support 
boundary  condition  of  zero  normal  moment  cannot  be 
explicitly  satisfied.  Stresses  are  generally  represented 
well  within  the  continuum.  Refinements  near  the  boundaries 
are  required  for  accurate  stress  calculation  there. 
Transverse  shear  deformation  gives  a  more  flexible  structure 
for  a  pinched  cylinder  and  cylindrical  pressure  vessel,  as 
in  the  flat  plate,  when  bending  is  significant.  Pressure 
vessel  laminates  are  generally  influenced  to  a  greater 
degree  by  transverse  shear  than  is  the  isotropic  vessel. 


Linear  Bi furcation  Analysis 

As  Mentioned  in  the  previous  chapter,  the  primary 
purpose  of  the  linear  bifurcation  study  is  that  it 
represents  a  simple,  inexpensive  validation  test  of  the 
nonlinear  Matrix,  .  Bifurcation,  as  given  by  Eqn  (4.40), 
then  can  be  thought  of  as  validation  of  only  a  subset  of  the 
nonlinear  terms  and  therefore,  an  intermediate  step  between 
the  linear,  Eqn  (4.35)  and  nonlinear  analyses,  Eqn  (4.33). 
All  of  the  linear  bifurcation  analyses  performed  in  the 
present  research  use  the  fully  linearized  method. 
Comparisons  are  usually  made  with  published  results  derived 
from  the  classical  buckling  approach.  The  distinction 
between  the  two  bifurcation  approaches  can  be  found  by 
examining  Eqn  (4.40)  where  in  the  present,  we  use  the 

classical  buckling  approach  uses  K .  ,  the  initial  stress 
matrix.  As  discussed  in  Bef  (130),  critical  loads 
calculated  by  both  methods  can  be  signi f icantly  different. 
Furthermore,  although  the  fully  linearized  is  mathematically 
more  complete  in  that  more  of  the  nonlinear  terms  are 
retained,  it  does  not  necessarily  give  the  more  accurate 
answers  (130). 

Results  are  presented  in  the  following  considering  the 


von  Karman 

plate  and 

Donnell 

shallow 

shell  strain 

displacement 

relations 

as  well 

as  new 

contributions 

resulting  from  the  elemental  formulation  that  allows  large 
displacements  and  rotations.  Typically,  published  results 


are  based  on  the  former  equations  which  are  valid  only  for 


the  so  called  intermediate  nonlinearity  (12).  Intermediate 
nonlinearity  restricts  the  magnitude  of  rotation  that 
differential  elements  can  undergo.  When  von  Karman 
assumptions  are  discussed  in  this  dissertation,  it  is  the 
intermediate  nonlinearity  aspect  of  those  assumptions  that 
is  being  referred  to.  Therefore,  for  flat  plate  results 
generated  by  the  present  theory,  the  theoretical  differences 
between  the  von  Karman  and  the  large  rotation/displacement 
equations  are  only  in  the  degree  of  nonlinearity  assumed 
since  both  still  include  parabolic  transverse  shear,  for 
example.  Some  of  the  published  results  for  flat  plate 
buckling  used  for  comparisons  are  based  on  3-D  elasticity 
(49,116).  These  3-D  solutions,  however,  only  assume 
intermediate  nonlinearity,  i.e.,  the  von  Karman  plate 
equations.  That  is,  although  3-D  flexibility  is  included, 
as  evidenced  by  nonzero  e  for  example,  only  the  midsurface 
strains  c 2>  and  are  characterized  by  nonlinear 
displacement  terms,  and  f ur thermore ,  the  nonlinear  terms  are 
functions  only  of  the  transverse  displacement,  w. 

The  following  analysis  provokes  questions  pertaining  to 
the  differences  between  the  two  theoretical  buckling 
approaches  of  classical  and  fully  linearized.  This  area  of 
research,  outside  the  scope  of  the  present  work,  has 
apparently  received  little  attention  as  evidenced  by  the 
lone  reference  that  addresses  it  (130).  Since  we  are 


w  n  rv’ 


* 
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* 
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primarily  interested  in  providing  a  partial  check  of  some  of 
the  nonlinear  terms  before  proceeding  to  the  general 
nonlinear  algorithm  of  Eqn  (4.33),  only  a  few  flat  plate 
examples  are  examined  followed  by  a  single  cylindrical  shell 
case.  For  one  flat  plate  case,  significant  differences 
between  the  present  and  published  classical  results  occur. 
Several  possible  explanations  are  proposed. 

In  the  discussion  of  each  specific  example  to  follow, 
the  finite  element  based  upon  the  large  displacement  and 
rotation  assumptions  is  sometimes  referred  to  as  the  full 
nonlinear  element.  However,  to  avoid  confusion  with  the 
similar  sounding  fully  linearized  buckling  approach,  the 
former  is  abbreviated  to  FML.  Thus,  results  based  on  the 
original  assumptions  of  Chapter  III  are  referred  to  as 
either  the  large  rotation/displacement  or  the  FML  results. 

The  algorithm  can  be  first  tested  versus  the  very 
simple  Euler  column  as  shown  in  Figure  5.30.  For  boundary 
conditions  clamped  at  the  root  and  free  at  the  load 
application  end,  the  classical  buckling  solution  for  the 
nondimensional ized  buckling  parameter,  X  ,  is  given  by  Eqn 
(5.21).  Finite  element  results  were  generated  based  on  a 


10x1  mesh  of 

28  dof  elements 

for  several 

values 

of 

the 

thickness,  h. 

The  thickness 

was  varied 

because 

it 

was 

unknown  how  2 

-D  plate  elements 

would  respond 

when 

used 

to 

model  a  beam, 

especially  for  the  cases  where 

the 

magnitude 

of  the  thickness  approached  the 

i  width,  b. 

For 

the 

case 
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where  h=b,  the  plate  elements  are  certainly  no  longer  thin. 
However,  we  can  duplicate  1 -D  beam  theory  to  some  degree  by 
setting  Poisson’s  ratio  to  zero  and  thus  reducing  the 
influence  of  the  2-D  nature  of  the  plate  elements.  Table  10 
gives  the  nondimensional ized  critical  loads,  X,  for  various 
values  of  S=L/h.  Results  are  calculated  for  both  the  von 


Karman  (X^)  and  large  displacement/rotation  <XFML>  8train 


displacement  assumptions. 


E=10.e6  psi 

w=0. 

L= 10 .  in. 
b=l.  in. 


FIGURE  5.30.  Clamped-Free  Euler  Column. 
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S  =  L/h 

XVK 

XFML 

400 

.2505 

.2505 

200 

.2506 

.2506 

100 

.2506 

.2506 

50 

.2504 

.2504 

20 

.2501 

.2498 

10 

.2401 

.2476 
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Critical 
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and  Large  Displacement/Rotation,  (X^^)  Elements. 
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With  the  exception  o f  S=10,  the  X  and  X  compare 

V  l\  F  ML 

very  well  with  each  other  and  with  the  classical  result  of 
Eqn  (5.21).  As  shown  in  Table  16  for  the  thicker  beam, 

S=10,  the  finite  element  results  are  slightly  more  flexible 
primarily  due  to  the  transverse  shear  deformation.  The 
eigenvector  is  given  for  points  along  the  x  axis  normalized 
by  the  tip  displacement  in  Table  17  and  compares  exactly  to 
3  digits  with  the  classical  sinusoidal  shape  of  Eqn  (5.22) 
if  a  w  dof  is  chosen  as  the  prescribed  dof  such  that  the 
system  of  equations,  Eqn  (4.30),  becomes  determinant. 
However,  if  a  u  or  v  dof  is  prescribed,  the  calculated 

eigenvector  is  totally  different  and  only  gives  nonzero 
components  in  either  the  x  or  8  direction  respectively.  The 
shape  of  the  eigenvector  when  v  at  the  beam  tip  is 
prescribed  equal  to  one  is  also  shown  in  Table  17.  For  this 
case,  all  w  components  are  zero  and  the  shape  of  the 

eigenvector  does  not  resemble  the  classical  shape. 

Calculating  the  eigenvector  proved  troublesome  throughout 
this  analysis.  This  stems  from  the  choice  of  the  prescribed 
dof  that  must  be  made  such  that  Eqn  (4.39)  can  be  solved. 
Except  for  one  flat  plate  geometry  to  be  examined  later,  if 
a  dof  in  the  'correct*  classical  direction  is  prescribed, 
usually  a  w  dof,  then  the  'correct'  classical  eigenvector  is 
represented  very  accurately.  On  the  other  hand,  if  a  dof  is 
chosen  that  is  not  a  component  of  the  classical  shape,  then 
a  totally  different  shape  is  attained.  This  anomaly  makes 


the  eigenvector  an  unreliable  source  of  information  if  it  is 


used  to  compare  solutions  based  upon  the  classical  versus 
fully  linearized  approaches. 


w(x) 

"tip 


(1  -  cos 


nx 

2L 


(5.22) 


x  ( in  . ) 

w(x) /w.  . 

tip 

v (x) /v.  , 
tip 

0 

0.000 

0.000 

1 

.0122 

.053 

2 

.0489 

.  16 

3 

.  109 

.26 

4 

.  191 

.37 

5 

.293 

.47 

6 

.412 

.58 

7 

.546 

.68 

e 

.691 

.79 

9 

.844 

.90 

10 

1.000 

1.00 

TABLE  17.  Clamped-Free  Euler  Column  Eigenvectors  for 

Either  w.  .  Prescribed  or  v.  .  Prescribed, 
tip  tip 

We  next  consider  an  axially  compressed  simply  supported 
square  isotropic  flat  plate  as  shown  in  Figure  5.31,  where  P 
is  an  axial  pressure  quantity  and  as8in.  The  boundary 
conditions  are  shown  in  Eqn  (5.23).  As  can  be  seen,  the 
symmetry  conditions  now  include  constraints  on  the  inplane 
displacements,  u  and  v.  The  classical  buckling  approaches 
do  not  have  u  and  v  dof ,  and  hence,  also  do  not  require 
boundary  conditions  on  them.  However,  to  insure  symmetry  in 
the  solutions  for  the  present  case  where  u  and  v  are  dof, 
symaaetry  conditions  are  included  on  them  as  well  as  on  the 
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. . 


transverse  dof .  The  isotropic  material  properties  and  the 
thickness  used  in  the  thin  plate  convergence  study  are  shown 
in  Eqn  (5.24) . 


P 


FIGURE  5.31.  Flat  Square  Plate  Under  Axial  Compression. 
Upper  Quadrant  2x2  Discretization. 

•x=a/2: 

x=0:  symmetry,  u=w,1=v/1  =  0 

•s  =  a/2:  w=v/j  =  0 
8=0 :  v=w,  2=V'2=0 

E= 10 . e6  psi 

v=  .  3 

h=.08  in 

Convergence  to  the  classical  buckling  load,  given  by 
Eqn  (5.25),  is  shown  for  the  thin  plate  case  in  Table  18. 
Critical  loads  calculated  for  three  mesh  arrangements  that 
represent  one  quarter  of  the  plate  are  shown.  Mext,  using 


(5.23) 


(5.24) 


the  8x8  mesh,  the  thickness  of  the  plate  is  varied  and 


y  kt  ■vi.'v  \  -w  ~  r* 


results  are  generated  for  both  the  von  Karman  (X^)  and  the 
large  displacement/rotation  (X^,^)  elements,  see  Table  10. 
Both  can  be  compared  to  the  published  results  of  Beddy  and 
Phan  (54)  (X^)  who  use  a  Havier  series  classical  buckling 
solution  to  the  parabolic  transverse  shear  theory  and  also 
to  Stein  (116)  (X^^)  whose  results  are  based  on  a  series 
solution  to  the  3-D  elasticity  equations.  Both  published 
results  are  obtained  through  the  intermediate  von  Karman 
non  1 inear i ty . 


X 

cr 


P 

cr 


h  a 


2 


4.00 


(5.25) 


Mesh 

X 

cr 

2x2 

7.54 

4x4 

4. 18 

8x8 

4.01 

TABLE  18.  Convergence  of  Buckling  Load  for  Flat  Isotropic 
Plate,  28  dof  Elements. 


S=a/h 

xvx 

X  _ 

HP 

X3-D 

XFNL 

400 

4.159 

* 

4.00 

4. 159 

200 

4.043 

* 

4.00 

4.042 

100 

4.012 

3.9077 

4.00 

4.010 

50 

3.007 

3.9009 

* 

3.991 

20 

3.047 

3.0443 

• 

3.007 

10 

3.787 

3.7865 

3.75 

3.650 

5 

3.264 

3.2653 

3.20 

2.026 

TABLE  10.  Flat  Isotropic  Plate  Buckling  for  Various  Plate 
Thicknesses,  8x8  Mesh  of  28  dof  Elements.  *  not  calculated. 
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As  can  be  seen ,  the  X 


compare  very  well  with  the 


Reddy  and  Phan  results.  Additionally,  note  that  even  for 
the  very  thick  plate  where  the  length  of  a  side  of  the  plate 
is  only  5  times  the  thickness,  the  present  X  solution 

w  l\ 

compares  very  well  with  the  3-D  result.  The  FVL  solution 
compares  very  closely  with  the  von  Karman  results  except  for 
in  the  thicker  plates  where  X^,^  reflects  a  gradually  more 
flexible  structure.  For  S  =  5,  X^.^  is  10X  less  than  X^ . 
Indeed,  these  results  are  more  flexible  than  the  3-D 
elasticity  results  thus  indicating  that  the  addition  of  the 
inplane  nonlinear  displacement  terms  used  in  defining  the 
strains  for  the  FVL  element  have  a  greater  influence  at 


these  thicknesses  than  does  the  inclusion  of  3-D 


f lexibi 1 ity . 

A  final  comment  can  be  made  in  regard  to  the  very  thin 

plates,  i.e.,  where  S^200.  In  these  cases,  the  buckling 

load  as  calculated  by  the  present  formulation  (X  and  X  ) 

Vlv  r  NLi 

is  indicative  of  a  stiffer  plate  compared  to  the  classical 
buckling  result  which  asymptotically  approaches  4.00.  For 
plates  that  are  very  thin  such  as  these,  we  would  expect 
increased  membrane  influence  over  bending.  In  classical 
flat  plate  buckling,  the  inplane  displacements  are  not 
considered  in  the  solution  as  they  are  in  the  fully 
linearized  approach.  Therefore,  the  increased  stiffness  due 
to  the  more  significant  membrane  behavior  in  the  very  thin 
plates  is  a  reasonable  result,  whereas  in  the  classical 


approach,  inextensibility  is  assumed. 

Solutions  are  next  presented  for  simply  supported 

laminated  flat  plates.  The  material  properties  for  these 

plates  are  given  in  Eqn  (5.26).  The  published  results  of 

Phan  and  Beddy  (58)  are  used  for  comparison.  They  solve  for 

buckling  loads,  again,  based  on  a  classical  buckling 

approach  including  parabolic  transverse  shear  distribution 

except  for  this  example,  solve  via  a  displacement  finite 

element  model.  For  the  first  case,  a  [0/145/90)  laminate, 

8 

the  two  sets  of  boundary  conditions  shown  in  Eqn  (5.27)  were 
tested  based  on  discretization  of  one  quarter  of  the  plate 
geometry.  The  two  sets  of  boundary  conditions  are  identical 
except  in  the  second,  the  normal  inplane  displacement  along 
s=±a/2  is  additionally  restrained,  see  Figure  5.31.  As  a 
result  of  the  boundary  conditions  used  for  the  simply 
supported  isotropic  plate  and  the  subsequent  close 
correlation  of  those  results  with  established  results  based 
upon  classical  buckling,  those  same  boundary  conditions  were 
used  to  represent  the  simple  supports  for  this  case  too. 
The  additional  boundary  condition  set  places  a  constraint  on 
the  normal  displacement  v  along  s=±a/2  and  therefore,  will 
cause  a  compressive  stress  field  throughout  the  plate  in  the 
s  direction  since  free  movement  has  been  restrained  at  the 
boundary.  The  classical  buckling  approach  assumes  a 
constant  compressive  load  in  only  the  x  direction  for  this 
case,  and  generally  do  not  consider  nonuniform  prebuckled 
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Mesh 

VK 

XPR 

XyK  (v=0,  s=a/2) 

2x2 

48. 17 

4x4 

43 . 16 

42.819 

32.72 

8x8 

42.72 

TABLE  20.  Buckling  Parameter  for  [0/±45/90]  laminate,  28 

8 

dof  Elements,  X  =  Pa^/E^h^. 


The  effect  of  transverse  shear  deformation  is  examined 
next  by  allowing  the  plate  thickness  to  vary.  Using  the 
first  set  of  boundary  conditions  of  Eqn  (5.27)  and  the  8x8 
regular  mesh,  the  buckling  loads  can  be  determined  based 
upon  both  the  von  Karman  (X^)  and  the  large 
displacement/rotation  (X^.^)  elements.  These  results  are 
compared  to  those  determined  by  Phan  and  Beddy  in  Table  21. 
The  von  Karman  buckling  loads  match  very  well  with  the 
published  results.  The  results  based  on  the  F1TL  element 
also  compare  very  closely,  where  in  the  thicker  plates  a 
gradually  more  flexible  result  is  given. 


S=a/fa 

VK 

XF1TL 

XM 

PB 

100 

42.72 

42.68 

42.819 

50 

42.05 

41.94 

41.877 

20 

37.17 

36.68 

37.115 

10 

26.82 

26.05 

26.799 

4 

9.308 

8.923 

9.3323 

TABLE  21.  Buckling  Parameters  for  [0/±45/90]  Laminate  for 

B 

2  2 

Various  S=a/h,  8x8  Mesh  of  28  dof  Elements,  X  =  Pa  /E^h  . 

Excellent  comparisons  were  also  obtained  for  a 


- . aft.. 


.  V-,  ^V- 
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[0/90/00/0]  laminate  where  in  this  case,  the  degree  of 

material  orthotropy  was  varied  instead  of  the  plate 

thickness.  The  first  set  of  boundary  conditions  in  Eqn 

(5.27)  as  well  as  the  material  properties  of  Eqn  (5.26) 

still  apply,  except  now  vary  E^  keeping  S=a/h=10  constant. 

The  buckling  results,  as  shown  in  Table  22,  are  compared  to 

a  series  solution  due  to  Phan  and  Beddy  (X  ) ,  the  thin 

r  £ 

plate  solution  (X  t,™,)  ,  and  the  result  based  on  3-D 

C/Lix  1 

elasticity  (X^ _^)  -  The  latter  is  due  to  Moor  (49)  and  based 
on  a  von  Karman  classical  buckling  approach. 


E  /E 
12 

XVK 

XFHL 

XPR 

^3-D 

XCLPT 

3 

5.404 

5. 153 

5.1 143 

5.2944 

5.7538 

10 

9.935 

9.522 

9.7740 

9.7621 

11.492 

20 

15.271 

14.737 

15.298 

15.019 

19.712 

30 

19.628 

19.037 

19.957 

19.304 

27.936 

40 

23.278 

22.662 

23.340 

22.881 

36.160 

TABLE  22.  Buckling  Parameters  for  [0/90/90/0]  Laminate  for 

2  2 

Various  E^/E^,  8x6  Mesh  of  28  dof  Elements,  X  =  Pa  / E ,, h  . 

The  first  comment  can  be  made  comparing  either  of  the 


present  results,  X^ 

°r  XFML’  Wlth 

either  XpH 

or  Vd- 

For 

all  Ej/Eg  ratios,  the 

comparisons 

are  very 

good . 

Mext, 

comparing  the  results 

from  any  of 

the  values 

of  the 

f  irst 

four  columns,  i.e.,  those  buckling  loads  resulting  from 
theories  that  include  transverse  effects,  with  the  results 
from  the  classical  laminated  plate  theory  ^CLPT^ '  we  see 


that  for  increasing  E^/E  ,  the  buckling  parameters  diverge. 
Therefore,  for  laminates  constructed  of  highly  orthotropic 


materials,  i.e.,  high  ratios  of  E^/E^,  the  influence  of 

transverse  shear  deformation  becomes  increasingly  more 

pronounced  as  evidenced  by  the  increasingly  smaller  buckling 

loads  compared  to  the  thin  plate  solution,  ^c^pt*  ^ 

comparison  of  X^  and  X^,^  shows  that  the  latter  are,  once 

again,  indicative  of  a  slightly  store  flexible  structure. 

Comparing  X^  and  X^.^  the  3-D  elasticity  result,  X^^, 

we  see  that  the  forster  pair  enclose  the  3-D  values  for  all 

values  of  E^/E^-  This  also  occurred  in  the  isotropic  case, 

except  for  the  very  thin  plate,  see  Table  10.  Once  again, 

the  importance  of  the  inplane  nonlinear  displacesient  terms 

resulting  in  X  is  evident  for  these  cases.  As  was  also 
KNL 

seen  in  the  isotropic  flat  plate,  the  inclusion  of  the 

higher  order  displacesient  terms  that  define  the  FNL  element 
apparently  has  a  greater  influence  on  the  buckling  load  than 
just  including  3-D  flexibility  to  the  intersiediate 

nonlinearity  that  defines  a  von  Karman  plate. 

The  final  flat  plate  linear  bifurcation  tests  were 
performed  on  rectangular  isotropic  plates  assuming  the 
siaterial  properties  of  Eqn  (5.24)  and  the  boundary 
conditions  of  Eqn  (5.23).  As  will  be  seen,  the  fully 
linearized  buckling  approach  can  give  s»rkedly  different 
results  for  nonsquare  plates  than  does  the  classical 
buckling  approach.  Consider  the  flat  plates  of  Figure  5.32 
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where  a/b  =  3  and  a/b 


S=a/h 

X  „ 

VK 

XFML 

X__ 

PB 

400 

4.806 

4.804 

• 

100 

4.047 

4.032 

3.998 

50 

* 

3.800 

3.991 

10 

• 

2.064 

3.787 

5 

1.070 

0.705 

3.265 

S=a/h 

VK 

XFML 

PB 

400 

20.00 

20.08 

* 

100 

27.20 

27.107 

26.843 

50 

• 

27.050 

26.270 

10 

* 

26.612 

15.658 

5 

24.18 

22.237 

7.053 

TABLE  24.  Isotropic  Flat  Plate,  a/b=.2.  *  not  calculated. 


The  results  of  Tables  23  and  24  compare  well  with 
published  results  only  for  the  thin  plate  case,  i.e.,  S=100. 


For  the  thicker  plates,  the  is  larger  than  X_Mt 

VK  rVL 


consistent  with  previous  results.  For  the  very  thin  plates. 


i.e.,  S  =  400 ,  and  X^  are  essentially  equal,  also 


consistent  with  previous  results.  However,  very  different 
buckling  loads  are  predicted  in  the  present  approach  for 
S=a/h  values  other  than  100  compared  to  the  Phan  and  Beddy 
solutions.  When  the  plate  resembles  a  column  (a/b=3) ,  the 
present  solutions  give  a  much  store  flexible  structure  than 
does  the  PB  result.  In  contrast,  for  the  plate  with  a/b= . 2 , 
the  present  case  gives  much  stiffer  results.  Both  plates 
show  a  gradual  stiffening  for  the  very  thin  plates  cosipared 
to  the  classical  buckling  approach.  This  difference  is  due 
to  the  inclusion  of  the  u  and  v  dof  which  becoste 
Increasingly  more  important  for  the  thinner  plates.  This 
trend  was  seen  in  the  square  isotropic  plate  as  well  and  was 
explained  by  similar  reasoning. 


A  possible  explanation  for  the  large  buckling  loads 
given  by  the  fully  linearized  approach  for  a/b=.2  and  S^lOO 
is  as  f ol lows .  The  classical  approach  assumes  a  uniform 
stress  state  in  the  x  direction  throughout  the  plate  domain 
and  zero  stresses  along  the  8  direction  and  in  shear.  On 
the  other  hand,  in  the  present  approach,  the  compressive 
loading  along  x=±a/2  edges  will  develop  tensile  stresses 
along  the  s  direction  due  to  Poisson's  ratio  as  well  as 
inplane  shearing  stresses.  These  tensile  stresses  are 
greater  for  smaller  a/b  (12).  The  tension  in  the  s 
direction  results  in  a  stiff er  structure  and  therefore, 
larger  values  for  buckling.  Examination  of  these  prebuckled 
stresses  (o^  and  o^)  show  them  to  be  fairly  small  compared 
to  o'1  ,  however.  The  tensile  stress  field  is  present  for  the 
plate  where  a/b=3  but  it  is  a  relatively  much  smaller 
effect.  The  results  of  Table  23  show  that  for  S<100,  the 
fully  linearized  approach  gives  buckling  loads  for  a  much 
more  flexible  plate.  Examination  of  the  eigenvectors  for 
these  cases  shows  a  very  erratic,  undefinable  shape  where 
displacement  components  of  adjacent  nodes  exhibit  no  clear 
pattern.  However,  for  the  plates  with  S^lOO,  the  classical 
3  half  sine  waves  is  very  accurately  represented.  Based  on 
this,  the  buckled  modes  for  a/b=3  and  S<100  may  be  totally 
different  than  that  predicted  by  classical  means.  Since  u, 
v,  and  w  dof  are  always  coupled,  it  is  conceivable  that 
these  plates  are  buckling  only  inplane,  or  twisting  out  of 


plane,  or  into  some  other  shape. 

Another  possible  explanation  for  the  differences  found 
in  Tables  23  and  24  is  in  the  boundary  conditions.  As 
discussed  in  the  linear  plate  analysis,  the  zero  moment 
force  boundary  condition  cannot  be  identically  satisfied. 
The  effect  of  this  is  greater  in  plates  that  are  not  square 
since  one  pair  of  opposite  boundaries  are  closer  together. 

Unfortunately,  Bef  (130)  that  studies  the  differences 
between  the  two  buckling  approaches  and  compares  to  collapse 
analyses,  does  not  examine  the  axially  loaded  flat  plate. 
The  reason  for  this  may  be  due  to  the  fact  that  the  2-D 
plate  theories  cannot  generate  transverse  displacements  for 
axial  loads  in  a  general  nonlinear  collapse  analysis  as 
discussed  in  the  previous  chapter.  At  any  rate,  based  on 
the  excellent  square  plate  comparisons  and  the  study  done  by 
Bef  (130)  that  shows  dramatic  differences  resulting  from  the 
two  buckling  approaches,  the  author  believes  the  algorithm 
is  working  correctly.  This  opinion  is  reinforced  by  the 
following  shell  example. 

Keeping  the  original  goal  of  the  linear  bifurcation 
analysis  in  mind,  only  one  shell  bifurcation  solution  is 
presented.  This  specific  case  was  chosen  since  there  exists 
a  published  result  based  on  the  fully  linearized  buckling 
approach  in  (130).  Consider  the  isotropic  clamped 
cylindrical  shell  subjected  to  uniform  radial  pressure 
studied  previously  in  the  linear  analysis  section,  see 


Figure  5.15.  The  fully  linearized  buckling  load  calculated 
by  (130)  is  .285,  whereas  the  classical  approach  gives  a 
buckling  load  of  .361.  Interestingly,  the  nonlinear 
collapse  analysis  for  this  shell  gives  a  response  that  is 
always  stable,  as  will  be  seen  in  the  next  section. 
Therefore,  the  fully  linearized  and  classical  approaches  are 
both  wrong  for  this  case,  thus  giving  some  Indication  of  the 
value  of  bifurcation  analysis. 

The  results  for  several  mesh  refinements  are  shown  in 
Table  25  for  both  the  Donnell  and  large 
displacement/rotation  equations.  Both  the  28  dof  element 
(*L*)  and  the  36  dof  element  (*Q*)  were  tested.  The  results 
show  very  good  correlation  with  the  published  result,  and 
therefore,  validates  the  cylindrical  shell  matrix.  The 
FVL  element  gives  a  slightly  stiffer  result  compared  to  the 
Donnell  element.  Additionally,  note  that  the  4x4  mesh 
results  are  not  nearly  as  converged  as  they  were  for  the 
linear  clamped  shell,  see  Table  10. 


Mesh 

q  (Donnell) 

o 

q  (FVL) 

• 

4x4L 

.42 

.42 

4x4Q 

.39 

.39 

8x8L 

.294 

.298 

8x8Q 

.286 

.290 

TABLE  25.  Clamped  Cylindrical  Shell  Buckling,  in  psi . 


The  preceding  linear  bifurcation  analyses  based  on  the 


fully  linearized  approach,  confirm  the  Nt  formulation.  The 
square  plate  examples  correlate  very  well  with  the  published 
results  that  are  based  on  the  classical  approach.  The  many 
inplane  plate  nonlinear  terms  that  are  not  included  in  a  von 
*  Karman  approach  give  bifurcation  loads  indicative  of  a  more 

flexible  structure  even  compared  to  3-D  formulations. 
Vastly  different  buckling  loads  are  calculated  for  thick 
0  nonsquare  plates  in  axial  compression.  Several  explanations 

were  proposed;  primarily,  the  different  buckling  approaches 
is  thought  to  be  the  reason  for  the  disparity.  The  single 

cylindrical  shell  buckling  case  predicts  the  fully 

linearized  load  very  accurately. 

> 


218 


The  nonlinear  analysis  algorithm  of  Eqn  (4.33)  includes 
all  of  the  features  developed  for  this  research  effort. 
Both  flat  plate  and  cylindrical  shell  solutions  can  be 
generated  based  on  the  large  displacement/rotation 
assumptions  or  on  the  simpler  von  Karman  plate  and  Donnell 
shell  assumptions.  Additionally,  equilibrium  paths  can  be 
traced  beyond  critical  points  by  incrementing  components  of 
displacement  instead  of  load. 

In  the  following,  many  problems  are  examined.  The 
initial  cases  are  for  validation  purposes  and  are  typical 
test  problems.  For  these  problems,  the  von  Karman  plate  or 
Donnell  shell  equations  are  invoked,  at  least  at  first, 
since  the  published  solutions  are  usually  based  upon  the 
same  assumptions.  Often,  the  element  that  can  undergo  large 
displacements  and  rotations  will  be  applied  to  these  cases 
as  well,  and  near  identical  results  are  attained,  thus 
reinforcing  the  validity  and  range  of  the  simplified 
equations.  The  differences  between  the  large 
displacement/rotation  and  Donnell  equations  become  evident 
in  deeper  cylindrical  panels  and  arches.  For  these  cases, 
the  displacements  and  rotations  of  differential  elements 
begin  to  violate  the  intermediate  nonlinearity  assumptions 
of  the  Donnell  shell  equations.  Unless  otherwise  stated, 
the  finite  element  results  presented  are  based  upon  the  von 
Karman  plate  or  the  Donnell  cylindrical  shell  solution 
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The  final  problem  examined  is  the  axially  compressed 
laminated  cylindrical  panel  that  has  a  large  centered  square 
cutout.  The  present  solutions  give  a  much  more  accurate 
nonlinear  equilibrium  path  representation  versus 
experimental  data  than  previous  finite  element  solutions. 

We  first  examine  isotropic  flat  plates  subjected  to 
uniform  transverse  pressure  loading,  q^.  Classical  thin 
plate  solutions  were  obtained  by  Levy  (140)  based  on  a 
Fourier  series  solution  to  von  Karman  plate  equations. 
Consider  the  plate  geometry  of  Figure  5.33  where  a=b=8  in. 
and  h= . 08  in.  The  material  properties  are  given  in  Eqn 
(5.28)  and  two  sets  of  simple  support  boundary  conditions  in 
Eqns  (5.20a)  and  (5.20b).  Levy,  in  his  closed  form 
solution,  applied  inplane  edge  normal  pressure  distributions 
such  that  the  inplane  displacements  normal  to  the  edges 
remain  zero  throughout  the  transverse  pressure  loading 
history.  Therefore,  the  boundary  conditions  of  Eqn  (5.20) 
constrain  the  normal  inplane  displacements  along  the  plate 
edges.  Since  Levy  does  not  discuss  the  inplane  tangential 
edge  displacements,  both  free  conditions  in  Eqn  (5.20a)  and 
fixed  conditions  in  Eqn  (5.20b)  are  tested  here.  However, 
since  he  does  not  apply  equivalent  tangential  inplane  shear 
forces  along  the  edges,  the  first  case  is  probably  better 
suited. 

Transverse  pressure  and  center  displacement  are 
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nondimensional ized  as  in  Eqn  (5.30).  The  linear  results, 
i.e.,  based  upon  Eqn  (4.35),  are  shown  in  Table  26,  where 
both  sets  of  the  boundary  conditions  of  Eqn  (5.29)  give 
identical  solutions  since  the  inplane  and  transverse  dof  are 
uncoupled.  Since  the  4x4  mesh  is  not  quite  converged,  the 
8x8  meshes  were  used  in  the  nonlinear  solution.  Ten 
increments  of  nondimensionalized  load,  q=20,  resulted  in  the 
center  plate  displacements  shown  in  Table  27. 


FIGURE  5.33. 
Symmetry . 


Flat  Plate,  One  Quadrant  Discretized  Due  To 


•x=a/2 : 


•s=a/2 : 


E  =  10. e6  psi 
v  =  .316 


u=w=^2=0 

symmetry,  u=w,2=v'2=0 
v=w=v/1  =  0 

symmetry,  v=w,  =y/  =0 


(5.28) 


(5.29a) 


are  plotted  in  Figure  5.34  versus  the  Levy  results  and  the 
correlation  is  excellent.  The  plot  shows  that  for  this 
case,  the  linear  theory  compares  well  with  the  nonlinear 
theory  only  for  center  transverse  displacements  up  to 
approximately  one  third  the  thickness.  For  larger 
displacements,  the  nonlinear  results  are  indicative  of  a 
stiffer  structure  where  we  begin  to  see  the  effects  of  the 
plate’s  membrane  resistance  that  is  not  included  in  a  linear 
analysis . 

Stresses  are  also  calculated  for  q=100  and  200.  The 
nondimensional ization  of  stress  is  given  in  Eqn  (5.31). 
Levy  separately  calculated  the  membrane  and  bending 
components  of  stress  for  two  locations  of  the  plate. 
Consequently,  in  the  present  case,  the  membrane  quantities 
were  taken  to  be  che  stress  at  the  midplane,  C=0.  This 
amount  was  then  subtracted  from  the  stresses  given  at  the 
outer  most  fibers  to  get  the  maximum  bending  stresses. 
Tables  28  and  29  show  the  stresses  calculated  for  both 
boundary  conditions  of  Eqn  (5.29)  along  with  those  reported 
by  Levy.  Table  28  shows  that  the  bending  stresses  compare 


well  with  the  Levy 

resul ts 

f  or 

both 

sets 

of 

boundary 

conditions.  However, 

as  seen 

in 

Table 

29. 

the 

membrane 

stresses  compare  only  for  the  first  boundary  condition  set 
where  the  tangential  component  of  inplane  displacement  is 
free.  It  is  concluded,  therefore,  that  the  first  set  of 
boundary  conditions,  i.e.,  that  given  by  Eqn  (5.29a),  is  the 


correct  set,  as  was  originally  believed. 


Results  for  a  similar  square  isotropic  clamped  flat 


plate  are  also  compared  to  a  Levy  series  solution.  The 
boundary  conditions  for  this  case  are  as  shown  in  Eqn  (5.32) 
where  the  tangential  degrees  of  freedom  are  all 
unconstrained  as  stated  by  Levy  (141).  The  identical 
symmetry  conditions  of  Eqn  (5.29)  apply  here  also.  Eight 
load  increments  of  q  =  50  give  the  nondimensional ized  center 
plate  displacement,  w,  shown  in  Table  30  and  plotted  versus 
Levy  in  Figure  5.35.  The  transverse  displacement  profile 
along  x  for  q=400  normalized  by  the  center  value  is  shown  in 
Figure  5.36  with  the  Levy  results.  Once  again,  transverse 
displacement  results  compare  very  well  with  the  Levy 
solution . 


•x-a/2 :  u=w=w,  1=v/1=0 

•s=a/2:  v*w=w,2=y/2  =  0 


(5.32) 


q 

w 

w  (Linear) 

50 

.5731 

100 

.9228 

150 

1 .  162 

2.019 

200 

1.346 

250 

1.497 

300 

1.626 

350 

1.739 

400 

1.841 

TABLE  30.  Clamped  Isotropic  Plate,  8x8  Mesh  of  28  dof 
Elements . 


•  Present 


FIOUBE  5.36.  Transverse  Displacement  Profile  Along 
Formalized  by  w(0,0),  (s=0) . 


Membrane  and  bending  stresses  are  calculated  for  both 


the  center  of  the  clamped  plate,  (x,s)=(OlO),  and  at  the 
middle  edge,  (x ,s) = (a/2 ,0)  or  (0,a/2).  These  are  compared 
to  the  Levy  results  in  Tables  31  and  32.  The  stress  results 
at  the  center  of  the  plate  compare  reasonably  we 1 1  to  the 
Levy  values.  However,  near  the  plate  boundary,  the 
comparison  is  less  accurate.  This  disagreement  is  probably 
due  to  the  coarseness  of  the  mesh.  Hear  the  boundary,  the 
mesh  is  effectively  coarser  than  in  the  plate  center  since 
the  clamped  conditions  constrain  so  many  degrees  of  freedom. 

Generally,  the  results  from  the  isotropic  flat  plates 
are  in  excellent  agreement  with  the  Levy  results.  Once  this 
was  confirmed,  the  simply  supported  plate  was  reanalyzed 
using  the  large  displacement/rotation  element  and 
essentially  identical  results  were  attained  versus  the  von 
Karman  element.  This  is  an  expected  result  since  the  center 
displacement,  for  example,  is  less  than  twice  the  thickness 


ts  maximum. 

see  Figure  5.34. 

Membrane 

Bending 

q 

al'a2 

Levy 

°\'°2 

Levy 

100 

2.710 

2.5 

8.460 

9.0 

200 

5.743 

6.0 

11.21 

11.5 

300 

B.371 

8.0 

12.70 

14.0 

400 

10.73 

10.0 

13.72 

15.0 

TABLE  31.  Stress  Calculated  at  Plate  Center,  (x,s)=(0,0). 
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Membrane 


Bending 


q 

°\ *°2 

Levy 

Levy 

100 

1.533 

2.0 

18.21 

24.0 

200 

3. 171 

5.0 

29.23 

40.5 

300 

4.490 

8.0 

37.65 

53.0 

400 

5.587 

9.5 

44.67 

66.0 

TABLE  32.  Stress  Calculated  at  Middle  Edge  of  Plate, 
(x , s) = (a/2 , 0)  or  (0,a/2). 

An  additional  isotropic  flat  plate  case  can  be  examined 
in  an  effort  to  confirm  the  displacement  control  nonlinear 
equation  solution  procedure.  The  algorithm  for  the 
displacement  incrementation  scheme  is  a  simplified  version 
of  those  described  in  the  literature  (101-103)  where 
components  of  displacement  are  prescribed  and  the 
equilibrium  forces  at  these  dof  become  the  unknowns .  The 
algorithm  is  tested  on  a  clamped  plate  subjected  to  a  center 
point  load.  The  problem  is  solved  in  two  ways.  First,  the 
point  load  is  stepped  and  the  displacements  are  calculated 
in  the  traditional  Vewton-Raphson  approach;  then,  the  center 
transverse  displacement  is  stepped  and  the  center  point  load 
and  the  other  displacements  are  calculated. 

Assume  the  plate  geometry  of  Figure  5.33  with  a=b= 16 
in.  and  h= . 08  in.  Fully  clamped  boundary  conditions  are 
assumed,  i.e.,  all  seven  nodal  dof  are  fixed  along  the 
boundaries.  The  material  properties  are  given  in  Eqn 
(5.33),  and  nondimensional ized  center  plate  transverse 
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displacement  and  load  are  defined  in  Eqn  (5.34)  ,  where  D  is 
the  plate  flexural  rigidity. 


E  =  10. e6  psi 
v  =  .3 


(5.33) 


The  displacements  are  calculated  based  on  load 
increments  of  p=400,  see  Table  33.  Due  to  symmetry,  only 
1/4  of  the  point  load  shown  is  applied  to  the  plate  model. 
The  point  loads  are  calculated  in  the  second  solution  based 
on  displacement  increments  of  w= . 5 ,  also  shown  in  Table  33. 
Both  sets  of  results  are  plotted  in  Figure  5.37  along  with 
the  results  taken  from  Adotte  (142).  Adotte  solves  this 
problem  via  a  finite  difference  scheme  using  von  Karman  and 
Kirchhoff  plate  assumptions. 

From  Figure  5.37,  we  see  that  the  displacement  and  load 
incrementation  schemes  give  the  same  equilibrium  path,  as 
would  be  expected.  Also,  the  present  results  compare  very 
well  with  Adotte’s  solution. 


Solutions  to  two  transversely  loaded  laminated  flat 
plates  are  next  presented  and  compared  to  results  obtained 
by  Cbia  (143)  and  Putcha  and  Beddy  (95).  The  first 
considers  a  clamped,  see  Eqn  (5.35),  unidirectional  laminate 
with  material  properties  as  in  Eqn  (5.36).  Thin  plates  with 
aspect  ratios,  1.0  (a=b=8in.)  and  .75  (a=8,  b=6in.),  plate 
thickness  of  .08  in.,  are  subjected  to  uniform  transverse 
pressure  q^,  see  Figure  5.33.  The  nondimensional ized  load 
and  center  transverse  displacement,  defined  in  Eqn  (5.37), 
are  shown  in  Table  34  and  plotted  versus  the  results  of  Chia 
in  Figure  5.38.  Chia's  solution  is  derived  using  von  Karman 
thin  plate  equations  via  a  perturbation  technique.  Once 
again,  the  comparisons  are  excellent. 


•x=a/2 

•s=b/2 

•x=s=0 


u=w=w,  1=v/1=0 
v=w=w,2=^2=0 
symmetry 


(5.35) 


=  4 . 5e6  psi 


E2  =  1.5e6  psi 

G12  =  °13  =  '7Se6  pSi 
G23  =  . 3e6  psi 


(5.36) 


{1‘V12V2l}  qoa 

E2 


w(0 , 0) 
h 


(5.37) 


V.aV 
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/  *>  vV'x'1  v  vV  * 

*  a  ■  X  *  X.  *  m"  >  a  A  a  *1  a  *  a  *T  a  *  a.  V  a  a*  w  a  V 


“istf 


q 

w  (b/a= 1 . ) 

w  (b/a= 

5 

.5214 

.911 

10 

.8521 

1.332 

15 

1 .080 

1.609 

20 

1 . 255 

1.822 

25 

1.399 

« 

TABLE  34.  Unidirectional  Flat  Plate  Laminate  Results  for 
b/a=1.0  and  .75.  *  not  calculated. 

Next,  consider  a  quasi-isotropic  [0/145/90]^  square 
laminate  subjected  to  uniform  pressure,  q  .  Both  simple  and 
clamped  supports  are  assumed  at  the  boundary  and  these  are 
given  in  Eqn  (5.38).  The  material  properties  are  shown  in 
Eqn  (5.39).  For  this  plate,  let  h=1.6in.  and  a=b=16in., 
therefore  since  S=a/h=10,  significant  transverse  shear 
deformation  is  expected.  Bond i mens i ona 1 ize  the  pressure  and 
center  transverse  displacement  as  in  Eqn  (5.40).  Table  35 
shows  the  results  for  both  sets  of  boundary  conditions  and 
Figure  5.39  show  the  plotted  data  versus  the  Putcha  and 
Beddy  solutions.  The  latter  use  a  mixed  finite  element 
solution  to  solve  the  von  Xarman  plate  equations  that  also 
allow  parabolic  transverse  shear  distributions.  The  present 
and  published  approaches  for  this  case  are  very  similar  and 
the  results  agree  closely  as  expected. 


Simple 

•x=±a/2:  v=w=V'2  =  0 

•a  =  ±a/2 :  u=w=  =  0 


Clamped 

•x=±a/2 :  u=w=w,  1=v/1=0 

•s  =  ±a/2:  v=w=w, 2=^  =  0 


(5.38) 
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The  first  nonlinear  cylindrical  shell  examined  is  the 
isotropic  clamped  panel  under  transverse  pressure.  This 
case  mas  tested  both  in  the  linear  and  linear  bifurcation 
analysis,  see  Figure  5.15  and  Eqn  (5.14)  for  geometry, 
boundary  conditions,  etc.  Published  results  for  the 
nonlinear  response  are  available  from  several  sources. 
Sabir  and  Lock  (144)  use  an  assumed  strain  function  finite 
element  approach  and  show  that  the  solution  given  by  Brebbia 
and  Connor  (136)  is  not  fully  converged.  Brebbia  and  Connor 
use  a  Love/Donnell  approach  in  a  finite  element  formulation 
with  assumed  displacements  similar  to  the  present  28  dof 
element’s  u,  v,  w,  w, ^ ,  and  w,^  approximations.  Recall  that 
the  present  formulation  also  has  the  two  additional  dof,  V'j 
and  each  node  of  the  28  dof  element. 

Pressure  loads  are  incremented  in  steps  of  qo=.01  psi 
and  center  transverse  displacement  solutions  are  shown  in 


Table  36  for  several 

mesh  arrangements 

The 

Table 

shows 

that  as  the  load  is 

increased , 

the 

various 

meshes 

give 

center  displacements 

that  begin 

to 

diverge . 

That 

is , 

although  the  initial  loads  indicate  consistent  responses  for 
all  meshes,  they  begin  to  differ  increasingly  as  more  load 
is  applied,  implying  that  convergence  must  be  examined  for 
the  higher  loads.  The  8x8  28  dof  element  mesh  (8x8L)  gives 
results  very  similar  to  the  8x8  36  dof  element  mesh  (8x8Q) . 
This  is  consistent  with  the  previous  observation  that  the 
behavior  of  this  shell  is  governed  primarily  by  bending. 


For  this  reason,  the  higher  order  approximations  for  u  and  v 


in  the  36  dof  element  do  not  alter  the  solution 
significantly . 


ps  i 

4x4L 

8x8L 

4x4Q 

4x6Q 

8x8Q 

.04 

11.041 

12.016 

12.259 

12.105 

12.113 

.08 

25. 178 

25.687 

25.935 

25.708 

25.943 

.  12 

40.093 

41.882 

41.491 

41.416 

42.437 

.  16 

57.262 

62.570 

59.671 

60.367 

63.858 

.  20 

77.599 

94 . 164 

81.776 

85.122 

98.637 

.24 

102.60 

169.97 

110.31 

123.31 

198.75 

.28 

134.54 

254 . 14 

150.33 

193.38 

277.43 

.T.2 

175. 13 

303.90 

206.51 

259.95 

323.06 

.36 

220. 15 

340.23 

263.44 

304.52 

356.87 

.40 

261.19 

369.44 

307.23 

338.00 

384.31 

TABLE  36.  Clamped  Isotropic  Panel  Transverse  Displacement  w 
(in.)  Besults  for  Various  Ifeshes . 

The  results  of  the  8x8Q  mesh  are  plotted  in  Figure  5.40 
versus  results  from  Sabir  and  Lock.  Mote  that  for  this 
Figure,  the  solid  line  indicates  the  present  results  and  the 
discrete  points  represent  the  published  results.  This  is 
the  reverse  of  what  has  been  presented  in  previous 
comparisons  due  to  difficulty  in  reading  the  published 
graphs .  The  Figure  also  shows  the  linear  bifurcation 
predictions  based  on  both  the  fully  linearized  and  classical 
approaches.  The  nonlinear  response,  however,  does  not 
indicate  an  instability  as  was  mentioned  earlier  in  the 
linear  bifurcation  discussion. 
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f  f 


FIGURE  5.40.  Clamped  Cylindrical  Shell  Nonlinear  Response 
and  Bifurcation  Loads. 
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The  present  nonlinear  results  appear  to  give  a  slightly 
store  flexible  response  compared  to  Sabir  and  Lock.  This 
difference  could  easily  be  due  to  the  aforementioned 
transcribing  errors.  Another  possibility  is  that  the 
results  are  not  fully  converged.  Although  the  present 
results  are  slightly  store  flexible  than  the  published,  this 
is  the  shell  testcase  that  gave  nonstonotonic  convergence  in 
the  linear  results,  see  Table  10.  That  is,  it  is  possible 
that  a  further  stesh  refinement  will  give  stiffen  results, 
based  on  the  results  of  Table  10.  A  final  explanation  is 
based  on  the  additional  dof  in  the  present  formulation, 
i.e.,  transverse  shear  def  orstation . 

In  the  absence  of  closed  form  solutions  based  upon  the 
classical  assumptions  where  the  transverse  stresses  are 
neglected,  a  valid  nondimensional izat ion  is  required  such 
that  the  effects  of  transverse  shear  deformation  can  be 
Studied.  Alternatively,  finite  element  results  based  upon 
classical  assumptions  could  be  used  for  comparisons. 
Unfortunately,  the  present  formulation  does  not  allow 
classical  solutions,  i.e.,  the  parabolic  transverse  shear 
stress  distribution  is  always  included.  Hence,  a 
nondimensional ization  procedure  is  determined  relying  on 
similar  problems  that  have  closed  form  solutions. 

The  closed  form  series  solution  for  the  center 
transverse  displacement  of  an  isotropic  clamped  transversely 
pressure  loaded  square  flat  plate  of  length,  L,  is  of  the 


& 


form  of  Eqn  (5.41a)  and  suggests  the  nondimens ional izat ion 
of  Eqn  (5.41b).  Additionally,  the  exact  solution  for  a 
clamped  cylindrical  pressure  vessel  is  of  the  form  of  Eqn 
(5.42a)  and  suggests  the  nondimensionalization  of  Eqn 
(5.42b).  The  Batdorf  parameter,  Z,  as  defined  in  Eqn 
(5.43),  is  often  used  in  cylindrical  shell  geometric 
parametric  studies.  An  additional  parameter,  If,  also 
defined  in  Eqn  (5.43),  is  used  similarly  for  cylindrical 
panels  (14).  From  Eqns  (5 . 4 1 ) - (5 . 43) ,  a 
nondimensionalization  is  defined  as  follows.  If  we  allow 
the  thickness  of  the  shell,  h,  and  the  shell  radius,  B,  to 
vary  such  that  Rh  is  kept  constant,  and  keeping  the  shell 
length,  L,  constant,  then  the  nondimens ional izations  of  Eqn 
(5.41b)  and  Eqn  (5.42b)  are  equivalent.  In  this  way,  the 
L/h  ratio  of  the  shell  can  be  varied  and  results  can  be 
compared  using  either  nondimensionalization  and  at  the  same 
time,  the  shell  geometry  parameters  Z  and  M  remain  constant. 


'(0,0)  =  constant 


L 


E  h 


(5.41a) 


»(0,0) 


versus 


E  h 


r(x  ,  s)  =  f  (x) 


q.  * 


E  h 


(5.41b) 


(5.42a) 


w(0 ,0) 


versus 


q.  b 


E  h 


(5.42b) 
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wbere  2E0  =  arclength  =  L,  see  Figure  5.15. 

Three  shell  geometries  are  tested  with  the  thicknesses 
and  radii  given  by  the  values  in  Table  37.  The  middle  entry 
represents  the  original  geometry.  Therefore,  changes  in  B 
and  h  give  a  shell  geometry  that  has  L/h  50X  less  and 
greater  than  the  original.  Mote  that  the  ratio  B/h 
increases  as  L/h  increases.  Both  are  indicative  of  a 
thinner  shell,  that  is,  one  that  is  influenced  to  a  lesser 
degree  by  transverse  shear  deformation. 

The  finite  element  results  for  the  three  equilibrium 
paths  are  plotted  in  Figure  5.41  where  w  and  q  are  defined 
by  the  quantities  of  Eqn  (5.41b).  Also  shown  are 
nondimensional ized  Sabir  and  Lock  data.  The  loading  is  not 
shown  for  q<240  since  all  cases  give  nearly  identical 
results.  This  is  a  good  indication  that  the 
nondimensional ization  is  valid  since  the  original  shell 
geometry  compared  well  with  the  Sabir  and  Lock  data  for 
these  values  of  loading.  For  loading  q>240,  the  trend  in 
the  finite  element  results  shows  movement  toward  the 
published  results  as  L/h  is  increased.  This  indicates  that 
transverse  shear  deformation  at  least  partially  explains  the 
more  flexible  displacements  the  present  formulation 
generates  based  upon  the  original  geometry  of  Figure  5.15. 
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When  L/h  is  increased,  the  shell  response  is  stiffen,  i.e., 


there  is  less  transverse  shear  deformation.  However,  as  L/h 
and  B/h  are  further  increased,  more  and  more  membrane  action 
relative  to  bending,  is  anticipated  since  the  shell  becomes 
so  thin.  For  this  reason,  asymptotic  results  for  the 
limiting  case  where  L/h  and  B/h  approach  infinity  are  not 
expected.  Despite  this,  the  author  believes  that  the 
flexible  response  at  the  higher  loads  for  the  original 
geometry  is  due  to  transverse  shear  deformation. 


R  (in) 

h  (in) 

L/h 

B/h 

50 

.  25 

80 

200 

100 

.  125 

160 

800 

200 

.0833 

240 

1800 

TABLE  37.  Shell  Geometries  for  Clamped  Cylindrical  Shell. 


Cylindrical  Shell. 


The  second  nonlinear  shell  testcase  examined  is  the 


hinged-free  point  loaded  cylindrical  panel  shown  in  Figure 
5.42.  This  geometry  is  a  popular  validation  problem  since 
very  different  equilibrium  paths  result  simply  by  varying 
the  shell  thickness.  Once  again,  the  results  of  Sabir  and 
Lock  (144)  are  used  for  comparison.  For  one  shell 
thickness,  a  convergence  study  similar  to  that  done  in  the 
previous  shell  example  showed  little  differences  between  the 
4x6Q  and  8x8Q  meshes  and  therefore  results  based  on  the 
former  are  presented  for  all  cases.  The  boundary  conditions 
are  given  in  Eqn  (5.44)  for  one  quadrant  of  the  shell  of 
Figure  5.42.  Because  of  expected  snap  through  and  snap  back 
limit  points  in  the  load  displacement  response,  the  center 
transverse  displacement  was  incremented  instead  of  the  point 
load.  Figures  5.43-5.45  show  the  shell  nonlinear  response 
for  three  shell  thicknesses.  Superimposed  on  each  Figure 
are  the  solutions  taken  from  Sabir  and  Lock  (144). 

E  =  4 . 5e6  psi 
v  =  .3 
0  =  .1  rad 
H  =  100  in. 
h  =  1 ...  5 ,. 25  in . 

L  =  20  in. 

S/b  =  .05 


FIQUBE  5.42.  Hinged-Free  Point  Loaded  Cylindrical  Shell. 
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•x=10:  free 


•8=10:  u=v=w=v/1=0 


(5.44) 


•x,s=0:  symmetry 


In  Figure  5.43,  the  response  Is  characterized  by 


Donotoni cal ly  increasing  load  and  displacement,  i.e.,  the 


shell  does  not  collapse. 


Initially,  circumferential 


compression  gives  an  increasingly  more  flexible  response 


until  an  inflection  occurs.  At  this  point,  the  longitudinal 


tensile  stresses  dominate  and  the  response  is  increasingly 


stiffer.  In  contrast,  as  seen  in  Figures  5.44  and  5.45, 


when  the  thickness  is  decreased,  the  response  changes 


dramatically.  Figure  5.44  shows  the  existence  of  a  collapse 


point  at  A.  For  an  increase  in  load  beyond  that  at  A,  the 


shell  will  violently  snap  through  to  an  inverted  position 


where  an  increase  in  load  will  again  result  in  an  increase 


in  displacement,  as  was  discussed  in  Chapter  IV.  For  this 


case,  the  free  curved  edges  do  not  displace  until  the  load 


at  point  A  is  reached.  At  this  point,  the  free  edges  snap 


through  to  the  inverted  configuration.  If  the  thickness  of 


the  shell  is  again  halved,  the  response  of  Figure  5.45 


results.  For  this  case,  a  snap  through  point  at  A  and  a 


snap  back  point  at  B  exist. 


The  finite  element  results  for  the  present  formulation 


compare  very  well  with  those  of  Sabir  and  Lock.  The  snap 


through  points  of  Figures  5.44  and  5.45  are  traversed  easily 


I 


3S8 


using  the  displacement  control  algorithm.  The  solution 
algorithm  does  not  fail  at  the  snap  back  point  of  Figure 
5.45,  but  also  cannot  give  any  information  on  its  existence. 


Sabir  and  Lock  devised  an  algorithm  where  force  and 
displacement  control  can  be  alternated  automatically 
depending  upon  the  characteristics  of  the  equilibrium  path, 
thereby  representing  both  types  of  critical  points. 

This  problem  was  reanalyzed  using  the  36  dof  large 
displacement/rotation  elements  for  thicknesses  of  .5  and  .25 
inches.  The  results  were  slightly  more  flexible  than  what 
the  Donnell  elements  gave  and  are  not  shown.  This  is  a 
reasonable  result  since  only  moderate  rotations  are 
experienced  by  the  shell  even  after  snap  through  when  the 
shell  is  in  an  inverted  configuration.  Since  the  shell  is 
shallow,  these  rotations  are  moderate  at  most. 

The  shallowness  of  a  shell  and  its  relation  to  post 
collapse  angle  of  rotation  can  be  explained  by  referencing 
Figure  5.46.  The  shell  is  considered  shallow  if  the  ratio 
6/ b  is  small.  When  the  shell  snaps  through  to  the  inverted 
position,  i.e.,  the  stable  equilibrium  position  at  point  C 
of  Figure  4.5,  the  rotations  at  the  fixed  end  are  expected 
to  be  near  26,  see  Figure  5.46  where  the  dashed  line 
indicates  the  inverted  configuration  if  no  load  were 
applied.  This  angle  of  rotation  is  small  when  6/b  is  small. 
For  the  shell  just  analyzed,  6/b  is  only  0.05  and  26  =  11 
degrees.  The  calculated  maximum  rotations  of  points  along 


249 


r*  -V  *  I. 


e  are  about  10  degrees, 
ions,  valid  for  moderate 


30.00 


10.00 


0.20 


w  (in) 


0.40  0.60 /g  0.80  /1 .00 


-10.00  - 


-30.00  - 


-40.00 


•  Fresent 
_  Sabir  and  Lock 


FIQURE  5.45.  Point  Loaded  Cylindrical  Shell  Panel  Response 
for  h=.25  in. 


FIGURE  5.46.  Edge  View  of  Shell  Showing  Shallowness. 

We  can  next  consider  a  similar  deeper  shell  geometry 
where  the  quantities  of  Figure  5.46  are  given  in  Eqn  (5.45). 
This  geometry  was  chosen  in  an  effort  to  test  the  finite 
element  code’s  ability  to  predict  larger  rotations.  The 
deeper  shell  will  undergo  greater  edge  rotations  after  snap 
through,  i.e.,  at  Point  C  of  Figure  4.5.  For  this  case,  the 
ratio  6/b  is  over  twice  the  previous,  and  the  inverted  shape 
of  the  shell  might  have  edge  rotations  of  approximately  29  = 
28.6  degrees,  see  Figure  5.46. 


&  =  .25  rad  =  14.3  degrees 
R  =  40.  in. 
h  =  .25 
6/b  =  . 1257 


(5.45) 


Incrementing  the  displacement  at  the  center  of  the 
panel  as  before  gives  the  results  shown  in  Table  38  for  both 
Donnell  and  the  large  displacement/rotation  assumptions. 
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For  the  initial  displacement  increments,  the  results  of  the 
two  compare  closely  as  would  be  expected  since  only  small 
rotations  have  occurred.  However,  near  the  collapse  point 
and  beyond,  the  calculated  equilibrium  loads  are,  at  times, 
very  different.  As  the  center  displacement  Increases, 
maximum  rotations,  also  given  in  Table  38,  occur  near  the 
center  of  the  panel,  at  first,  then  gradually  move  outward 
towards  the  edges.  After  the  inverted  configuration  is 
attained,  the  maximum  rotations  will  occur  along  the  hinged 
edge . 


w(0 ,0) 

Donnell 

P(0,0) 

FNL 

P(0,0) 

Max  Rotation 

CFML,  v2) 

0.3  in. 

53.73 

53.66  lbs 

4.5 

deg 

0.6 

89.52 

89.01 

8.2 

0.9 

133.50 

131.94 

11.0 

1.2 

101 . 16 

94.01 

13.5 

1.5 

54.48 

45.79 

15.4 

1.8 

2.683 

-4.770 

17.2 

2. 1 

-72.95 

-74.98 

19.3 

2.4 

-57.06 

-39.59 

24.5 

2.7 

92.87 

106.65 

24.2 

TABLE  38.  Deep  Hinged-Free  Shell  Results. 

For  rotations  larger  than  approximately  11  degrees,  the 
differences  between  the  two  approaches  is  evident  in  the 
Table.  Although  the  rotations  experienced  by  some  points  of 
the  shell  are  quite  large,  the  general  response  of  the  shell 
discretized  with  Donnell  elements  is  very  similar  to  the 
model  that  allows  the  large  rotations  as  is  seen  in  Figure 


■*.w* 


5.47  where  the  load  displacement  data  of  Table  38  is 


plotted.  Mote  that  at  Point  C,  adjacent  to  the  snap  through 


Point  A  of  Figure  5.47,  w  under  the  load  is  approximately 


2.7  inches.  This  is  slightly  larger  than  2<5=2.49  inches 


(see  Figure  5.46)  as  would  be  expected.  Additionally,  note 


that  the  largest  rotation  in  Table  38  is  less  than  the 


predicted  23=28.6  degrees.  This  is  also  expected  since 


after  snap  through,  the  shell  is  predominantly  in  tension. 


In  this  way,  the  shell  is  stretched  and  its  curvature  is 


less  than  that  if  there  were  no  load.  Therefore,  because 


the  load  is  still  applied,  the  inverted  configuration  gives 


an  angle  of  rotation  that  is  smaller  than  23=28.6  degrees. 


Larger  displacements  and  rotations  can  be  examined  by 
studying  deep  circular  arches.  The  simply  supported  arch 
subjected  to  a  center  point  load  is  similar  to  the  previous 
hinged-free  cylindrical  shell  only  simpler  since  the  arch  is 
effectively  only  a  1-D  problem.  A  very  shallow  arch  is 
first  briefly  examined  to  confirm  that  the  modelling 
procedure  is  correct.  Consider  the  arch  shown  in  Figure 
5.48  where  the  geometrical  quantities  are  given  in  Eqn 

(5.46) ,  and  the  simply  supported  boundary  conditions  in  Eqn 

(5.47) .  The  width  of  the  arch,  i.e.,  the  dimension  in  the  x 
coordinate  direction,  is  assumed  to  be  1.0  and  both  of  the 
circumferential  edges,  #x= 0  and  1.0,  are  completely  free. 
As  in  the  Fuler  column  buckling  problem,  Poisson’s  ratio  is 
set  to  zero  in  an  attempt  to  better  represent  1-D  beam 
elements . 


E  =  10. e6  psi 
v  =  0.0 

1  =  area  moment  of  inertia 


P 


9  =  10  degrees 
6/b  =  .0874 


(5.46) 


•  s  =  0,  2B<9:  u=v=w=w,  1=v^1=0  (5.47) 

For  a  lx40Q  mesh  of  elements,  the  nondimensional lzed 
collapse  loads  are  given  for  both  Donnell  and  the  FVL 
elements  in  Table  39.  Also  shown  is  the  result  taken  from 
Walker  (145)  based  on  a  finite  element  analysis.  As  can  be 
seen,  the  results  compare  well  and  therefore  confidence  in 
the  model  is  attained. 


Donnell 

FVL 

Walker 

75.936 

75.378 

76.21 

2 

TABLE  39.  Shallow  Circular  Arch  Collapse  Loads,  PB  /El. 

Consider  next  a  similar,  but  much  deeper,  arch  where 
the  geometrical  quantities  are  shown  in  Eqn  (5.48).  For 
this  case,  6/b  and  0  are  over  five  times  larger  than  the 
shallow  arch  values.  The  boundary  conditions  and  loading 
will  result  in  a  symmetric  response  where  the  arch  crown 
displaces  only  radially.  Besults  based  on  both  Donnell  and 
FVL  assumptions  are  compared  to  the  inextensible  solution  of 
Huddleston  (146).  Huddleston  also  provides  closed  form 
solutions  for  an  arch  with  an  extensible  midsurface.  He 


defines  the  extensibility  of  the  arch  by  a  factor,  c 


as 


shown  in  Eqn  (5.49); 

the  inextensible  solution 

is 

represented  by  c  =  0 

since  the  bending  stiffness 

.  El. 

is 

very  small  compared 

to 

the  axial 

sti f  f ness , 

EA. 

The 

geometry  of  the  arch 

f  or 

the  present 

formulation 

gives 

an 

extensibility  factor 

of  c 

i=3. 255e-6 . 

R  = 

100.  in. 

h  = 

1.0  in. 

0  = 

53.13  deg . 

(5. 

.48) 

6/b 

=  .50 

I 

c  =  -  (5.49) 

A  (2b) 

where , 

I=area  moment  of  inertia 

A=cross  sectional  area 

Solutions  are  obtained  by  incrementing  components  of 
displacement  and  Figure  5.49  shows  the  center  load 
displacement  response  of  the  arch  compared  to  the  Huddleston 
results  for  c=0  and  .01.  Table  40  also  shows  some  of  the 
present  results  for  both  the  Donnell  and  FNL  solutions.  The 
collapse  load  for  the  Donnell  arch  is  approximately  13X 
below  the  inextensible  solution  (c=0) ,  yet  is  much  larger 
than  the  published  extensible  solution  (c=.01).  The 

extensibility  of  the  middle  surface  is  seen  to  increase  the 
deflection  of  the  arch  under  load,  as  is  expected  since  the 
arch  is  in  compression.  The  parameter,  c,  for  the  present 
case  is  very  small,  and  therefore,  the  results  tend  to 


follow  the  c=0  results  closely  until  near  the  peak  load. 
The  Donnell  response  falls  between  the  two  Huddleston  curves 
in  the  post  collapse  regions  and  gives  an  expected  response 
for  the  extensibility  factor  for  the  present  arch  geometry. 
The  FVL  collapse  load  is  approximately  20X  lower  than  the 
inextensible  solution.  Additionally,  the  post  collapse 
response  of  the  FML  model  is  different  from  the  Donnell 
model  and  the  inextensible  results  in  that  it  does  not  fall 
between  the  c=0  and  .01  curves.  This  is  attributed  to  the 
higher  order  representation  of  the  deformation  of  the 
midsurface  of  the  arch.  Recall  the  FVL  formulation  includes 
many  nonlinear  inplane  displacement  terms  in  the  strain 
definitions  that  are  not  included  in  the  Donnell  equations. 
Therefore,  one  might  expect  a  greater  effect  of 
extensibility  in  the  FVL  elements  compared  to  the  Donnell  as 
the  displacements  become  large,  i.e.,  where  the  additional 
terms  become  more  important.  The  transverse  shear  degrees 
of  freedom  will  have  a  small  effect  but  will  also  increase 
the  displacement  under  load  compared  to  the  inextensible 
(147).  Almroth  and  Brogan  (124)  saw  a  similar  effect 
compared  to  the  inextensible  solution  of  a  deep  arch.  The 
finite  element  formulation  allows  u  and  v  displacements  at 
the  midplane  and  their  results  were  consistently  more 
flexible  compared  to  the  inextensible. 


Donnell 

(lbs) 


FML 

(lbs) 


4.0 

621.24 

636.08 

8.0 

883.66 

807.50 

12.0 

1028.2 

1007.3 

16.0 

1088.3 

888.80 

20.0 

1100.5 

008.42 

24.0 

1078.4 

748.04 

28.0 

1028.5 

513.56 

32.0 

858.56 

-218.88 

TABLE  40.  Arch  Crown  Point  Loads  for  Prescribed  w. 

The  final  circular  arch  problem  is  similar  to  Figure 
5.48  only  now  the  right  support  is  fully  clamped.  These 
boundary  conditions  will  give  a  nonsymmetric  response  where 
the  crown  will  displace  radially  as  well  a a 
circumferentially.  The  displacement  of  the  crown  can  be 
represented  easily  by  global  horizontal  and  vertical 
components,  i.e.,  by  changes  in  the  coordinates  along  X  and 
T  of  Figure  5.48.  These  are  determined  from  displacements, 
w  and  v,  as  shown  in  Eqn  (5.50).  The  geometrical  quantities 
for  this  hinged-clamped  arch  are  given  in  Eqn  (5.51)  and, 
once  again,  define  a  deep  arch.  Horizontal  and  vertical 
displacements  of  the  crown  resulting  from  the  crown  point 
load  are  shown  in  Table  41.  Results  are  also  compared  to 
the  inextensible  solution  of  Dadeppo  and  Schmidt  (148)  in 
Figure  (5.50).  The  quantities  shown  in  Figure  5.50  are 

_  2 

nondimensional ized  load,  p=pR  /El  and  vertical  displacement 
of  the  crown  under  the  load,  V=AY/R. 


>  *4  .V  .V  if*  V*  W>  O 


r*  irm u-\l  •».  - 


A  y  =  B  cos(g)  -  (B-w)cos( — g— ) 
A  X  =  B  sin  (g)  -  (H-w)  sin 


(5.50) 


where  8  is  the  circumferential  coordinate  of  a  point  on  the 
undeformed  arch,  see  Figure  5.46,  and  s'=8+Bd. 


100  in. 

.25  in. 

50  degrees 
66 


(5.51) 


F1TL 

Donnell 

PB2 

AX 

AY 

PB2 

AX 

AT 

El 

B 

B 

El 

B 

B 

6.897 

.00730 

.02503 

6.698 

.00770 

.02502 

10.152 

.01577 

.05013 

9.816 

.01680 

.05015 

11.821 

.02378 

.07531 

11.58 

.02520 

.07530 

12.633 

.03059 

.  1005 

12.68 

.03230 

.  1006 

12.898 

.03599 

.  1257 

13.40 

.03792 

.  1258 

12.262 

.04249 

.  1761 

14.22 

.04664 

.2014 

8.854 

.04277 

.2512 

14.02 

.04681 

.2515 

3.968 

.03204 

.3258 

12.83 

.04080 

.3262 

TABLE  41.  Horizontal  and  Vertical  Displacements  of  Arch 
Crown . 


Besults  similar  to  the  previous  hinged-hinged  deep  arch 
are  also  exhibited  here.  The  Donnell  solution  gives  a 
collapse  load  6X  below  the  inextensible  (148)  and  the  FlIL 
solution  is  16X  less  than  the  inextensible.  For  a  load 
approximately  equal  to  the  collapse  load,  the  deformed  shape 
of  the  arch  is  shown  in  Figure  5.51  where  the  maximum 
rotation  of  any  point  is  39  degrees  and  the  maximum 
displacement  is  65  times  the  thickness.  The  FVL  formulation 


The  final  problem  of  this  research  is  to  study  the 
nonlinear  behavior  of  axially  compressed  orthotropic 
cylindrical  panels.  Specifically,  panels  with  square 
centered  cutouts  as  shown  in  Figure  5.52  are  of  interest. 
This  type  of  structure  may  be  found  on  the  fuselage  of  an 
aircraft,  for  example.  Several  investigators  (1,149-154) 
here  at  AFIT  have  constructed  and  tested  these  types  of 
panels  while  at  the  same  time,  have  attempted  to  predict 
their  response  using  the  commercial  nonlinear  finite  element 
analysis  package,  STAGS  C-l.  For  the  most  part,  their 
efforts  have  been  successful  for  homogeneous  panels,  i.e., 
those  without  cutouts,  and  those  with  small  cutouts.  For 
the  12  x  12  in.  panels,  as  in  Figure  5.52,  the  comparisons 
between  experimentally  and  analytically  determined  collapse 
loads  have  been  favorable  for  square  cutouts  as  large  as  2  x 
2  inches.  Cutouts  of  this  size  represent  less  than  3X  of 
the  total  panel  area  and  are  therefore  considered  small. 

However,  as  studied  by  Tisler  (1),  the  STAGS  C-l  code 
was  unable  to  give  an  accurate  equilibrium  path 
representation  for  quasi-isotropic  panels  with  centered 
square  4  and  5  inch  cutouts.  These  cutouts  represent  11  and 
17X  of  the  total  planform  area,  respectively,  and  are 
considered  large.  Furthermore,  the  displacement  based 
formulation  of  that  version  of  STAGS  used  by  Tisler  gave 
softer  results  compared  to  the  experimental.  This,  of 
course,  is  the  opposite  of  that  expected.  The  finite 


element  model  used  by  Tisler  is  comprised  of  flat  elements 


t 

E 


? 


that  neglect  transverse  shear  and  normal  stresses. 
Additionally,  overly  constrained  boundary  conditions  were 
applied  as  well  as  those  that  more  closely  compare  to  the 
experimental  apparatus.  For  these  reasons,  the  analysis 
model  should  be  stiffer  than  the  actual  panels.  However, 
the  experimental  response  was  found  to  be  above,  or  stiffer 
than  that  predicted  by  the  finite  element  analysis.  Not 
considered  in  the  analysis  model  of  Tisler  were  the  residual 
stresses  formed  during  panel  fabrication  and  curing  that 
were  partially  released  when  the  panels  were  cut.  As 
discussed  by  Tisler,  the  effect  of  this  on  the  equilibrium 
paths  of  the  panels  with  the  cutouts  is  unknown,  and  could 
be  a  reason  for  the  disparity  in  his  results. 


R  =  12  in. 

L  =  12  in . 

h  =  .039  or  .045  in. 
[0/±45/90 ] 

s 


FIGURE  5.52.  Panel  Geometry  Showing  Square  Cutout,  Ply 
Orientation  Angle,  $. 
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Deformed  panel  slope  approximations  derived  from  Linear 
Variable  Differential  Transducer  (LVDT)  measurements  near 
the  cutout  indicated  that  Some  points  of  the  panels  with  the 
large  cutouts,  i.e.,  the  4  and  5  inch,  were  experiencing 
moderate  to  large  rotations  of  5  to  10  degrees  (1). 
Furthermore,  numerical  tests  done  by  researchers  at  Lockheed 
(124)  show  that  the  flat  shell  elements  used  by  Tisler  in 
his  finite  element  analysis  can  not  accurately  predict  the 
response  of  a  shell  structure  when  rotations  are  of  that 
size.  This  inability  to  undergo  moderate  to  large  rotations 
is  more  likely  the  cause  of  the  disparity  between  the 
experimental  and  analytical  results  of  Tisler.  The  Lockheed 
investigators,  consequently,  developed  new  nonlinear 
algorithms  via  a  corotational  formulation  that  should 
improve  this  deficiency  (94). 

Alternatively,  the  present  formulation,  with  the  curved 
shell  elements  that  can  generally  undergo  large 
displacements  and  rotations,  is  applied  to  this  problem. 
Analytical  results  from  panels  with  a  4  inch  cutout  and 
thicknesses  h=.045  and  .039  inches  are  compared  to 
experimental  data  taken  from  Tisler.  However,  Tisler  found 
cases  of  material  failure  in  the  thicker  panels.  For  this 
reason,  a  limited  analysis  is  presented  for  the  .045  in. 
panels  since  plastic  deformation  is  not  considered  in  the 
present  formulation.  More  extensive  results  were  generated 
for  the  thinner  panel  since  Tisler  observed  no  evidence  of 


material  failure  in  these  panels. 

The  orthotropic  material  properties  of  the  panels 
tested  by  Tisler  are  given  in  Eqn  (5.52).  The  boundary 
conditions  have  the  bottom  edge,  i.e.,  x=0,  completely 
clamped,  see  Figure  5.52.  The  top  edge  is  clamped  as  well, 
only  the  axial  displacement,  u,  is  prescribed  since  the 
analytical  load  is  input  by  a  uniform  axial  displacement 
along  the  top  edge  (x=L) .  As  discussed  by  Tisler,  the 
uniform  displacement  loading  better  resembles  the  actual 
test  apparatus.  He  found  that  the  distinction  between 
uniform  displacement  and  uniform  loading  along  the  top  edge 
is  very  important  for  the  panels  with  the  large  cutouts. 
The  boundary  conditions  for  the  vertical  edges  are  simple 
supports.  However,  post  test  inspection  of  the  panels  by 
Tisler  showed  evidence  that  the  circumferential 
displacement,  v,  along  these  edges  was  not  totally  free  as 
was  originally  thought.  Therefore,  the  present  analytical 
results  will  reflect  two  sets  of  boundary  conditions  for  the 
vertical  edges  where  the  circumf erential  displacement,  v,  is 
free  or  fixed.  The  boundary  conditions  are  shown  in  Eqn 
(5.53).  Both  boundary  condition  sets  were  also  tested  by 
Tisler,  incidently,  but  the  analytical  results  for  both  were 
still  too  flexible  compared  to  the  experiment. 


(5.52) 


18 . 844e6  psi 
1.468e6  psi 
Q =  . 91e6  psi 
.45e6  psi 
.28 

•x=0 :  u=v=w=w,  j=w,  2=V/j=V,2=0 
x=12:  v=w=w,  j=w,  2=V/j=V,2=0 

•8=0,12:  v=w=w,2=V'2  =  0  (5.53) 

or  w=*r,  2=V'2  =  0 

Initial  model  validation  mas  based  on  linear  analyses 
of  several  mesh  arrangements  of  the  36  dof  element  both  with 
and  without  the  cutout.  Figures  5.53-5.55  show  three  mesh 
arrangements  for  the  shell  midsurface  planform  where 
elements  within  the  center  square  have  been  deleted  to 
represent  a  panel  with  a  4  x  4  inch  cutout.  The  user  of  the 
code  can  specify  any  elements  he  wishes  to  delete;  the 
automatic  mesh  generation  subroutine  is  used  as  always  but 
no  stiffness  is  calculated  for  the  elements  that  represent 
the  cutout,  i.e.,  those  deleted.  Additionally,  the  nodes  of 
those  elements  within  the  cutout  not  on  the  cutout  border 
must  be  constrained.  When  the  actual  panels  were  cut,  care 
was  taken  to  ensure  that  the  corners  were  rounded.  In  this 
way,  large  stress  concentrations  would  not  form  at  the 
corners  as  the  panels  were  experimentally  loaded. 


Therefore , 

although  the 

cutout  corners 

of 

the 

analytical 

model  are 

sharp,  mesh 

refinement  is 

not 

as 

severe  as 

E1  = 
E2  = 
G12  = 
G23 
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required  for  a  singularity.  By  keeping  the  mesh  refinement 
relatively  coarse,  an  analytical  stress  singularity  can  not 
develop,  hence  representing  the  actual  panels  more 
accurately . 

The  mesh  arrangements  shown  in  Figures  5.53-5.55  are 
progressively  more  refined.  The  previous  AFIT  investigators 
have  shown  that  the  20x20  mesh  of  Figure  5.55  with  half  inch 
square  elements  near  the  cutout  generally  gives  converged 
results  for  the  STAGS  elements  that  they  used.  The 
nonlinear  analyses  to  be  presented  here  will  show  that  the 
20x20  mesh  is  probably  not  totally  converged  when  used  to 
model  the  panel  with  the  4*  cutout.  A  further  refinement 
was  not  tested  because  the  20x20  mesh  already  resulted  in  a 
very  large  nonlinear  problem.  This  mesh  proved  to  be  too 
large  for  the  Vax  computer  systems  if  double  precision 
arithmetic  is  used.  This  was  less  a  result  of  the 
theoretical  formulation  than  the  finite  element  coding  since 
writing  code  that  worked  was  generally  considered  more 
important  than  storage  or  time  efficiency.  Consequently,  a 
Cyber  845  with  virtual  memory  was  used  only  for  the  20x20 
mesh  models.  Because  of  the  expensive  nature  of  the  Cyber 
calculations,  only  a  limited  number  of  20x20  analyses  were 
tried . 

The  results  of  the  linear  analysis  for  a  prescribed 
compressive  axial  displacement  along  the  top  edge  of  u=- 10 
mils  (-.01  inches)  are  shown  in  Table  42  for  panels  with  and 


without  the  4*  cutout.  For  each  eesh,  the  total  top  edge 


axial  force,  P  .  is  shown.  Vote  that  the  cutout  gives  a 

v 

significantly  more  flexible  panel.  Additionally,  the  linear 
results  show  that  the  panel  with  a  cutout  converges  more 
slowly  than  the  one  without.  Generally,  the  coarser  meshes 
give  very  good  results  compared  to  the  20x20  mesh  in  the 
linear  tests. 


Mesh 

Pt 

no  cutout 

(lbs) 

4  *  cutout 

8x8 

3440.6 

2515.4 

12x12 

3427.3 

2443.3 

20x20 

3427.1 

2428.8 

TABLE  42.  Total  Top  Edge  Compressive  Force  from  Linear 
Analysis.  Circumferential  Displacement,  v.  Fixed  Along 
Vertical  Edges,  h  =  .045  in. 


FIGURE  5.53.  8x8Q  Mesh  for  Cylindrical  Panel  With  4'  Cutout. 


FIGURE  5.54.  I2xl2Q  Mesh  for  Cylindrical  Panel 
Cutout . 


shows,  the  response  is  very  linear  until  collapse  occurs  and 
the  only  significant  difference  between  the  meshes  is  the 
collapse  load,  see  also  Table  43.  The  12x12  mesh  gives  a 
collapse  load  of  10706  lbs.  This  value  is  approximately  50Z 
higher  than  results  reported  by  Janisse  (150)  and  Wilder 
(154).  However,  their  panels  were  approximately  10X  thinner 
and  included  more  flexible  boundary  conditions. 

More  importantly ,  a  geometric  imperfection  is  not 
required  in  the  present  formulation  to  'trigger*  the 
nonlinear  response.  Apparently,  the  STAGS  elemental 
formulation  does  not  have  adequate  displacement  coupling 
between  the  inplane  and  transverse  displacements  and 
therefore,  to  achieve  collapse  in  panels  that  are  axially 
compressed,  a  numerical  imperf ection  with  a  small  transverse 
amplitude  must  be  assumed  (16) .  To  measure  its  effect  in 
this  analysis,  a  small  transverse  point  load  was  applied  at 
the  panel  center  of  the  12x12  mesh  such  that  a  small 
amplitude  imperfection  resulted  throughout  the  panel.  This 
had  a  negligible  effect  on  the  results. 

The  results  of  Figure  5.56  and  Table  43  were  generated 
from  models  consisting  of  the  large  displacement/rotation 
element.  For  the  homogeneous  panel,  the  rotations  are  small 
throughout  the  panel  and  virtually  the  same  results  were 
obtained  using  the  Donnell  elements  (not  shown),  as  would  be 


expected . 
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Homogeneous  Panel  Honlinear  Analysis 


V."* 


u  ( in  .  ) 

P.  (lbs) 

V» 

4x4 

Mesh 

8x8 

Mesh 

12x12 

Mesh 

.008 

2785.6 

2745.3 

2734.0 

.012 

4174.4 

4112.2 

4094.6 

.016 

5560.5 

5474.8 

5450.4 

.020 

6943.8 

6832.7 

6800.6 

.024 

8324.4 

8185.2 

8144.0 

.028 

9702 . 3 

9531.0 

9478.6 

.032 

11077. 

10868. 

10796. 

.036 

12450. 

12192. 

7751.0 

.040 

13819. 

13492. 

8244.7 

.044 

15186. 

14727. 

8756. 1 

.048 

16550. 

15875. 

9277.6 

.  052 

17911 . 

13118. 

9804 . 1 

TABLE  43.  Top  Edge  Axial  Compressive  Displacement  versus 
Compressive  Load  for  Homogeneous  Panel. 

A  panel  with  the  same  geometry  and  boundary  conditions 
only  now  with  a  4*  cutout  was  next  axially  compressed  and 
the  total  axial  top  edge  force  calculated.  These  results 
are  shown  in  Figure  5.57  for  the  8x8  and  12x12  meshes.  The 
collapse  load  shown  for  the  12x12  mesh  is  7473  lbs  and  is 
approximately  66X  higher  than  the  experimental  result 
reported  by  Tisler.  However,  Tisler  found  that  these  panels 
collapsed  due  to  material  failure  and  therefore  a  close 
comparison  can  not  be  expected.  Additionally,  the  results 
of  Figure  5.57  are  due  to  the  stiffer  boundary  conditions  of 
Eqn  (5.53).  The  20x20  mesh  should  give  results  that  are 
more  converged  but  was  not  evaluated  for  this  panel 
thickness  because  of  the  high  computer  expense. 

Instead,  the  thinner  h=.039  in.  panels  were  examined. 
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These  panels  showed  no  evidence  of  material  failure  during 
testing.  Again,  the  global  nonlinear  response  of  the  panel 
is  indicated  by  the  equilibrium  path  of  top  edge 
displacement  versus  load.  The  results  for  the  three  meshes 
of  Figures  5.53-5.55  are  shown  in  Figures  5.58  and  5.59. 
Additionally,  the  numerical  data  is  tabulated  in  Tables  44 
and  45.  Figures  5.58  and  5.59  are  those  results  obtained 
when  the  circumferential  displacement  is  fixed  and  free, 
respectively.  In  Figure  5.58,  the  12x12  collapse  load  is 
6477  lbs.  The  20x20  result  had  not  yet  collapsed  for  the 
largest  axial  compressive  displacement  shown.  However,  the 
results  show  that  it  should  collapse  for  a  P  less  than 
approximately  5000  lbs  based  on  a  crude  extrapolation  and 
the  12x12  results.  In  Figure  5.59,  the  12x12  mesh  collapses 
at  a  load  of  3428  lbs.  The  load  then  starts  to  increase 
again  resulting  in  a  second  collapse  at  a  load  of  3771  lbs. 
The  two  humped  behavior  of  the  12x12  mesh  in  Figure  5.59  has 
been  similarly  reported  by  Knight  and  Starnes  (2)  in  a  study 
of  the  collapse  of  cylindrical  panels  with  circular  cutouts. 
The  20x20  mesh  shows  a  collapse  load  of  3057  lbs.  Figures 
5.58  and  5.59  show  that  the  circumferential  displacement 
boundary  condition  has  a  fairly  significant  influence  on  the 


6000.00 


8x8 

12x12 

20x20 


u  ( in . ) 

P.  (lbs) 

8x8 

12x12 

20x20 

.008 

1724.4 

1650.0 

1565.8 

.012 

2556.3 

2362.0 

2175.0 

.016 

3276.1 

2955.5 

2720.2 

.020 

3860.8 

3492.6 

3186.3 

.024 

4423 . 2 

3974.9 

3547.4 

.028 

4977.6 

4396.5 

* 

.032 

5522.2 

4775.4 

4193.7 

.036 

6058.2 

5147.5 

* 

.040 

6583.4 

5515.9 

* 

.044 

7097.3 

5866.0 

* 

.048 

7599.9 

6186.5 

* 

.052 

* 

6477.3 

« 

TABLE  44.  4*  Cutout  Panel  Nonlinear  Analysis,  h=.039,  v 

Fixed.  *  not  calculated. 


u  (in.) 

Pt  (lbs) 

8x8 

12x12 

20x20 

.008 

1704.3 

1637.7 

1551.8 

.012 

2517.7 

2339.5 

2152.6 

.016 

3183.9 

2924.3 

2682.5 

.020 

3727.6 

3428.1 

3056.7 

.024 

4236.2 

3017.3 

2353.5 

.028 

4721.0 

3267.7 

2554.9 

.032 

5182.0 

3567.7 

2756.2 

.036 

5622.9 

3771.7 

*• 

.040 

6043.7 

3502.6 

* 

.044 

6447.1 

3703.0 

» 

TABLE  45.  4’  Cutout  Panel  Nonlinear  Analysis,  h=.039,  v 
Free.  *  not  calculated. 

A  final  comparison  is  made  with  the  .039  inch  panels 
between  Tisler  experimental  data  and  the  present  analytical 
results  from  the  20x20  mesh.  The  experimental  results  shown 
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in  the  Figures  represent  the  actual  unmanipulated  data  and 


are  taken  from  two  panel  tests.  Figure  5.60  gives  the 
global  panel  response  of  top  edge  axial  displacement  versus 
total  load.  This  Figure  shows  an  unusual  experimental 
equilibrium  path  for  axial  loads  less  than  800  lbs.  For 
these  loads,  the  LVDT  that  measured  the  panel  axial 
compression  as  the  load  was  applied  was  reading  tension. 
Wilder  (154) ,  who  used  the  same  test  apparatus  in  a  study  of 
panel  delaminations,  discovered  that  this  anomaly  was  due  to 
an  improper  attachment  of  the  panel  to  the  loading 
structure.  For  loads  above  800  lbs,  for  this  data,  the 
panel  is  properly  seated  and  the  data  is  valid.  Wilder 
discusses  a  uniform  bias  that  can  be  applied  to  the  data 
from  this  LVDT.  For  the  data  shown  in  Figure  5.60,  the  bias 
is  very  small  and  not  included.  The  experimental  data  shown 
in  the  Figure  is  exactly  what  the  LVDT  measured. 

Also  plotted  in  Figure  5.60  are  the  analytical  results 
from  the  present  formulation.  As  can  be  seen,  the 
experimental  panel  collapse  values  of  approximately  3500  lbs 
fall  between  the  two  analytical  predictions.  The  panel  with 
v  free  along  the  vertical  edges  predicts  a  smaller  collapse 
load  than  the  experimental  and  when  v  is  fixed,  the  collapse 
is  higher  than  the  exper imental .  This  would  indicate  that 
the  actual  panels  were  neither  fully  restrained  nor  fully 
free  during  loading  and  therefore  some  movement  was 
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observations  made  by  Tisler. 

Analytical  and  experimental  results  for  the  local 
behavior  of  the  panel  are  also  compared  in  Figures  5.61  and 
5.62.  Load  displacement  curves  are  given  for  the  radial 
displacement  at  two  points  near  the  cutout  edge,  see 
Figures.  In  these  Figures,  the  comparisons  for  small  values 
of  axial  load  is  poor.  However,  the  comparisons  for  loads 
above  approximately  600  lbs  are  quite  good  considering  that 
we  are  examining  very  localized  panel  behavior.  Except  for 
an  initial  shift  in  the  experimental  data  in  both  Figures, 
both  of  the  analytical  curves  match  the  experimental  trends. 
This  shift  in  the  data  may  be  related  to  the  panel  seating 
problem  discussed  earlier. 

Unfortunately,  the  expense  of  the  20x20  models 
prohibited  a  complete  study  of  the  comparisons  between  the 
large  displacement/rotation  and  Donnell  elements  for  this 
problem.  The  results  from  the  12x12  models,  however, 
indicate  that  the  Donnell  elements  give  collapse  loads  that 
are  approximately  10X  higher  than  the  higher  order  element. 
If  this  is  an  indication  of  the  converged  results  as  well, 
then  the  Donnell  element  might  be  better  suited  for  this 
problem  solely  from  a  cost  efficiency  standpoint. 

On  the  other  hand,  the  maximum  rotation  that  points  of 
the  panel  undergo  is  approximately  12  degrees  and  this 


k. 


K 


compares  with  the  experimental  results  reported  by  Tisler. 
Dotations  of  this  size  may  not  fit  the  definition  of 
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FIGURE  5.62.  Local  Panel  Response,  Radial  Displacement,  «, 
vs  Compressive  for  Point  Shown. 
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VI .  Conclusions 


A  two  dimensional  shell  theory  applicable  to  arbitrary 
geometries  that  can  be  described  by  orthogonal  curvilinear 
coordinates  has  been  developed.  This  theory  encompasses 
large  displacement  and  rotational  geometric  nonlinearity  for 
small  strain  situations.  Additionally,  the  theory  includes 
a  parabolic  transverse  shear  stress  and  strain  distribution 
through  the  shell  thickness.  The  middle  surface  strain 
displacement  definitions  retain  all  of  the  nonlinear  terms 
of  Green’s  strain  representation.  The  transverse  strain 
displacement  relations,  on  the  other  hand,  are  defined  by 
only  the  linear  displacement  terms  for  simplicity. 

The  theory  is  next  specialized  to  cy 1 indr ical ly  shaped 
shells  and  then  written  in  a  finite  element  casting  for 
numerical  solutions.  Two  curved  elements  are  defined,  where 
a  flat  plate  is  described  by  setting  the  curvature  to  zero. 
The  finite  element  program  includes  algorithms  for  linear, 
'fully  linearized'  linear  bifurcation,  and  nonlinear 
analyses.  A  displacement  incrementation  scheme  for  the 
solution  of  the  resulting  nonlinear  equations  from  the 
nonlinear  algorithm  easily  traverses  limit  points.  Options 
are  available  for  the  simpler  von  Karman  plate  and  Donnell 
cylindrical  shell  solutions  in  addition  to  the  elements  that 
can  undergo  the  larger  displacements  and  rotations. 

Based  on  the  above,  many  results  are  presented,  both 
validation  and  unique  contributions.  From  these  results. 


many  conclusions  have  been  made  and  are  discussed  below. 

Several  linear  flat  plate  problems  were  analyzed  for 
validation  purposes.  The  26  degree  of  freedom  element 
includes  only  linear  Interpolation  for  the  inplane 
displacements,  u  and  v,  since  these  displacements  do  not 
enter  the  solution  for  linear  transversely  loaded  flat 
isotropic  or  symmetr ical ly  laminated  plates.  The  element 
performs  very  well  for  both  displacement  and  stress 
calculations.  The  formulation  was  first  tested  versus 
several  classical  thin  plate  solutions  and  the  results 
indicate  that  the  mesh  does  not  shear  lock  based  upon  exact 
elemental  integrations.  Shear  locking  is  a  typical 
characteristic  of  the  lower  order  transverse  shear  theories 
and  its  avoidance  is  a  primary  reason  why  the  higher  order 
parabolic  distributions  were  assumed  in  the  present  study. 
Because  of  the  nonconforming  interpolations  assumed  for  the 
transverse  displacement,  w,  the  solutions  do  not  converge 
monotonical ly .  Additionally,  the  convergence  is  not  always 
from  above,  i.e. ,  from  a  solution  that  is  too  stiff. 

The  plate  elements  were  applied  to  cylindrical  bending 
problems  and  compared  to  solutions  based  upon  the  three 
dimensional  equations  of  elasticity.  Even  for  the  very 
thick  plate  strips  where  the  plate  length  is  only  four  times 
the  thickness,  the  transverse  and  through  the  thickness 
axial  displacement  results  are  in  excellent  agreement  with 
the  3-D  solutions.  Consistent  with  previous  studies,  the 
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effects  of  transverse  shear  become  more  and  more  pronounced 
giving  increasingly  more  flexible  results  as  the  plate 
becomes  thicker.  The  stress  results  for  the  unidirectional 
laminate  are  also  in  excellent  agreement  with  the  published 
results.  However,  the  formulation  could  not  give  as 
accurate  transverse  stress  results  for  the  bidirectional 
laminate  strips  since  equilibrium  is  not  satisfied  in  the 
transverse  direction  at  the  ply  interfaces.  Consequently, 
the  transverse  stress  is  discontinuous  at  those  points. 

Similar  conclusions  are  found  for  the  rectangular  plate 
bending  solutions.  That  is,  the  displacement  calculations 
are  very  accurate  compared  to  published  results  based  upon 
similar  theories  and  3-D  solutions.  The  stress  is 
calculated  very  accurately  for  isotropic  and  symmetrically 
laminated  plates.  Stress  near  the  plate  boundary  is  found 
best  when  refinements  are  made  to  the  mesh.  This  is  a 
direct  consequence  of  the  present  formulation’s  inability  to 
identically  satisfy  the  zero  normal  moment  simple  support 
boundary  condition.  Only  geometric  boundary  conditions  can 
be  identically  satisfied. 

The  linear  shell  validation  problems  showed  that  the  36 
degree  of  freedom  element  with  the  quadratic  interpolations 
for  the  inplane  displacements  is  generally  required  over  the 
simpler  28  dof  element.  The  28  dof  element  gives  results 
that  are  significantly  stiffer  than  the  published  answers 
for  the  cases  where  membrane  deformation  is  not  small. 
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Accurate  displacement  results  were  determined  for  a  variety 
of  standard  testcases. 

Two  of  these  cases  were  the  subject  of  extended  studies 
that  examined  both  transverse  shear  deformation  and 
inextensibility  of  the  middle  surface  leading  to  unique 
results.  The  present  formulation  generally  can  not 
duplicate  solutions  that  have  been  based  on  assumptions  of 
inextensible  middle  surface  since  the  middle  surface 
displacements,  u  and  v,  are  always  coupled  into  the 
solution.  This  first  became  evident  when  the  thin  pinched 
cylinder  results  were  compared  to  the  inextensible  solution 
of  Timoshenko.  When  the  pinched  cylinder  became  very  thin, 
the  membrane  deformation  becomes  significant  compared  to 
bending,  and  consequently,  the  displacements  are  smaller 
than  that  predicted  by  the  inextensible  solution  that 
neglects  them  due  to  tension  at  the  midsurface. 
Additionally,  the  Timoshenko  solution  does  not  consider 
transverse  shear  deformation.  As  the  cylinder  becomes 
thicker,  the  transverse  effects  become  more  pronounced 
giving  greater  displacements  than  the  Timoshenko  solution. 

Transverse  shear  deformation  was  found  to  be 
significant  for  cylindrical  pressure  vessels  as  well.  The 
radial  displacement  for  the  pressure  vessel  is  greater 
relative  to  the  classical  solution  that  neglects  transverse 
shear  for  the  thicker  geometries.  This  is  especially  true 
near  the  rigid  end  plates  where  bending  is  severe.  The 
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quas i - isotropic  pressure  vessel  is  influenced  by  transverse 


shear  deformation  to  a  greater  degree  than  is  the  isotropic 
construction.  Pressure  vessels  with  greater  longitudinal 
stiffness  than  circumferential,  i.e.,  for  unidirectional  or 
laminated  contructions ,  experience  greater  transverse  shear 
deformation  especially  near  the  clamped  edge  where  there  is 
significant  bending  deformation.  For  the  pressure  vessels 
where  the  circumferential  stiffness  is  less  than  the 
longitudinal,  a  countershear  point  exists  along  the 
longitudinal  axis  resulting  in  smaller  transverse 
displacements  compared  to  the  classical  solution  in  the 
center  regions  of  the  vessel . 

A  ‘fully  linearized*  linear  bifurcation  approach 
validated  the  nonlinear  11^  matrix.  This  approach  couples 
the  inplane  and  transverse  degrees  of  freedom  both  in  the 
pre-  and  postbuckling  regimes.  The  classical  approach,  in 
contrast,  assumes  inextensibility  of  the  middle  surface,  and 
consequently,  the  inplane  displacements  are  not  included  in 
the  solution.  Except  for  one  plate  case,  excellent  results 
were  attainable  using  the  fully  linearized  method  with  von 
Karman  nonlinearity.  The  fully  linearized  linear 
bifurcation  algorithm  does  not  predict  buckling  mode  shapes 
reliably  since  u,v,w  are  coupled  in  the  solution.  Different 
shapes  result  depending  upon  the  dof  that  is  prescribed  in 
solving  the  n-1  equations  for  the  eigenvector.  For 
nonsquare  axially  loaded  flat  plates,  except  for  the 
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classical  thin  geometry,  very  different  buckling  loads 
resulted  via  the  fully  linearised  approach  compared  to  the 
classical.  The  differences  are  mainly  attributed  to  the 
different  approaches  where  inextensibility  is  assumed  in 
classical  but  not  in  the  fully  linearized. 

The  element  that  can  undergo  the  large  displacements 
and  rotations  mas  applied  to  the  square  flat  plate 
bifurcation  case  as  well  giving  unique  results.  Solutions 
for  thicker  plates  gave  critical  buckling  loads  up  to  10X 
less  than  the  published  3-D  solutions  that  allow  only  a  von 
Karman  nonlinearity.  This  may  be  an  indication  that  the 
higher  order  nonlinear  terms  have  a  greater  isipact  on  the 
critical  load  than  does  3-D  flexibility  for  these 
geometries . 

The  lone  cylindrical  shell  bifurcation  case  examined 
resulted  in  very  good  critical  load  comparison  to  the 
published  result,  also  based  on  a  fully  linearized  approach. 
Interestingly,  this  shell  geometry  actually  does  not  buckle 
as  the  nonlinear  result  showed.  This  one  instance  indicates 
that  bifurcation  is  not  always  an  accurate  measure  of  the 
loss  of  stability.  Based  upon  all  of  the  linear  bifurcation 
problems,  the  nonlinear  matrix  M  was  considered  correctly 
formulated . 

The  flat  plate  nonlinear  cases  examined  gave  very  good 
displacement  and  stress  results  based  upon  either  von  Karman 
or  the  large  displacement  and  rotational  formulation.  The 


large  rotational  formulation  gave  very  similar  results  to 
the  von  Karman  results  thus  indicating  the  validity  and 


range  of  the  simpler  assumptions  of  the  latter  for  the 
magnitudes  of  displacement  and  rotation  examined. 

The  nonlinear  shell  formulation  gives  excellent 
compariaonfl  to  published  results  for  those  cases  that  allow 
an  extensible  middle  surface.  On  the  other  hand,  the 
circular  arch  solutions  based  on  the  present  theory  gave 
responses  consistently  more  flexible  than  the  published 
results  that  are  based  on  an  inextensible  middle  surface. 
However,  the  present  solutions  do  resemble  published  closed 
form  and  finite  element  results  that  have  a  middle  surface 
that  can  deform  inplane. 

The  accuracy  of  the  present  formulation  in  following 
larger  displacements  and  rotations  is  indicated  by  several 
deep  shells  or  arch  geometries.  Approximate  expected 
rotations  of  points  near  the  simple  supports  and 
displacements  of  the  crown  can  be  calculated  based  on  simple 
geometry  for  the  stable  post  snap  through  region  of  the 
equilibrium  path.  The  present  formulation,  in  all  cases, 
predicted  results  similar  to  these  values.  The  large 
displacement  and  rotational  formulation  predicted  rotations 
up  to  24  degrees  for  points  along  the  boundary  of  the 
hinged-free  shell.  Additionally,  this  shell  experienced  a 
crown  displacement  of  11  times  its  thickness.  The  Donnell 
shell  element  was  applied  to  this  problem  also.  Somewhat 


■y 


«U  KV. 


surprisingly,  the  results  show  the  same  overall  trends  as 
the  large  displacement/rotation  element.  However,  the 
equilibrium  load  for  a  given  deformed  shell  configuration  is 
significantly  different  once  the  rotations  exceed  about  11 
degrees.  A  deep  circular  arch  with  nonsy  mate  trie  boundary 
conditions  experienced  a  maximum  angle  of  rotation  of  39 
degrees  and  displacements  up  to  85  times  the  arch  thickness. 

The  present  formulation  was  applied  to  axially 
compressed  quasi-isotropic  cylindrical  panels  that  have 
centered  cutouts.  This  geometry  has  been  studied  very 
successfully  by  several  AF IT  investigators  except  for  the 
case  where  the  cutouts  represent  more  than  about  10X  of  the 
panel’s  planform.  For  these  cases,  the  local  rotations  of 
points  near  the  cutout  exceed  the  limitations  of  the 
intermediate  nonlinearity  of  the  analytical  formulations 
that  were  used  to  predict  the  panel  response.  The  present 
formulation  accurately  predicts  the  global  axial  load  versus 
axial  top  edge  displacement  compared  to  experimental 
results.  Additionally,  the  finite  element  results  for  two 
points  near  the  cutout  edge  indicate  an  ability  to  capture 
panel  behavior  that  is  very  localized. 

In  a  related  study,  the  present  formulation  predicts 
collapse  for  axially  loaded  perfect  cylindrical  panels, 
i.e.,  ones  without  cutouts.  Other  f ormulations  typically 
require  an  imperfection  to  'trigger*  the  nonlinear  response. 
However,  the  present  formulation  includes  a  degree  of 


296 


displacement  coupling  not  usually  assumed  and  therefore,  the 


numerical  imperfection  is  not  required.  Along  the  same 
lines,  the  present  formulation  does  not  include  displacement 
coupling  such  that  an  axially  loaded  flat  plate  will 
collapse  in  an  nonlinear  analysis.  For  this  case,  the 
numerical  imperfection  is  required. 
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Appendix  A:  Strain  Displacement  for 

Arbitrary  Shell  Qeometry 
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1.1*2  ‘  *1*2. l’ 

2.2  *  "?.2)/2  *  'SS'”?  4  ”2,/2  4  *14*2/2 
2.2*1  “2*1 . 2* 

1.1*1. 2  4  *2. 1*2,2’  *  *57 ‘*2*1 , 2  ‘  *1*2. 

2  2 

1*2.1  -  *2*1. l’  '  'SO1*!  *  *2>  *  *60*1*2 

.1  4  *2 . 1 ’ * 2  4  *53 ‘*2  *  “l’/2  *  *6*l'2 
1 t i®2  ~  BlB2tl^ 

2.2  4  *  1 . 2  ’  * 2  *  *55<ml  4  *2,/2  *  *14*2/2 


2.2*1  "  *2*1, 21 


1.1*1. 2  *  *2. 1*2,2’  *  *57 ‘*2*1 . 2  ’  *1*2. 
1*2,1  -  *2*1. l’  -  *50(*1  4  *2’  4  *60*1*2 


Appendix  B:  von  Karman  Plate  and  Donnell 
Shell  Strain  Displacement  Belations 


I  .  von  Karman  Flat  Plate 


The  von  Karman  plate  strain  displacement  relations  are 


shown  in  Eqn  (B.l). 


1  2 

£1  ~  U1 , 1  2  W* 1 


,  1  2 

£2  U2 , 2  2  W,2 


(B.l) 


£6  =  U1 ,2  +  U2, 1  *  1 W*  2 


where  u^  ,  are  given  by  the  kinematics  of  Eqn  (3.44)  with 


H^=0  and  a  = 1.  Using  Eqn  (3.44)  in  Eqn  (B.l)  then  gives. 


£i  -  u-i  4  Cvi.i  4  4  4  I  ’-i 


3  i  2 

£2  =  v  ’  2  +  ^2,2  *  C  k(w,22  +  V/2,2)  +  2  W,2 


(B.2) 


*8  =  U * 2  4  v’l  4  C  <'"l  .2  4  ^.l’  4  C  k(2w-12  4  V1.2  4  V2,  l’ 


1*2 


where  k=-4/3h 


From  Eqn  (B.2),  the  nonlinear  terms  are  only  in  the 


transverse  displacement,  w,  and  are  not  functions  of  the 


transverse  coordinate  C •  The  strain  energy  terms  are  found 


via  Eqn  (3.62)  where  the  strain  components  of  Eqn  (3.46)  are 


given  from  Eqn  (B.2)  by  Eqn  (B.3-B.5) 


k  v  4  v  -N-’v'.V-v  -> -*• 


where  , 


1  2 


£1  =  u*i  +  2  W>1 


*11  =  *1.1 


*13  =  k("*ll  +  ^.l* 


*lp(P-2.4. 5.8.7)  =  0 


O  _  P 

2  2  s  2p 


where , 


o  A  1  2 

£  1  V  ’  2  2  W,2 


*21  =  ^2,2 


*23  =  k(W,22  +  V'2,2) 


*2p(p=2,4.5,6,7)  =  0 


C  = 

6  6  6p 


where , 


*6  =  U ’ 2  +  V’l  +  W*1W’2 


*61  =  Pi. 2  +  P2.l 


*63  =  k(2w*12  +  Pi. 2  +  P2.1} 


*6p  ^P  =  2»4,5,6,7)  =  0 


(B.3) 


(B .  4 ) 


(B.5) 


Referencing  Eqn  (3.62),  energy  expressions  that  are 
cubic  or  quartic  in  displacement  result  from  Eqn  (3.62a,b). 
The  quartic  terms  result  from  Eqn  (3.62a)  and  are  A^j  energy 
terms  only.  The  cubic  terms  result  from  Eqn  (3.62b)  and  are 
B^  and  E^  terms  only.  For  symmetrically  arranged 
laminates  or  isotropic  constructions,  B^j=E^j=0  for  all  i,j. 


9  - 


Therefore,  since  only  the  cubic  and  quartic  displacement 
energy  terms  result  in  nonlinear  terms  in  the  equilibrium 


i 


i 

s 


f- ' 


\ 


r 


i 

) 


> 


equations  (<311  =0),  the  only  nonlinear  terms  are  A,  ,  terms. 

P  i  i 

II.  Donnell  Cylindrical  Shell 

The  Donnell  cylindrical  shell  strain  displacement 
relations  are  shown  in  Eqn  (B.6). 


1 


£  _  = 


£  _  = 


6 


^  1  2 

U1 , 1  2  1 

/t>  A  1  2 

U2,2  'W/B  +  2  "’2 


Ul,2  *  U2,l  *  w’lw,2 


(B.6) 


where  u^  and  u^  are  given  by  the  kinematics  of  Eqn  (3.44) 

with  R  =0,  B  =R,  and  a  =1.  Using  Eqn  (3.44)  in  Eqn  (B.6) 
a  *  Y 

then  gives. 


C1  ’  “’I  *  <*'1,1  *  C3k<’-U  *  *’l,l)  *  *  "’I 


*2  “  v ' 2  -  W/E  *  C<  -v’2/E  *  *'2. 2  ’ 


+  C3k(w, 


22 


^2 , 2^ 


(B .  7) 


*6  =  U'2  *  V‘l  *  <<*'I,2  *  V2.l  ‘  v'l'*  > 


+  c  k(2w,12  ♦  V'j  2  +  V'j.l*  +  w*  2 


where  k=-4/3h^ 

The  strain  energy  terms  are  found  via  Eqn  (3.62)  where 
the  strain  components  of  Eqn  (3.49)  are  given  from  Eqn  (B.7) 
by  Eqns  (B.8-B.10). 
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I1.- V  V  V  v 


n'C'-V 


/,v, 


(B .  8) 


(B.9) 


For  the  same  reasons  as  given  for  the  von  Karnan  plate 
expressions,  only  A^  nonlinear  terms  will  result  in  the 
equilibrium  equations  for  isotropic  or  symmetrically 
arranged  constructions.  For  both  cases  above,  the 
transverse  shear  strain  displacement  relations  are  given  by 
Eqn  (3.56).  These  terms  will  result  in  linear  displacement 
terms  in  the  equilibrium  equations. 


Appendix  C:  Finite  Element  Strain  Definition  Arrays 
The  following  are  the  nonzero  entries  in  the  15  JL1,  24 
H  and  4  S  of  Eqn  (4.7)  and  (4.16)  for  cylindrical 
coordinates.  Only  the  nonzero  terms  of  the  diagonal  and 
upper  diagonal  are  shown  for  the  symmetric  H  . 

J  I 

I  .  L 

j  i 


L  (2)  =  1 
o  1 

L  (6)  =  1,  L  (7)  =  -1/B 
0  2  0  2 

L  (3)  =  L  (5)  =1 

O  <5  O  <S 

L  (14)  =  1 
l  i 

L  (7)  =  -1/R2,  L  (18)  =  1 
12  12 

L  (3)  =  -  L  (5)  =  -1/R,  L  (15)  =  L  (17) 

1  <5  1  <5  1<S  1<S 

L  (18)  =  1/R 

2  2 

L  (15)  =  1/R 

2  <5 


L  (10)  =  L  (18)  =  k 

3  1  3  1 

L  (11)  =  L  (18)  =  k 

3  2  3  2 

L  (12)  =  2k,  L  (15)  =  L  (17)  =  k 

3  <5  3  <5  3  <S 

L  (11)  =  L  (18)  =  k/B 

4  2  4  2 

L  (12)  =  L  (15)  =  k/B 

t  6  4  <S 


(C.  1) 


II  .  H 

J  l 


H  : 
i 

(2,2) 

=  (5,5)  = 

(8,8) 

H  : 

2 

(3,3) 

=  (6,6)  = 

(9,9) 

(4.4) 

=  (7,7)  = 

1/B2 

(6,7) 

=  -(4,0) 

=  1/R 

(C.2) 


(5,5) 


-2/B ,  (2,14) 


(5,17) 


1 


(3.3)  =  (9,9)  =  2/B ,  (7,7)  =  2/B3 

(6,7)  =  -(4,9)  =  -(4,16)  =  1/B2 

(3.15)  =  (6,18)  =  1 

(9.16)  =  -(7,18)  =  1/B 

(2.3)  =  -(5,6)  =  (4.8)  =  (8,9)  =  1/B 

(8.16)  =  -(7,17)  = 1/B ,  (3,14)  =  (2,15)  =  1 

(5.18)  =  (6,17)  =  1 

(5,5)  =  1/B2,  (5,17)  =  -1/B,  (14,14)  =  (17,17) 

(15.15)  =  (18,18)  =  1,  (16,16)  =  1/B2,  (3,15) 

(4.16)  =  1/B3,  (7,18)  =  -(9,16)  =  -2/B2 

(6.18)  =  1/B 

(2.15)  =  (3,14)  =  1/R,  (7,17)  =  -(8,16)  =  1/R2 

(14.15)  =  (17,18)  =  1 

(2.10)  =  (2,14)  =  (5,12)  =  (5,17)  =  k 

(3,12)  =  (3,15)  =  (6,11)  =  (6,18)  =  k 

(4,9)  =  (4,16)  =  k/B2, 

(7.11)  =  (7,18)  =  -(9,16)  =  -k/B,  (9,9)  =  2k/B 

(15.15)  =  (18,18)  =  2/B,  (16,16)  =  2/B3 

(2.12)  =  (2,15)  =  (3,10)  =  (3,14)  =  k 

(5.11)  =  (5,18)  =  (6,12)  =  (6,17)  =  k 

(7.12)  =  (7,17)  =  -(8,9)  =  -(8,16)  =  k/B 

(14.15)  =  (17,18)  =  1/B 

(5.12)  =  (5,17)  =  -k/B,  (10,14)  =  (12,17)  =  k 


4 


■r  -/ 


V  v.  »  *  *  -  u  *  »  »v  irv  wv  ruiv 


(14 . 14) 

=  (17,17) 

=  2k 

H  : 

4  2 

(3,12) 

=  (3,15)  = 

2k/R ,  (4,9)  =  (4,16) 

=  k/R3 

* 

(6,11) 

=  (6,18)  = 

k/R, 

(7,11) 

=  (7,18)  = 

-(16,16)  =  -2k/R2 

(9.9)  = 

4k/R2,  (9 

,16)  =  3k/R2 

0 

(11,18) 

=  (12,15) 

=  k 

(15,15) 

=  (18,18) 

=  2k 

H  : 

4  a 

(2,12) 

=  (2,15)  = 

(3,10)  =  (3,14)  =  k/R 

0 

(8.9)  = 

(8,16)  = 

-(7,12)  =  -(7,17)  =  k/R2 

( 10 , 15) 

=  (11,17) 

=  (12,14)  =  (12.18)  = 

k 

(14 , 15) 

=  (17,18) 

=  2k 

5H2: 

(9,16) 

=  2k/B3,  (11,18)  =  (12,15)  =  2k/B 

(15,15) 

=  (18,18) 

=  4k/R ,  (16,16)  =  4k/R3 

5«d: 

(10,15) 

=  (11,17) 

=  (12,14)  =  (12,18)  = 

k/R 

0 

(14 . 15) 

=  (17,18) 

=  2k/R 

tfv 

(10,10) 

=  (10,14) 

=  (12,12)  =  (12,17)  = 

k2 

(14,14) 

=  (17,17) 

=  k2 

• 

H  : 

<5  2 

(9,9)  = 

(9,16)  = 

(16,16)  =  k2/R2 

(11,11) 

=  (11,18) 

=  (12,12)  =  (12,15)  = 

k2 

(15,15) 

=  (18,18) 

=  k2 

H  : 

<5  6 

(10,12) 

=  (10,15) 

=  (11,12)  =  (11,17)  = 

k2 

(12.14) 

=  (12,18) 

=  (14,15)  =  (17,18)  = 

k2 

7H2: 

(9,9)  = 

(9,16)  = 

(16,16)  =  2k2/R3 

(11,11) 

=  (11,18) 

=  (12,12)  =  (12,15)  = 

2k2/B 

(15,15) 

=  (18,18) 

2 

=  k/R 

*V 

(10,12) 

=  (10,15) 

=  (11,12)  =  (11,17)  = 

k2/B 
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(12.14) 


(12,18) 


(14.15) 


(17,18) 


1 

1 

3k 

3k 
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Appendix  D:  MACSYMA  Decks  for  K,  ,  and  Ma 
The  following  MACSYMA  commands  were  used  to  generate 
FORTRAN  code  for  the  elements  of  K,  ,  and  1I2  of  Eqn 
(4.15).  The  first  two  decks  shown  generate  the  L  of  Eqn 
(4.7)  ,  S  of  Eqn  (4.16)  and  the  H  of  Eqn  (4.7).  The 

J  I  J  I 

third  deck  generates  the  elements  of  .  That  deck  shown 

actually  only  gives  the  A..,  D, . ,  and  F..  terms;  however, 

ij  i j  l j 

the  logic  for  the  remaining  terms  is  shown  within  the 

MACSYMA  comment  cards  */•  «/'  at  the  end.  The  elements  of 

were  determined  individually  for  each  set  of  the 

elasticity  arrays  A_  to  T^ ^ .  That  is,  a  separate  MACSYMA 

run  generated  only  the  A  terms,  etc.  The  final  deck 

attached  generates  the  terms  of  Hz  for  a  symmetrically 

stacked  laminate.  The  terms  were  calculated  individually 

for  each  elasticity  array  as  in  the  Hi  calculations.  The 

decks  for  K  were  lost  but  are  very  similar  to  the  M  and  N 

12 

logic  and  are  based  upon  Eqn  (4.7)  and  (4.16).  The 

important  parts  of  those  decks  are  attached  at  the  end.  The 
elements  of  the  elasticity  arrays  A^  to  T^  were  formed 
interactively  and  saved  in  the  file  'ELASFOB.SV' . 


/*  LNAT  */ 

/*  SET  UP  MATRICES  L0-L4  AND  SCiS2  0/ 

WfllTEFILECLMATWF")! 

L0!EHATRIX(18,3,1,2»1)+EMATRIX(18»3,1,6»2)+EMATRIX(18,3*-1/R*7*2)+ 

EHATRIX(18,3,1»3*3)+EMATRIX(18*3,1,5*3)! 

L1:EMATRIXC18,3,1,14,1)+EHATRIXU8,3,-1/Ra2,7,2)+EMATRIXC18,3,1,18,2)+ 
EMATRIXU8,3,1/R,3,3)+EMATRIXC18,3,-1/R.5,3>+EMATRIX<18,3,1,15,3)+ 
EMATRIXU8, 3, 1,17,3)! 

L2:EMATRIXC18,3,1/R,18,2)+EMATRIX(18,3,1/R,15,3)! 

L3:EMATRIX(16,3,K1«10,1)*EMATRIX<18,3,K1,14,1)+EMATRIX(18,3,K1,11,2)+ 
EMATRIX(18«3,K1,18«2)+EMATRIX(18,3, 24>K1 ,12«3)+EMATRIX(18,3«Kl,15,3)+ 
EMATRIXC18,3,K1,17,3)5 

14:EMATRIXC18,3,K1/R,ll,2)+EMATRIX(18,3,K1/R,18,2)+EHATRIX(18,3,K1/R,12,3)+ 

EMATRIXC18,3,K1/R,15,3)S 

S0:EMATRIX(18, 2, 1,9,1)  +  EMATRIX(18,2, 1,16(1)  + EM ATRIX(18,2, 1,8,2)* 

EHATRIXC18, 2,1,13,2)! 

S2  :EMATRIX(1 8,2,3*K1 ,9,1  )♦ EMATR I XC 1 8 , 2 , 3*R 1 ,16,1 )*EMATRIXC 18,2 ,3*X1, 3, 2)* 
EMATRIXC18,2,3*Kl,13,2)i 

LOT ! TRANSPOSE(LO) ! 

L1T:TRANSP0SE(L1 )! 

12T:transpose(L2>; 

l3T:transposecl3): 

L4T: tranSPOSECl*) ; 

SOT:TRANSPOSECSO)i 

S2T! TRANSP0SECS2)! 

CLOSEFILEC )! 

SAVE("LMATRIX.SVh,LO,L1,L2,L3,L4,LOT,L1T,L2T,L3T,L4T,SO,S2,SOT,S2T): 
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vy 


»rw  win 

& 


r  v''*  w » vnk" m - 


r 


/♦  hmt  */ 

/*  SET  MATRICES 
MRITEFIIECHMATWE 
HO!EMATRIXC18,54, 
EMATRIX(18,54, 
EMATRIXC18, 54, 
EMATRIXC18,54, 
EMATRIXC18.54, 
EHATRIXC1B,54, 
EMATRIX(18,54, 
EMATRIX<18,54, 
£MATRIXU8,54, 
EMATRIXC18, 54, 
£  MAT  RIX(18,54« 

/* 

*/ 

Hl:EMATRIX<18,54, 
EMATRIX(18,54, 
EHATRIX(J8,54, 
EMATRIXC18.54, 
EMATRIX(18,54, 
EM AT  RI X ( 1 8  <  S4  , 
EMATRIXC18.54  , 
ENATRIXC18, 54, 
EMATRIXC18,54, 
EMATRIXC18.S4, 
EMATRIX(18,54, 
EMATRIXC18.S4. 
EMATRIXC18.54, 
EMATRIXC18,54, 
EMATRIX<18,54, 
EMATRIXC18.54, 
EMATRIX(18,S4, 
EMATRIXC18.54, 
EMATRIXC18, 54,- 
EMATRIXC18, 54,] 
EMATRIXC18,54,] 


HO  -  H7  4/ 

">: 

1»2,2)*EMATRIX(18, 54,1,5,5), 
1,8,8),EMATRIX(18,$4,1,3,21), 
1/Ra2,4,22)*EHATRIX(18,54,1 ,6,24)4 
l'RA2,T,2  5>4EMATRIXU8,54,l,9,27>4 
1/R,9,22)4EHATRIXC18, 54,1/R, 4, 27)4 
-l/R,7,24)4EMATRIXCie,54,-l/R,6,25>4 
1  ,3,38)4EMATRXX(18,54«1«2,39)4 
1 *5,42)  +  EMATRIX(18,54  ,1  ,6,41  )♦ 
1/R,3,40)4EMATR1XC18,54,1/R,4,44>4 
-1/R,7,41)4£HATRIXC18»54,-1/R«5*43)4 
1. 8,4 5J  +  EMATRIXC 18,54, 1,9,44)5 


54,-2/R,5,5>+EMATRIX(18,54,l,14,2)« 

54,1,2,14)*EMATRIXC18,54,1,17,5), 

54,1,5,17)4EMATRIXC18,J4,2/R,3,21), 

54,2/Ra3,7,25)4EMATRIXC18,54,2/R,9,27>4 

54,-1/Ra2,6,25)*EHATRIX(18,34,-1/Ra2,7,24)4 

54, 1/RA2, 9, 22)4EMATRIXC 18, 54,1/R *2,4,27)4 

54, 1,15, 21)4 em ATRIX(18,S4, 1,3, 33)« 

54,1/Ra2,1£,22)4EMATRIXC18,54,1/Ra2,4,34)4 

54,l/R,16,27)4EMATRIXC18,54,l/R,9,34)4 

54,1 ,18,24)4EMATRIXC18,54, 1,6,36)4 

54,-l/R,18,25)4EMATRIX(18,54,-l/R,7,36)4 

54,1/R,3,38)4£MATRIXC18,54,1/R,2,39)4 

54,1,15,38)4EMATRIXC18,54,1,2,S1)4 

54,1, 14, 33)4EMATRXX(18»54, 1,3, 50)4 

54,1/R ,3,40)4EMATRIXC18,54  ,1 ,5,54)4 

54,-l/R,5,42)4EMATRIXCl8,54,-l/R,6,41)4 

54. 1.18. 41) 4EMATRIX(18, 54,1/R, 4, 44)4 

54.1.17.42) 4EMATRIXC18,54,1,6,53)+ 
S4,-1/R,17,43)4EMATRIXC18,54,-1/R,7,53)4 
54,1/R, 8, 45)4EHATRIX(18, 54,1/R, 9, 44)4 
54,1/R,16,44)4EMATRIX(18,54,1/R,8,52)i 


4/ 

h2:ematrix(ib, 

EMATRIXU8, 

EMATRIXC18, 

EMATRIXC18, 

EMATRIXC18, 

EMATRIX(18, 

EMATRIXC18, 

EMATRIXC18, 

EMATRIXC18, 

EMATRIXC18, 

EMATRIXC18, 

EMATRIX(18, 

EMATRIXC18, 

EMATRIXC18, 

EMATRIXC18, 

/4 

4/ 

H3:EMATRIXC18, 

EMATRIXC18, 

EMATRIXC18, 

CMATRIXCll, 


54,1/Ra2,5,5)4EMATRIXC18,54,-1/R,5,17)4 
54,-l/R,17,5)4EMATRIXCl8»34,l,14,l4)4 
54,1,17, 17 )4EMATRIX( 18,54, 2/R, 3, 33)4 
54,2/R,15,21)4EMATRIXC18,54, 1/RA3,4,34)4 
54, 1/RA3, 16, 22 )4EHATRIXC1 8,54, 1/R, 18,24)4 
54,1/R,6,3£)4EMATRIXC18,54,-2/Ra2,18,25)4 
54,-2/Ra2, 7,36)4EMATRIXC18,54,2/Ra2,9,34)4 
54,2/Ra2,16,27)4EHATRIXC18,54,1,15,33)4 
54,1/Ra2,16,34)4EMATR1XC18,54,1,18,36)4 
54,1/R, 2, 51)4EMATRIX(18, 54, 1/R,15, 38)4 
54,1/R, 3, 50)4EMATRIX(18,54,1/R, 14,39)4 
S4,-l/RA2,17,43)4EMATRXxa8,54,-l/RA2,7,53)4 
54,1/Ra2,16,44)4EMATRXXC18,54,1/Ra2,8,52)4 
54,1 ,15,50 )4EMATRIX( 18, 54, 1,18,53)4 
54, 1,17, 54 )4EMATRIXC 18,54, 1,14, 51): 


54, XI, 2, 10)4  EM AT RIXC18, 54, XI, 10, 2)4 
54,X1,2,14)4EMATRIXC18,54,X1,5,12)4 
54,K1,12,5)4EMATR1X(18,54,K1,17,5)4  , 
54,Kl,S,17)4EMATRIXClt,54,Kl,14,2)4 


*  <  a.  .V-xA  A  lVaV.^  wS  wVJVJ' k  A  A  A  AA  A  AA  A  -V  A 


EMATRIxC18,54,Rl,3,30)4EMATRIXC18,54,Rl,l2,21)4 
EmatrIXC18,54,81,3,33)4EMATRIXC18,54,ri,15,21)4 
EMATRIXC18,54,R1/R*2,4,27)4EMATRIXC1B,54,R1/Ra2,9,22)4 
_ENATRIXC18,S4,R1,11,24)4EMATRIXC18,54,R1,6.29)4 
EMATRIXC18,54,R1,18,24)4EHATRIXC 18, 54,81,6, 36)4 
£MATRIXC18,54,-R1/R,7,29)4EMATRIXC18,54,-R1/R,U,25)4 
EMATRIXC18,54,-R1/R,18,25)4EMATRIXC18,54,-R1/R,7,36)4 
EMATRIXC18, 54, 2*8 1/R, 9, 27)4£MATRIXC18, 54,81/R, 16, 27)4 
EMATRIXC18,54,R1/R,9,34)4£MATRIXC18,54,2/R,15,33)4 
EMATRIXC18,54,2/Ra3,16,34)4EMATRIX(18,54,2/R,18,36)4 
EMATRIXC18,54,R1,2,48)4EMATRIXC18,54,R1,12,38)4 
EMATRIXC18,54,R1,15,38)4EMATRIXC18,54,R1,2,51)4 
£MATRIXC18,54,R1,3,46)4EMATRIXC18,54,R1,10.39)4 
EHATRIXC18,54,R1/Ra2,16«22)4EMATRIXC18,54,81,14,39)4 
EMATRIXC18,54,R1,3,50)4EMATRIXC18,S4,R1,5,47)4 
EMATRIXC18, 54,8  l,U,4l)4EMATRIXC  18, 54,81,6. 53)* 
EMATRIXC18,54,R1,17,42)4EMATRIXC18,54,-R1/R,12,43)4 
EMATRIXC18,S4,-R1/R,7,48)4£MATRIXC1B,54,-R1/R,17,43)4 
EMATRIXC18,54,-R1/R,7,53)4£MATRIXC18,54,K1/R,9,44)4 
EMATRIXC18,54,K1/R,8,45)4EMATRIXC18,54,R1/R,8,52)4 
E MATRIX ( 1 8, 54.K1/R, 16, 44)4EMATRIXC1 8, 54, 1/R, 14,51)4 
E MATRIX C 1 8, 54,1 /R,l 5, 50 )4£MATRIXC18, 5 4,1/8,18,53)4 
EMATRIXC18,54,1/R,17,54)4EMATRIXC18,54,81/Ra2,4,34)4 
EMATRIXC18,S4,R1,18,41)4EMATRIXC18,54,R1,6,48)4 
EMATRIXC18,54,X1,5,54)  +  EMATRIX(18,54,M,12,42): 

/* 

*/ 

H4:EMATRIXC18,54,-R1/R,5,12)4£MATRIXC18,54,-R1/R,12,5)4 
EMATRIXC18, 54,-Kl/R,5,17)4EMATRIX(18, 54  , -8  1 /R  ,  1  7 , 5  ) 4 
EMA TRIXC 18, 54,81, 10,14 )4EMATRIX( 18, 54,81, 14,10) 4 
EMATRIX(18, 54, K1,17,12)4EMATRIX(18, 54, Kl, 12,17)4 
E MATRIX  CIS, 54,2*81, 14, 14)4£MATRIXC 18, 54, 2*81, 17, 17)4 
EHATRIXC18,54,2*R1/R,3,30)4EMATRIX(18,54,2*R1/R,12,21>4 
EMATRIX(18, 54, 2*8 1/R, 3, 33)4£MATR 1X08,54,2*8 1/R, 15, 21)4 
EK ATRIXC 18, 54,R1/R*3, 4, 27 )4EMATRIX( 18,54, 81/8*3,9,22)4 
EMATRIXC18, 54, Rl/R*3, 4,34) 4EMATR I X( 18,54, Rl/R*3, 16,22)4 
EMATRIX(18,54,R1/R,11,24)4EMATRIX(18,54,R1/R,6,29)4 
EM ATRIX C 1 8, 54,81/R, 18,24 )4£MATRIXC 18, 54, -2*R1/R*2, 7,29)4 
EM  AT  RI  X  C  18, 54,- 2*81 /R*2,U,25>4ENATRIXC  18, 54,-2  *8  1/8*2,18,25)4 
EMATRIX(18,54,-2*R1/Ra2,7,36)4EMATRIX(18,54,4*R1/Ra2,9,27)4 
E M ATRIXC 18, 54,3*8 1/RA 2, 9,34 )4E HA TRIXC 18,54, 3*R1/RA2, 16, 27)4 
E MATRIX ( 18, 54,8  1, 18, 29)4EMATR I XC 1 8, 54,81, 11,36)4 
EMATRIX  C  IB,  54,81, 15, 3Q)4EMTRIX(  18, 54,81, 12,33)4 
EMATRIXC18, 54,2*81, 15,33)4EHATRIX(18,54,2*81/R*2,16,34)4 
EMATRIX(18, 54,2*81, 18,36  )4£MATRIX( 18, 54,81/R, 2, 48)4 
EMATRIXC18, 54,8 1/R, 12,38 )4EMATRIX( 18, 54,8 1/R, 2, 51)4 
E MATRIXC18, 54,81/R, 15,38 )4£MATRIX Cl  8, 54,81/R, 3, 46)4 
E MAT RIX C 18, 54,81/R, 10,39 )4EMATRIXC 18, 54,81/R, 3, 50)4 
EMATRIXC18, 54,81/R, 14, 39)4£MATRIX(18, 54, -81/R*2, 7, 46)4 
EMATRIX(18,54,-81/Ra2,12,43)4EMATRIXC18,54,-81/R*2,7,53)4 
EMATRIXC18,54,-81/R*2,1T,43)4EMATRIX(18,54,81/Ra2,9,44)4 
EMATRIX(18,54,81/R*2,6,45)4EMATRIX(18,54,81/Ra2,8,52)4 
EMATRIXCl 8, 54,81/RA2, 16,44) 4EMATRIXC 18, 54,81, 15,46)4 
EMATRIX (18, 54 ,81, 10,51 )4EMATRIX(18,54 ,81, 17,47)4 
EM  AT RIX (18, 54,81,11 ,5 3)4EMATRIX( 18, 54,81, 12, 50)4 
EMATRIX(18,54,81,14,48)4EMATRIX(18,54,81,18,48)4 
EMATRIX(18,54,81,12,54)4£MATRIX(18,54,2*81,15,50)4 
£ MATRI XC 18, 54,2*8 1,14, 51 )4EMATRIX(1 8, 54,2*81, 18,53)4 
EMATRIXC18, 54,2*81, 17 , 34 )4£M ATRI XC 1 8 , 54 , 81 /R , 6 , 36)1 


»ji"»  Rjrruwwj  vwtct  w  ww  i>i^;^v'^.v,’.*."..’-".,i-'t-,v".~-''.^--’-".--^-,v  ."•  .--  , 
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F: 

SAVE("HMATRIX 

ix. 
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: 

»_■*  o.  o.  vV^y ». 


,54,2*K1/RA3,16,27)4EHATRIX(18,54»24X1/'RA3,9,34)4 

,54,2*K1/R,18,29)4£MATRIX(18,54,2*K1/R,ll,36)* 

.54,2*K1/R,12,33)4£MATRIX(18,54,2*X1/R,1S,30)4 

>54,44K1/R,15,33)4EMATRIX(18»54,40K1/Ra3,16,34), 

. 54,4*X1/R, 18, 36)*£MATRIX(1 8, 54.X1/R,  15,46)4 
,54,K1/R,10,51)*EMATRIX(18,54,X1/R,17,47)4 
, S4.K1/R, 11,53) 4EMATRIX(18, 54, Kl/R, 12,50)* 
i,54,K1/R,14«48)4£MATRIX(18, 54, Kl/R, 18,48)* 
,54,X1/R,12,54)*EHATRIX(18,54,2*X1/R,14,51)4 
.  54,2«-Kl/R, 15, 50)4 EMATRIX(18, 54,2*X1/R, 18 .53)* 
,54,2*K1/R,17,54)J 


,54,K1A2,10,10)4£MATRIX(18,54, 
.  54,K1A2,14,10)*EMATRIX(18,54, 
«54,K1A2,17,12)4EMATRIX(18«54, 
,  54,K1A2,14,14)4£MATRIX(18,54, 
,  54,K1A2/RA2,9,27)*EMATRIX(18  , 
,  54,K1a2,12,30)4EHATRIXC18,54, 
,  54,K1a2/Ra2, 16,34)* EMATRIXdB 
. 54,K1a2/Ra2, 16,27 )4EHATRIX (18 
,  54,K1a2,18,29)4EMATRIX(18,54, 
, 54, X1A2, 12,33)4 
»54,K1a2,12,46)4EMATRIX(18,54, 
, S4,K1a2,15,46)4EMATRIX(18,S4, 
, 54,K1a2, 11 ,48)4EMATRIX(18, 54, 
,  54,K1A2,11,53)4EHATRIX(18,54, 
, 54,K1A2,14,48)4EHATRIX(18,S4, 
,54,K1a2, 18,48)4EMATRIX(18,54, 
,  54,K1A2, 15,50)*EMATRIX(18, 54, 
,54,K1A2,18,53)4EHATRIXC18,54, 
, 54 ,X1A2, 15,30), 


X1A2, 10,14)* 
K1a2,12,12)4 
X1A2, 12,1 7)4 
K1A2,17 ,17)4 
54,K1a2,11,29)4 
X1A2,13,33)* 
,54,X1a2,18,36)4 
,54,X1a2/Ra2,9,34)4 
XI A2, 11, 36)4 


XI A2 , 
X 1 A2 , 
X 1 A2 , 
X 1 A2  , 
X 1 A2 , 
XI A2 , 
X 1 A2 , 
X 1 A2 , 


10,48)4 

10,51)4 

12.47) 4 

17.47) 4 

12.50) 4 

12.54) 4 

14.51) 4 

17.54) 4 


,54,2»K1a2/Ra3,9,27)4EHA7RIX(18,5  4,2<.kia2/r,u,29)4 
, 54, 2#X1A2/R, 12, 30)4EMATRIX(18, 54, 2*X1A2/R, 15,33)4 
, 54,2$K1A2/RA3«16,34)*EMATRIX(18*54,2RX1A2/R, 18*36)4 
,54,2*A1A2/RA3,16,2T)*EMATRIX(18,54,2*K1A2/'RA3,9,34)4 
,54,2*X1a2/R,18,29)4EMATRIXC18,54,24K1a2/R,u,36)4 
,54,2*X1a2/R,12,33)4EMATRIX(18,54,2*K1a2/R,15.30)4 
,54,K1a2/R, 1Q,48)*EMATRIX(1B,54,K1a2/R,12,46)4 
, 54, K1A2/R, 10, 51)4EMATRIX(18, 54, K1a2/R, 15,46)4 
, 54,X1a2/R, 11,48)4E«A7RIX(18,54,K1a2/R,12,47)4 
,54,K1a2/R,x7,47)4EHATRIX(1 8, 54,X1A2/R, 11,53)4 
,54,X1A2/R, 12,50 )*EMATR IX ( 1 8 , 54 , X 1 A 2/ R , 14,48)* 

,  54,X1A2/R,  12, 54) *EMATRIX( 18, 54,X1A2/R, 18,48)* 

»S4,lUA2/R,14,51)4EttATRIX(18,54,KlA2/R,15,50)4 

,54,XlA2/R,18,53)4EMATRIX(18,54,XlA2/R,17,54); 

.  SV.HO.Ml  ,H2,H3,H4,M5,H6,H7)  i 
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A.'.  j-*T-  X  fLAm*.  >.n  ».A  -  n  ■!  -.K.»  -.-A 


/*  N1MAT  */ 

/*  ASSEMBLE  MATRIX  Ml  6/ 

otnamallocjtrue; 
mritefilec“ni"); 
ioaofilechmatp. svm)  ; 

LOAOFIL£("ElASFOR.SV«)S 

KIllCA,B,0D,E,F,G,H,I,J,IC,l,P,R,S,7,AS.DS,FS)I 

loaofileclmatp.sv"); 

Ml :ZEROMATRIX( 18,18)* 

FOR  n:i  THRU  3  00 
FOR  JJJl  THRU  3  00 
Cl 1:3*<-9*II *2*33*11-12), 

J2:3*C9*JJ*2-39*JJ**8), 

I2:3*(9*II*2-39*II**8), 

Jl :3*<-9*JJ*2*33*JJ-12), 

✓  *  *✓ 

SUBIC : SUBM ATRI X(HO  ,XJ, 1 1-1, 11-2, 11-3, Xl-A, 1 1-5 ,11-6, 1 1-T, 

11-8,  1 1-9, 1 1-1 0,1 1-1 1,1 1-12 1 1 1-13, 1 1-14, 1 1-1 5, 1 1-16, 

11- 1 T ,12,12-1 ,12- 2, 12- 3, 12 -A, 12-5,1 2-6, 12-7,12-8,1 2-9,12-10, 

12- 11 ,12- 12,12- 13, 12-1 *,12-15,12-16,12-17), 
SU3J0:SUBMATRIX(F0, Jl, Jl-1, Jl-2, J 1- 3  ,  J 1  — * , Jl- 5  ,  Jl-6, Jl-7, 

Jl-8,Jl-9,Jl-10,Jl-ll«Jl-12»Jl-13*Jl-i*»Jl-15*Jl-16, 

Jl-17 , J2, J2-1, J2-2.J2-3, J2-6, J2-5.J2-6, J2-7.J2-8, J2-9, J2-10, 
J2-11 , J2-12, J2-13, J2-1A. J2-1S, J2-16  ,  J2-17) , 

PRIMT<"1",II,  JJ), 

/«■  <■/ 

SUBI1 : SUBMATRIX  CHI, 11, 11-1. 1 1-2, 1 1-3, 11-*, 11-5, 11-6, 11-7, 

II -8, 11-9, 11- 10, 11-11, 1 1-12, 11-13, 1 1-1*, 1 1-15, 1 1-16, 

1 1- 1 7, 1 2, 12- 1,1 2-2, 12-3, 1 2-*, 1 2- 5, 1 2-6, 1 2-7,1 2-8, 12-9, 12-10, 

12- 11, 12-12, 1 2-13, 12-1*, 12-15, 1 2-16, 1 2-17), 

SU3J1 SSUBMATRIXCHl, Jl, Jl-1, Jl-2, Jl-3 , J1-* , Jl-5 . Jl-6, Jl-7, 

Jl-8, J1-9.J1-10, Jl-11, Jl-12, J1-13,J1-16, Jl-1 5, Jl-1 6, 
J1-17.J2.J2-1.J2-2, J2-3,J2-*,J2-5,J2-6,J2-7,J2-8,J2-9,J2-10, 
J2-11  ,J2-12,J2-13, J2-1*, J2-15, J2-16.J2-17), 

PRINTC-2", II, JJ), 

/*  */ 

SUB  12: SUBMATRIX (H2, II, 11-1,11-2, 11-3,11-*, 11-5,11-6, II -7, 

II -8, 11-9, 1 1-10, 1 1-11, 11-12, 11 -13. 1 1-1*, 1 1-15, 11-16, 

1 1- 1 7, 1 2, 12-1, 1 2- 2, 12-3, 1 2-*, 1 2-5, 1 2-6, 12-7, 12- 8,12-9, 1 2-10, 

12- 11 ,12-12,12-13, 12-1*, 1 2-15, 12-16, 12-17), 
SUBJ2:SUBMA7RIX(H2, Jl, Jl-1, Jl-2, Jl-3, Jl-*, Jl-5, Jl-6, Jl-7, 

Jl-8, J 1-9,  J 1-10,  Jl-11, Jl-12, Jl -13, Jl-1*. Jl-1 5, Jl-1 6, 
J1-17,J2,J2-1,J2-2,J2-3,J2-*,J2-5,J2-6,J2-7,J2-8,J2-9,J2-10, 
J2-11,  J2-12, J2-13, J2-1*,J2-15, J2- 16 , J2-17 ) , 

PRINTC3",  II,  JJ), 

/*  */ 

SUSI 3  :SUBMA7RIX(H3, II, 11-1,11-2,11-3,11-6,11-5,11-6,11-7, 

11-8, 1 1-9, 1 1-10, 1 1-1 1,1 1-1 2,11-13, 1 1-1*, I l-l 5,1 1-1 6, 

1 1- 1 7, 12, 12-1, 1 2-2, 12- 3, 1 2-6, 1 2-5, 1 2-6, 1 2-7, 1 2- 8, 12-9, 12-10, 

12- 11,12-12,12-13,12-16,12-15,12-16,12-17), 
SUBJ3:SU8MA7RIXCH3. Jl, Jl-1, Jl-2, Jl-3, Jl-6, Jl-5, Jl-6,  Jl-7, 

Jl-8, J1-9.J1- 10, Jl-11, Jl-1 2, Jl-1 3, J 1-16, Jl-1 5 ,J1-16, 

Jl-17, J2, J2-1 , J2-2, J2-3, J2-*,J2-5,J2-6, J2-7, J2-B, J2-9 , J2-10, 
J2-U  ,  J2-12, J2-13, J2-16, J2-15, J2-16.J2-17), 

PRINT(«*'MI,  JJ), 

/*  */ 

SUB  16 :SUBMA7R I XCH*, 1 1,11-1, 1 1-2, 1 1-3, 1 1-6, 11-5, 1 1-6, 11-7, 
11-8,11-9,11-10,11-11,11-12,11-13,11-16,11-15,11-16, 

1 1- 17, 1 2, 12- 1,1 2-2, 12-3, 12-6, 12-5, 1  2-6, 12-7, 12-8,12-9, 12-10, 

12- 11,12-12,12-13,12-16,12-15,12-16,12-17), 
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SU8J*:SUBMATRIX(H*, Ji, Jl-1, Jl-2, Jl-3, Jl-*, Jl-5, Jl-6, Jl-7, 

Jl-8, Jl-9,  Jl-10, Jl-11, J1-12.J1-13, Jl-1*,  Jl-15 ,J1-16, 

Jl-17, J2, J2-1 , J2-2, J2-3, J2-*,J2-5,J2-6, J2-7, J2-8, J2-9,  J2-10 
-J2-11 , J2-12 , J2-13, J2-14, J2-15, J2-16, J2-17), 

PRINTC5",  II.JJ), 

/<•  */  /* 

SUBI 5 ISUBMATR IXCM5.il, 11-1,11-2,11-3.11-4, 11-5, 11-6, 11-7, 

11-8,  11-9, 11-10,11-  11,11- 12,11-13,11-1*,  II- 15. 11-16, 

11- 17, 12,1 2- 1,1 2- 2, 12-3, 12-*, 1 2-5, 1 2-6, 12-7, 12- 8, 12-9,1 2-10 

12- 11 , 12 -12, 1  2- 13, 1 2-1*, 12-1 S, 12-16,12-17), 
SUBJ5:SUBMATRIX(F5,J1, Jl-1, Jl-2, Jl-3, Jl-*, Jl-5, Jl-6, Jl-7, 

Jl-8, Jl-9,  Jl-10,  Jl-11, Jl-1 2, Jl-1 3,  Jl-1*, Jl-1 5,  Jl-1 6, 

Jl-1 7, J2, J2-1 , J2-2, J2-3, J2-*, J2-5, J2-6, J2-7, J2-8, J2-9.J2-10 
J2-11 , J2-12, J2-13, J2-1*, J2-15, J2-16,  J2-17), 
PRINT("6",II,JJ), 

/*  */ 

SUBI6:SUBMATRIX(H6, II, 11-1,11-2, 11-3, II-*, 11-5, 11-6, 11-7, 

11-3, 11-9, 1 1-10, 1 1-11, 1 1-12, 11-13, 1 1-1*, 11-15, 11-16, 

1 1- 1 7, 12, 12-1, 12-2, 12-3, 12-*, I  2-5, 1  2-6, 12-7, 12-8, 12-9, 12-10 

12- 1 1,12-12, 12-13, 12-1*,  12-15, 12-16, 12-17), 

SUBJ 6: SUBMAT RIX(H6,J1, Jl-1, Jl-2, Jl-3, Jl-*, Jl-5, Jl-6, Jl-7, 

Jl-8, Jl-9, Jl-10, Jl-11 , J1-12,J1-13,J1- 1*. J1-15.J 1-16, 

Jl-17, J2, J2-1 , J2-2, J2-3, J2-*, J2-5, J2-6, J2-7, J2-B, J2-9.J2-10 
J2-11,  J2-12,  J2-13,  J2-1*, J2-15, J2-16  ,  J2-17 ) , 

PRINT("7«, II, JJ), 

/*  */ 

SUB  17 :SUBMATRIX(F7,  II, 11-1,11-2, 11-3,  II- *,11-5,11-6, 11-7, 
11-8,11-9,11-10,11-11,11-12,11-13,11-14,11-15,11-16, 

1 1- 1 7, 1 2, 12- 1,1 2- 2, 1 2-3, 1 2-*, 1 2-5, 1  2-6, 12-7, 1 2- 8, 12-9, 1 2-10 

12- 11  ,12-12, 12- 13, 12-1*,  1 2-15, 12-16, 1 2-17), 
SUflJ7:SUBHATRIXCF7,Jl, Jl-1, Jl-2, Jl-3, Jl-*, Jl-5, Jl-6, Jl-7, 

J 1-8, Jl-9, Jl-10. J 1- 11, J1-12.J1- 13, J 1-14, J1-15.J 1-16, 

Jl-17,  J2,  J2-1 ,  J2-2,  J2-3, J2-4.J2-5, J2-6, J2-7, J2-8, J2-9.J2-10 
J2-11  ,  J2-12.J2-13, J2-1*,J2-15,42-16,  J2-17), 

PRINTC'B",  II.JJ), 

/*  */ 

Ml  :  N 1  ♦  A  C  1 1  ,  JJ3&(C0L(L0, 1 1  )  •  T  Q  .  S  UB  JO*  (TQ.COLCLQ  ,  I  I))6SUBJ0 
♦SUBI0.3.R0WCL0T,JJ))* 

OOCII, JJ3*(C0L<L0,II>.TQ.SU8J2*CTC.C01CL0,II>)*SUBJ2 
♦SUBI2.Q.R0W(L0T,JJ)* 

COL(L2,II).TQ.SUBJO*CTQ.COLCL2,II))*SUB JO 
♦SUBI0.Q.R0MCL2T, JJ)* 

C0L(LI,II).TQ.SUBJ1*(TQ.C0L(L1,II))*SUBJ1 

♦SUBIl.Q.ROMCLIT.JJ)), 

PRIMT("9", II.JJ), 

Ml  :m*FC  II,  JJ3«(C0UL0,II  >.TQ.SUBJ4*CTQ.C0LCL0,II>>*$UBJ4 
♦SUBI*.O.ROW(LOT,JJ)* 
COL(L*,II).TQ.SUBJO*(TQ.COL(L*,II))6SUBJO 
♦SUBIC. O.ROVK14T, JJ>* 

C01CL1  ,II).TC.SUBJ3*(TQ.C0L(L1 ,  II))*SUBJ3 
♦SUBI3.0.R0MCL1T, JJ)* 
C0LCL3,II).TQ.SUBJ1*<T0.C0LCL3,II))*SUBJ1 
♦SU8I1.0.R0WCL3T, JJ)* 
C0L(L2,II).TC.SUBJ2*(T0.C0L(L2,II))*SUBJ2 
*SUB12.Q.R0W(L2T,JJ)), 

RILL (SUB JO, SUB Jl , SUB J2 , SUB J3, SUBJ4, SUB J5, SUB J6.SU8J7), 

RILL( SUBI0.SU8I1 , SUB  12 , SUB  1 3 , SUB  1 4 , SUB  1 5 , SUB  16 , SUB  17 ) , 

PRlNT("10",II,JJ))5 

/*  */ 

RILL(Q.TC): 


KILL(L0,L0T,L1,L1T,L2,L2T,L3,L3T,L4,L4T); 

KILL(H0,H1 *H2,H3»H4,H5»H6,HT)! 

/*  -*/ 

Nis: ZER0HATRIX(18,18)» 

FOR  1 1 : 1  THRU  18  DO 
FOR  JJ:II  THRU  18  00 
N1SCII, JJJSNICIIt JJ3S 

KILL (HI); 

/*  */ 

N 1 :ZER0HATRIX( 18 ,18)* 

FOR  1 1 : 1  THRU  18  DO 
FOR  JJ:II  THRU  18  00 
(PRINT("FOR",II, JJ), 

X1CII, JJ3:FACT0R0UT(N1SCII,JJ3,Q(1),Q(2),Q(3),Q(4),Q(5),Q(6), 
0(7), 0(8), 0(9), 0(10), 0(11), 0(12), 0(13), 0(14), 0( IS), Q(16), 
0(17), 0(18)))* 

S*VE("N1.SV",N1); 

fortran(stni*ni ) ; 

CLOSEFILEO  : 

/*  Nl:Nl*HtII, JJ3P(C0L(L0,II).TQ.SUBJ6*(T0.C0L(L0,II))*SUBJ6 
♦$USI4.Q.R0W(L0T,JJ>4 
COL (LI  ,11)  .T0.SUBJ5*( TO . COLE  LI , 1 1 ) )*SUBJ5 

♦SUB15.Q.ROWEL1T, JJ)4 
C0L(L2,II).T0.SU8J44(tq.C0L(L2,II))*SUBJ4 
♦SUBI4.Q.R0W(L2T,JJ)4 
COL(L3,1I).TC.SUBJ34(tO.COL(L3,II))PSU8J3 
♦SUBI3.Q.R0W(L3T,JJ)4 
COL(L4,II).TQ.SU8J24(TQ.COL(L4,II))>»SUBJ2 
♦SUBI2.Q.R0WCL4T, JJ)), 

PRINT("11"»II,JJ), 

Ni:Nl4JCII, JJ3*(COL(L 1,11 ).TQ. SUB J74(TQ.C0L(L 1,11 ))*SUBJ7 

4SUBI7.Q.R0H(L1T, JJ)4 

COL(L2,II).TG.$UBJ64(TQ.C0L(L2,ll))*SUBJ6 
♦SUBI6.Q.ROWCL2T , J J  )  ♦ 
C0L(L3,II).TC.SUBJ54(TQ.C0L(L3,II))*SUBJ5 
4SUBI5.0.R0W(L3T,JJ)4 
C0L(L4,II).TQ.SUBJ44(TQ.C0LCL4,II))*SUBJ4 
♦SU6I4.Q.R0W(L4T,JJ)), 

PRINT("12",II, JJ), 

H1SN14LC11,  JJ3*(C0L(L3,II).TQ.SUBJ74(TQ.C0L(L3,II))*SUBJ7 
♦SUBI7.Q,R0W(L3T,JJ)4 
C0L(L4,II).TC.SUBJ64(TQ.C0L(L4,XI))PSUBJ6 
♦SUBI6.Q.ROW(L4T,JJ)), 

/*  BCII,JJ)A(COL(LO,II).TO.SUBJl4(TQ.COL(LO,II))PSUBJl 

♦SUBIl.O.ROHdOT,  JJ)* 

COL (LI, II).TQ.SUBJO4(T0.C0L(Ll,II))*SUBJ0 
♦SUBI0.0.R0H(L1T,JJ))4 

ECU,  JJ3*(C0L(L0,II).TQ.SUBJ34(TQ.C0L(L0,II))*SUBJ3 
4SUBI3.Q.R0W(L0T, JJ)4 

C0L(L3,II).TQ.SUBJ04(TQ.C0L(L3,II))*SUBJ0 

♦SUB10.Q.R0H(L3T,JJ)4 

C0L(L1,II).TQ.SUBJ24(TQ.C0L(L1,II))*SUBJ2 
4SUBI2.Q.R0W(L1T, JJ)4 
C0L(L2,II).TC.SUBJ1+(TQ.C0L(L2,I1))*SUBJ1 
4SUBI1.Q.R0H(12T,JJ))4 

GCII,JJ3*(C0L(L0,II).T0.SUBJ54(T0.C0L(L0,II))*SUBJ5 
4SUBI5.0.R0HCL0T, JJ)4 
C0L(L2,II).TC.SUBJ34(TQ.C0L(L2,I1))*SUBJ3 
4SUBI3.0.R0WEL2T, JJ)4 
C0L(Ll,II).Tt.SUBJ44CT0.C0L(Ll,II))*SUBJ4 


4$UBI4.0.R0W(L1T, JJ)4 
C0L(L4.II).TC.SUBJl4(TQ.C0L(L4tII))*SUBJl 
♦SU6I1.Q.R0W(14T»JJ)4 
COI(13,II).TO.SU8J24<TQ.COUL3,II)>*$UBJ2 
♦SUBI2.0.R0MCL3T, JJ))4 

ICII, JJ:«(COLCLO,II).TQ.SUBJ74(TO.COL(LO,I))*SUBJ7 

♦  SUBI7.0.R0WCL0T *  J J  )  ♦ 
C0L<L1,II).TQ.$UBJ64<TQ.C0LCL1,II))*SUBJ6 

4SUBI6.0.R0W(L1T, JJ)4 
C0L(L2,II).TC.SUBJ54(T0.C0UL2,in)*sU8J5 
4SUBI5.Q.RQWCL2T *  J  J  )  4 
C0L(L3,U>.TQ.SUBJ44(TQ.C0LCL3»II))#SUBJ4 
♦SUBI4.Q.R0H(L3T, JJ)4 
C0LCL4,II).TC.SUBJ34(T0.C0LCL4,II))*SUBJ3 

♦  SUBI3.Q.R0HCL4T,  JJ))4 

KCII. JJ3«CC0L(L2iII).TQ.SU8J74(TQ.C0L(L2,II))*SUBJ7 
4SUBI7.Q.R0WCL2T, JJ)4 
C0L(L3,II).T0.SUBJ6+<T0.C0L(L3 tII))*SUBJ6 
4SUBI6.Q.R0HCL3T, JJ)4 
C0L(14,II).TC.SUBJ54CTQ.C0LCL*,II))*SUBJ5 
♦SUBI5.Q.R0WCL4T »  J J ) >4 

PC  II  ,  JJ3*CC0LCL4,in.TQ.SUBJ74(T0.C0LCL4f  II>)*SUBJ7 
4SUBI7.0.R0MCL4T,JJ)))J  */ 


/*  MZMAT  */ 

/+  ASr  MBLE  MATRIX  M2  */ 

otnam  _loc:true; 

WRITEFILECN2J") ; 

loadfilechmatp.sv") : 

. LOAOFILEC'ELASFOR. SV"> i 
KILL(-t,B,OD,£|F,G,HfI,K,L«P,R,S,T); 

M2J! ZEROMATRIXC18. 18)* 

FOR  II: 1  THRU  3  CO 
FOR  J J : 1  THRU  3  00 
(II  :3*(-9*IIA2O30II-12). 

J2:3*(99JJA2-39*JJ*48), 

I2:3*(9*IIA2-39*II*48), 

J1:3*(-9*JJA2»33*JJ-12), 

/*  */ 

SUBIO:SUBMATRIX( HO, II, Il-l.Il-2.Il-3.il-*. 11-5 ,11-6, 11-7, 

11-8, 11-9, 1 1-10, 1 1-11, 1 1-12, 11-13,11-1*. 11-15, 1 1-16, 

11- 17,12,  12- 1.12- 2, 12-3. 1 2-*, 1 2- 5, 1  2- 6, 1 2-7, 1  2- 8, 1 2-9, 1 2-10, 

12- 11  ,12-1 2, 1  2-13, 1  2-1*, 12-1 5, 12- 16, 12-17), 
SUBJO:SUBMATRIX(FO,J1,J1-1.J1-2,J1-3,J1— 4«J1— 5«Jl-6,Jl-7, 

J1-8,J1-9,J1-10,J1-11,J1-12,J1-13,J1-1*,J1-15,J1-16, 

Jl-17  ,  J2  ,  J2-1 , J2-2, J2-3, J2-*, J2-5 , J2-6, J2-7.J2-8, J2-9, J2-10, 
J2-11  ,  J2-12  ,  J2-13, J2-1*. J2-15, J2-16, J2-17), 

PRINT("1",II.JJ), 

/*  */ 

SUB  II : SUBMATRIX (HI, 1 1,11-1, 1 1-2, 1 1-3, 11-4, 11-5, 1 1-6, 1 1-7, 
11-8,11-9,11-10,11-11,11-12,11-13,11-14,11-15,11-16, 

11- 17,12, 12-1 ,12-2, 12-3, 12-4, 12-5, 1  2-6, 1 2-7,1 2- 8, 12-9, 12-10, 

12- 1 1.12- 12, 1 2- 13, 12-14, 12-1 5, 12- 16. 12-1 7), 

SUBJ1 : SUBMAT R I X(H1 ,Jl,Jl-l,Jl-2,Jl-3.Jl-4,Jl-5,JI-6,Jl-7, 

Jl-8,  Jl-9, Jl-10, Jl-1 1, Jl-12, Jl-1 3, J 1-14, J1-15.J1-16, 
J1-17.J2, J2-1, J2-2, J2-3.J2-4, J2-3 , J 2-6 , J2-7 , J2- B , J2-9 , J2-10, 
J2-11 ,J2-12,J2-13,J2-14,J2-15, J2-16  ,  J2-17 ) , 

PRINT("2",II,JJ>, 

/*  */ 

SUBI 2 !SUBMATRIX(H2, I 1,11-1, 11-2, I 1-3, I 1-4, 11-5,11-6, I 1-7, 

11-8, II -9, 11-10, 11-11,1 1-12, II -13, 1 1-14, 1 1-15, 1 1-16, 

1 1- 17. 1 2, 12- 1,1 2- 2, 1 2-3, 1  2-*, 1 2- 5, 1  2-6, 1 2-7, 1 2- 8, 12-9, 1 2-10, 

12- 11 ,12-12,12-13,12-14,12-15,12-16,12-17), 
SUBJ2:SUBMATRIX(F2,Jl,Jl-l,Jl-2,Jl-3,Jl-4,Jl-5,Jl-6,Jl-7, 

Jl-8, Jl-9, Jl-10, J 1-11, Jl-12, Jl-1 3, J 1-14, Jl-1 5,  J 1-16, 

Jl-17, J2, J2-1 , J2-2, J2-3, J2-4, J2-5, J2-6 , J2-7 , J2-8 , J2-9, J2-10, 
J2-11 ,J2-12,J2-13,J2-14, J2-15, J2-16.J2-17), 

PRlNT("3",II,JJ), 

✓  #  #/ 

SU3I3:SUBMATRIX(H3, II, 11-1,11-2, 11-3, II-*, 11-5, 11-6, 11-7, 
11-8,11-9,11-10,11-11,11-12,11-13,11-14,11-15,11-16, 

1 1- 1 7, 12, 1 2- 1,1 2- 2, 1 2-3, 1 2-4, 1 2- 5, 1 2-6, 1 2-7, 1 2-8, 1 2-9, 1 2-10, 

12- 11,12-12,12-13,12-14,12-15,12-16,12-17), 

SU8J3: SUBMATRIXd-3, Jl, Jl-1, Jl-2, Jl-3, Jl-4, Jl-5, Jl-6, Jl-7, 

Jl-8, Jl-9, Jl-10, Jl-11, Jl-12, JI-13.J 1-14, J1-15.J 1-16, 

Jl-17, J2, J2-1. J2-2, J2-3.J2-4, J2-5, J2-6 , J2-7 , J2- 8 , J2-9.J2-10, 
J2-11 .J2-12, J2-13, J2-14.J2-15, J2-16 , J2-1 7 ) , 

RRINT("4",II,JJ), 

/*  9/ 

SUBI 4 :$UBMATRIX(H4, I 1,11-1, I 1-2 ,11-3, I 1-4, I 1-5,11-6,11-7, 
11-8,11-9,11-10,11-11,11-12,11-13,11-14,11-15,11-16, 

11- 17,12,12-1 ,12-2,12-3,12-4,12-5,12-6,12-7,12-8,12-9,12-10, 

12- 11,12-12,12-13,12-14,12-15,12-16,12-17), 
SUSJ**SUBMATRIX(F.4,Jl, Jl-1, Jl-2, Jl-3, Jl-4, Jl-5, Jl-6, Jl-7, 


J1-8,J1-9,J1-10,J1-11,J1-12»J1-13»J1-14*J1-15»J1-16» 

Jl-17,J2,J2-l,J2-2,J2-3,J2-4,J2-5,J2-6,J2-7,J2-8,J2-9,J2-10, 

J2-ll,J2-12,J2-13,J2-14,j2-15,J2-16,J2-17), 

PRINTC"5",II,JJ), 

/*  */  /* 

SUBI 5 JSUBHATR I X(H5,1 1,1 1-1, 11-2, 11-3, 1 1-4, 11-5.11-6,11-7, 

11- 8,11-9,11-10,11-11,11-12,11-13,11-14,11-15,11-16, 

’ 1-17,12, 12-1 ,12-2,12-3,12-4,12-5,12-6,12-7,12-8,12-9,12-10, 

12- 11,12-12,12-13,12-14,12-15,12-16,12-17), 
SUBJ5:SUBHATRIXCK5,J1, Jl-1, Jl-2 , Jl- 3 . Jl-4 , Jl-5, Jl-6, Jl-7, 

Jl-8, Jl-9, Jl-10, J1-11,J1-12.  J1-13.J1-14, J1-15.J1-16, 

Jl-1 7, J2, J2-1 , J2-2, J2-3, J2-4, J2-5, J2-6, J2-7, J2-8, J2-9, J2-10, 
J2-11 , J2-12, J2-13, J2-14,  J2-15, J2-16 , J2-1 7 ) , 

PRINTC"6",II,JJ>, 

*/ 

SUBI 6 JSUBHATR IXCH6.il, 11-1 ,11-2,11-3,11-4, 11-5,11-6, 11-7, 
11-8,11-9,11-10,11-11,11-12,11-13,11-14,11-15,11-16, 

11- 17 ,12,12-1 ,12-2, 12-3,12-4,12-5,12-6,12-7,12-8,12-9,12-10, 

12- 11,12-12,12-13,12-14,12-15,12-16,12-17), 

SU 8J6 : SUBHATRIXCH6, Jl.Jl-i.Jl- 2, Jl-3,  Jl-4, Jl-5, Jl-6, Jl-7, 
J1-8,J1-9,J1-10,J1-11,J1-12*J1-13,J1-14,J1-15»J1-16, 

Jl-1 7 , J2, J2-1 , J2-2, J2-3, J2-4, J2-5.J2-6, J2-7, J2-8, J2-9, J2-10, 
J2-11 , J2-12 , J2-13, J2-14, J2-15, J2-16  ,J2-17), 

PRINT(«7",I1,JJ), 

/*  */ 

SUBI 7 JSUBHATR IXCH7.il, I 1-1, 11-2,11-3,11-4,11-5,11-6,11-7, 
11-8,11-9,11-10,11-11,11-12,11-13,11-14,11-15,11-16, 

1 1- 1 7, 1 2, 12- 1,1 2- 2, 1 2- 3, 12-4, 1 2-5, 1 2- 6, 1 2-7, 1 2- 8, 12-9, 12-10, 

12- 1 1,12-12, 12-13, 12-14, 12-1 S,  12-16, 12-1 7), 

SU6J7 JSU8HATRIXCH7  ,J1, Jl-1,  Jl-2,  Jl-3,  Jl-4,  Jl-5,  Jl-6, Jl-7, 
J1-8,J1-9,J1-10,J1-11,J1-12,J1-13,J1-14«J1-15,J1-16, 

Jl-17, J2, J2-1 , J2-2, J2-3, J2-4, J2-5, J2-6, J2-7, J2-8.J2-9, J2-10, 
J2-11,J2-12,J2-13»J2-14,J2-15,J2-16»J2-17),  */ 

PRINT  C  "  8  M  , II ,JJ), 

/*  4/ 

C  J  1  /  3  , 

N2 JN24ACII,  JJ39CSU8I0.Q.TQ.SUej0+.5*CTQ.SUBJ0.Q)4SUBI0)» 

00CII,JJ34CC*CSU8I0.Q.TQ.SUBJ2  4. 5* C TC . SUB  1 0. Q)*SU8 J2* 

SUB  1 2. Q. TO. SUB JO*. 5*C TO . SUB  1 2 . C )4SUB JO )4 
SUB  II .G.TQ.SUBJ1+. 5*CTQ.SUBJ1.Q)*SUBU ), 

PRINTC"9", II, JJ), 

N2 JN2+FCII, JJ3*CC*CSUBI0.S.T0.SUBJ44.$*CT0.SUBI0.Q)*SUBJ4+ 
SUBI4.Q.TQ.SU8J0+.54CTQ.SUBI4.Q)6SUBJ0+ 
24CSUBI1.Q.TQ. SUB  J3*  . 56CT0.SUBI1.Q)6SUBJ3* 
SUBI3.0.TQ.SUBJ1+.5«CT0.SUBI3.Q)*SUBJ1))+ 
SU8I2.0.TQ.SU8J2+.S*(TQ.SUBJ2.Q)*SUBI2), 
PRINTC"10",II,JJ))1 

/*  N2JN24HCII, JJ36<C*CSUBID.C.TO.SU8J64.5*CTQ.SUBIO.Q)*SUBJ6* 
S UB 1 6. 0. TQ. SUB JO  +  .5PC TO. SUB  1 6. 0)*SUBJ0  + 
26CSUBI1.0.T0.SUBJ5+.5*(TQ.SUBI1.Q)*SU8J5+ 

SUB  15 . Q ,TQ. SUB J 1* . 54C TO • SUB 1 5 . Q)* SUB J 1 )  + 
26CSUBI2.0.T0.SUBJ4+.54CTQ.SUBI2.0)*SUBJ4» 
SUBI4.0.T0.SUBJ2+.54CT0.SUBI4.Q)*SUBJ2))+ 

SUB  13 .0.TQ.SUBJ34.5*CT0.SU6J3.Q)*SUBI3), 
PRINTC"11",II, JJ), 

N2:N2+JCII,JJ34(SUBI4.C.TQ.SUBJ4+.54CTC.SUBJ4.C)4SUBI4, 

C*C2*CSUBI1.0.T0.SU8J7h.5*CT0.SUBI1.0)*SUBJ7* 
SU3I7.0.TQ.SUBJ14.5»CTQ.SUBIT.0)4SUBJ1)4 
24CSUBI2.Q.T0.SUBJ6*. J*C TQ . SUB  1 2 . 0>*SUB J6  + 
SUBI*.Q,T0.SUBJ2*.5*CTQ.SUBI6.0)*SU8J2)4 


■  ir  «  u-w  -  >  -  •«- '  "V '  ' 
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2*(SUBI3.0.TQ.SUBJ54.5*(TQ.$U8I3.Q)*SU8JS* 

SUBI5.Q.TQ.SU8J3*.5A(TQ.SUBI5.Q)*SU8J3)))» 

PRINT("12",II,JJ>, 

N2:N2*LCII, JJ3*(SUBI5.Q.TQ.SU8J5+.5*(TQ.SU8J5.Q)*SUBI5+ 
CP(2*(SU6I3.Q.TQ.SUBJ7*.5P(T0.SUBI3.Q>PSUBJ7* 
SUBI7.Q.TQ.SU8J3*. 5*( TQ . SUB  I  7 . 0 )* SU 3 J 3  )  ♦ 
2*(SU8I*.Q.TQ.SU8J6+.5*(TQ.SU6I*.Q>*SUBJ6* 

SU8I6.Q.TQ.SUBJ4*.5*(TQ.SUBI6.Q>*SUBJ4))), 
PRINT("13",II  ,JJ), 

N2SN2+RCII , JJ]*(SUBI6.Q.TQ.SUBJ6«.S*(TQ.SUBJ6.Q)*SUBI6* 
CP(24(SUBIS.Q.TQ.5UBJ7*.5*(TQ.$UBI5.Q)*SUBJ7+ 
SUBI7.Q.TQ.SUBJ5  +  .5’*(TQ.SUBI7.Q)*SUBJ5)))  + 

TCII, JJ3*(SUSI7.0.TQ.SUBJ7+.5*(TQ.SU8J7.e>*SU8I?>), 
KUL(SUBIQ.SUBIl,SU8I2,SUel3,SUBI4,SUei5,SUBI6,SUBI7), 
AlLL(SUBJ0,SUeJl,SUSJ2,SUSJ3,SUBJ4,SUBJ5,SUBJ6,SUBJ7), 

PRINTC  10"»II*JJ)), 

/+  */ 

KILKC.TQ)  : 

N2$: ZEROMATRIXOB, 18)* 

FOR  1 1 : 1  7  HRU  18  00 
FOR  J j: I  I  THRU  18  DO 
N2SCII«JJ3:N2CIliJJ3)l 
FOR  1 1 1 1  THRU  18  00 
FOR  J  J  :  1 1  THRU  18  DO 
(PRINT("FOR",II,JJ), 

N2CII*JJ)!FACT0R0UT(N2SCII»JJ3»Q(1),Q(2)»Q(3)»Q(4),Q(5),Q(6)*Q(7), 
0(8),  Q(9>,  0(10),  i(ll),QC12),QC13),QC14),QC15),Q(16),Q(17),Q(18))); 
SAVc("N2.SVM,N  2),* 

F0RTRAN(STN2«N2) S 
CLOSEFILcOS 

N2  :N2  +  8CII, JJ3*C*(SUBI0.Q.TQ.SUB Jl* . S*( TQ. SU8 10 . Q )*SUB J 1 ♦ 
SUB11.0.T0.SUBJ04.S*(T0.SUB11.0)*SUBJ0), 

PR INT ( 1 1 , J J)  , 

M2:N2*EC11, JJ3*C*(SU810.0.T0.SUBJ3*.5*(TQ.SUBX0.0)*SUBJ34 
SU3I3.Q.TQ„SUBJO*.5P(TQ.SUBI3.Q)*SUBJO* 
2P(SUBU.Q.TQ.SUBJ2  +  .5P(T0.SUBI1.Q)#SUBJ2  + 
SUBI2.Q.TQ.SUBJl4.5*(TQ.$UBI2.Q)*SUBJl>), 

PRINT(II.JJ), 

N2:N2*GCII, JJJ*CP(SUBIO.C.TQ.$U8J5». 5P ( T 0. SUB1 0. 0 )*SUB J5* 
SUBI5.Q.TQ.SUBJD+.5P(TQ.SUBI5.0)4SUBJ0+ 
2*(SUBI1.Q.TQ.SUBJ4+.5*CTQ.$UBI1.Q)*SUBJ4+ 
SUBI4.Q.TQ.SUBJ14.5*(TQ.SUBI4.Q)*SUBJ1)4 
2*(SUBI2.Q.TQ.SUBJ3+.5»(TQ.SUBI2.Q)*SUBJ3+ 
SUBI3.Q.TQ.SUBJ2+. 5*( TQ . SUB  1 3 . Q >*SUB J2 ) ) , 

PR  IN  T  (  1 1 ,  J  J  )  , 

N2:N2*ICII , JJ3*C*(SUBI0.Q.TQ.$UBJT+.5*(TQ.SUBI0.Q)*SUBJ74 
SUBI7.Q.TQ.SUBJ0*.5*(TQ.SUBI7.Q)*SUBJD* 

2*(SUBU .Q.T0.SUBJ6*. 5* (TQ. SUB  II .Q)*SUBJ6  + 
SUBI6.0.T0.SUBJ14.5*(TQ.SUBI6.Q)*SUBJ1)+ 
2*(SU3I2.Q.T0. SUBJ54.5*(T0.SU8I2.Q)*SUBJ5* 
SUBI5.Q.TQ.SUBJ2*.54(TQ.SUBI5.Q)OSUBJ2)* 
2*(SUBI3.0.T0.SUBJ4*.5«(TQ.SUBI3.Q)*SUBJ4+ 
SUBI4.Q.TQ.SUBJ3+.5*(TQ.SU8I4.Q)*SUBJ3)), 

PR INT ( 1 1 , J J) , 

N2  SN2  +  KCII.  JJ3*C*(2«(SUBI2.Q.T0.SUBJ7*.5*(TQ.SUBI2.Q)*SUBJ7  + 
SUBI7.Q.T0.SUBJ2+.5#(TQ.SUBI7.0)*SUBJ2)4 
2*(SUBI3.Q.TQ.SUBJ6*.5P(TQ.SU8I3.Q)*SUBJ6+ 
SUBI6.6.T0.SUBJ34.S*(T0.SUBI6.g)*SUBJ3)« 

24CSUBI4  .Q.TQ.  SUB  J5+.  5*00. SUBI4.0)* SUB  J5  + 
SUBIS.Q.TQ.SUBJ*4.5*(TQ.SUBI5.Q>*SUBJ4)), 
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r,  1-4.  V  A 


PRINT ClltJJ), 

N2!N2*PCIII,JJ3PC*C2*CSUBI4.Q,TQ.SU8J7*.5PCTQ.$U8I4.Q)PSUBJ7+ 
SUBI7.Q.TQ. SUBJ4*. 5* C TQ . SUB  1 7 . Q )* SUB J4 ) ♦ 
2*CSUBI5.Q.TQ.SUBJ6*.5PCTQ.SUBI5.Q)*$UBJ6* 
SU8I6.Q.T0.SUBJ5*.5*CTQ.SUBI6.Q)*SUBJ5)), 

PRINT (I  I , JJ), 

N2:N2+SCII,JJ3*2PC*CSUBI6.0.TQ.SUBJ7+.5*(TQ.SUBI6.Q)<‘SUBJ7+ 
SU8I7.Q.TQ.SU8J6+.5*CTQ.SUBI7.Q)*SUBJ6)>;  */ 


CCS)  k:::ROMATRIX(1S,1S)J 

CC6)  Ki:ZERCHf.TRIXC15,  18)J 

CC7)  FDR  1 1 : 1  THRU  3  CO 
FOR  J j: 1  THRU  3  DO 
CPRINTCII , JJ), 

K:K-»4C:i,  JJD*CCCL(LCt  ID.ROWCtCT,  JJ))* 

DOC  1 1 ,  JJ3*CC0LCll  ,II).RCWCL1T,  JJ)* 

C3L(L0,II).RCwCL2T,JJ)  +  CCLCL2,II).RDi«CL3T,JJ))  + 
FCIItJJ35CC0LCL2,II).R0HCL2T,JJ)* 

COLCLl,::).fiOWCI.3T,JJ)*COLCL3,II).PCUCLlT,JJ)* 

COuCLD,II).ROHCL4T,JJ)*CCLCL4,II).R'H(LCT,JJ))); 


(C5)  x:ZERDNATRIXCle,18)l 

CC6)  FOR  I I : 1  THRU  3  CO 
FOR  J J : I  THRU  3  00 
CPRINTCII, JJ), 

K:k  +  HCII,JJ3<=CCOLCL3,II).ROwCU3T,jj)* 

C0lCL2,II).R0wCL4T,JJ)*CCLCL4,II).RCHCL2T,JJ)?* 

JCII,JJ3*CCCLCL4,II).RCUCL4T,JJ))); 


Appendix  E:  Shear  Locking 


This  approach  explains,  to  some  degree,  why  the 
elements  formulated  in  Chapter  IV  do  not  suffer  from  shear 
locking.  First,  ideas  are  taken  from  Ref  (121)  explaining 
why  the  Reissner-Mindl in  (RM)  elements  do  shear  lock. 

Consider  the  simply  supported  beam  of  length  2a  as 
shown  in  Figure  E.l  that  is  subjected  to  a  linear  moment 
distribution,  M(x)  =  If  x/a.  The  moment  is  integrated  twice 
to  give  a  cubic  transverse  displacement ,  w(x) ,  where 
w( -a) =w(0) =w(a) =0 .  Under  this  loading,  the  deflected  shape 
of  the  beam  resembles  that  shown  in  Figure  E.2  where  the 
ends  have  rotated  an  angle  & due  to  and  all  sections 

also  rotate  an  additional  angle  due  to  the  transverse 

shear.  Q  =dM/dx  =  M  /a. 

X  o 

X 

FIGURE  E.l.  Simply  Supported  Beam. 

)  “■ 


FIGURE  E.2.  Deflected  Shape  of  Beam  Under  Linear  Moment 
Distribution . 


WH."  W  *»  W  ** 


Next,  consider  the  beam  of  Figures  E.l  and  E.2 

discretized  using  a  single  RM  beam  element.  The  element 

has  degrees  of  freedom  w  and  6  at  the  nodes  and 

the  continuum  displacements  are  either  linearly  or 

quadratical ly  interpolated.  The  transverse  displacement  and 

the  rotations  are  independent  due  to  the  characteristics  of 

the  potential  energy  expression.  Impose  a  rotation  +®_  at 

each  of  the  end  nodes,  and  for  the  quadratic  element  also 

impose  -&  +0/2  at  the  center  node.  For  these  elements,  w 
s  a 

must  equal  zero  for  all  x  since  it  vanishes  at  the  simple 
supports  and  we  have  assumed  linear  and  quadratic 
interpolations,  see  Figure  E.3.  Therefore,  y  =w,  -B--0  for 

ZX  X 

all  x.  The  actual  beam  will  have  ©J)*'  and  too  ®uch  energy 
is  stored  for  the  transverse  shear.  References  (75,76) 
explain  how  reduced  or  selective  integration  alleviates 
shear  locking. 


FIGURE  E.3.  RM  Element  Deformed  Shape  for  Linear  Moment 
Distribution . 

In  the  present  case,  each  node  would  have  w,  w , ^ ,  and  6 
as  degrees  of  freedom.  Since  a  cubic  w  is  assumed  within 
the  beam  domain,  w , ^  equals  zero  only  at  a  finite  number  of 
points  as  it  should.  For  this  case,  y  =w,  -6  correctly. 

ZX  X 


351 


SECURITY  CLASSIFICATION  OF  THIS  PAGE 


REPORT  DOCUMENTATION  PAGE 


Form  Approved 
OMB  No  0704-0188 


la  REPORT  SECURITY  CLASSIFICATION 

Unclassified 


2a  SECURITY  CLASSIFICATION  AUTHORITY 


2b  DECLASSIFICATION /DOWNGRADING  SCHEDULE 


4  PERFORMING  ORGANIZATION  REPORT  NUMSER(S) 

AF1T/DS/AA/8S-1 


6a  NAME  OF  PERFORMING  ORGANIZATION 

Engineering 


6c  ADDRESS  (Ofy,  State,  and  ZIP  Code) 


lb  RESTRICTIVE  MARKINGS 


3  DISTRIBUTION /AVAILABILITY  OF  REPORT 

Approved  for  public  release; 
distribution  unlimited. 


5  MONITORING  ORGANIZATION  REPORT  NUMBER(S) 


6b.  OFFICE  SYMBOL  I  7a.  NAME  OF  MONITORING  ORGANIZATION 
(If  applicable)  I 


AF1T/ENY 


Air  Force  Institute  of  Technology 
Wright-Patterson  AFB,  Ohio  45433-6583 


7b.  ADDRESS  (Ofy.  Sfafe,  and  ZIP  Code) 


8a  NAME  OF  FUNDING  /  SPONSORING 
ORGANIZATION 


8b  OFFICE  SYMBOL  9  PROCUREMENT  INSTRUMENT  IDENTIFICATION  NUMBER 
(If  applicable) 


8c  ADDRESS  (City,  State,  and  ZlPCode ) 


10  SOURCE  OF  FUNDING  NUMBERS 


PROGRAM 
ELEMENT  NO. 


PROJECT 

NO. 


WORK  UNIT 
ACCESSION  NO 


11  TITLE  (Include  Security  Classification) 

LARGE  DISPLACEMENT  AND  ROTATIONAL  FORMULATION  FOR  LAMINATED  CYLINDRICAL  SHELLS  INCLUDING 

1 


12  PERSONAL  AUTHOR(S) 

Scott  T.  Dennis,  Captain,  USAF 


wnsj 


13a  TYPE  OF  REPORT 

PhD  Dissertation 


13b  TIME  COVERED 
FROM _  TO 


14.  DATE  OF  REPORT  (Year,  Month,  Day)  IS.  PAGE  COUNT 

88  May  373 


_ COSATI  CODES _ I  18.  SUBJECT  TERMS  ( Continue  on  reverse  if  necessary  and  identify  by  block  number) 

FIELD  I  group  [  sub-group  |  Noniinear  Transverse  Shear  Collapse 

Shell  Flat  Plate  Finite  Element 


19  ABSTRACT  (Continue  on  reverse  if  necessary  and  identify  by  block  number) 


Dr.  Anthony  N.  Palazotto 


),or*d  1«KP»f”c  r*'*<”*: 


I  AW  AFR  IK 

.sWf 

mtowil 


EXT - . 


20  DISTRIBUTION /AVAILABILITY  OF  ABSTRACT 

B  UNCLASSIFIEDOJNLIMITEO  □  SAME  AS  RPT  Q  OTIC  USERS 


22a  NAME  OF  RESPONSIBLE  INDIVIDUAL 

Dr  Anthony  N,  Palazotto _ _ 


DD  Form  1473,  JUN  86  Previous  editions  are  obsolete. 


21.  ABSTRACT  SECURITY  CLASSIFICATION 


22b  TELEPHONE  (Include  Area  Code)  22 c  OFFICE  SYMBOL 

513-255-2998  AFIT/ENY 


SECURITY  CLASSIFICATION  OF  THIS  PAGE 


A  two  dimensional  geometrically  nonlinear  shell  theory 
applicable  to  arbitrary  geometries  that  can  be  described  by 
orthogonal  curvilinear  coordinates  and  encompassing  large 
displacements  and  rotations  for  small  strain  situations  has 
been  developed.  Additionally,  the  theory  includes  a 
parabolic  transverse  shear  stress  distribution  through  the 
thickness.  Two  curved  28  and  36  degree  of  freedom 
finite  elements  are  defined  based  on  specialization  of  the 
theory  to  cylindrical  coordinates.  The  computer  program 
includes  algorithms  for  linear,  "fully  linearized"  linear 
bifurcation,  and  nonlinear  problems.  Post  collapse 
nonlinear  solutions  are  found  through  a  displacement 
incrementation  scheme.  The  code  provides  solutions  to  the 
intermediate  nonlinear  von  Karman  flat  plate  and  Donnell 
cylindrical  shell  equations  in  addition  to  the  large 
displacement  and  rotational  formulation. 

NFlat  plate  and  cylindrical  shell  solutions  do  not  shear 
lock  based  upon  exact  elemental  integrations.  Transverse 
shear  deformation  was  found  to  be  significant  for  linear 
thick  pinched  cylinders  and  clamped  pressure  vessels. 
Orthotropic  pressure  vessels  where  the  longitudinal 
stiffness  is  greater  than  the  circumferential  experience 
much  more  transverse  shear  deformation  than  do  those  where 
the  circumferential  stiffness  is  greater  than  the 
longitudinal.  Middle  surface  inextensibility  is  often 
assumed  in  the  closed  form  solutions  used  for  comparison 
with  the  present  approach.  The  consequences  of  this 
assumption  is  examined  for  both  linear  and  nonlinear 
problems.  The  present  formulation  is  applied  to  axially 
compressed  quasi-isotropic  cylindrical  panels, 
high  degree  of  displacement  coupling  resulting 
large  displacement/rotation  assumptions,  collapse  loads  are 
predicted  without  including  numerical  geometric 
imperfections  that  some  formulations  require  to  "trigger" 
the  nonlinear  response.  Analytical  results  of  axially 
compressed  panels  that  have  large  (>10%  of  planform  area) 
centered  square  cutouts  were  compared  to  experimental  data. 
The  present  approach  very  accurately  predicts  both  global 
and  localized  panel  response. 


